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CHAPTER 1 

PROPERTIES OF FEEDBACK CONTROL SYSTEMS* 


1-1 OBJECTIVES OF A FEEDBACK CONTROL SYSTEM 


The purpose of a feedback control system 
is to monitor an output (controlled variable) 
in a manner dictated by an input (reference 
variable) in the presence of spurious disturb- 
ances (such as random load changes). The 
basic elements of a feedback control system 
are shown in Fig. 1-1. The system measures 
the output, compares the measurement with 
the desired value of the output as prescribed 
by the input, and uses the error (difference 
between actual output and desired output) to 
change the actual output and bring it into 
closer correspondence with the desired value 
of the output. To achieve a more sensitive 
control means, the error is usually amplified ; 
in general, the higher the gain the more accu- 
rate the system. Thus, a feedback control sys- 
tem is characterized by measurement, com- 


*By L. A. Gould 


parison, and amplification. In brief, a feed- 
back control system is an error-correcting 
power-amplifying system that produces a 
high-accuracy output in accordance with the 
dictates of a prescribed input. 

Since arbitrary disturbances (such as am- 
plifier drift, random torques, etc) can occur 
at various points in the system, a feedback 
control system must be able to perform its 
task with the required accuracy in the pres- 
ence of these disturbances. Since random 
noise (unwanted fluctuations) often is pres- 
ent at the input. of the system, a feedback 
control system must be able to reject, or filter 
out, the noise while producing as faithful a 
representation of the desired output as is 
feasible. 


DISTURBANCE 



OUTPUT 


Fig. 1-1 Elements of a feedback control system. 
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1-2 OPEN-LOOP VS CLOSED-LOOP SYSTEM CHARACTERISTICS 


Because a measure of the output is fed 
back and compared with the input, any repre- 
sentation of a feedback system contains a 
closed loop (see Fig. 1-1), and the system is 
thus called a closed-loop system. Many con- 
trol systems do not exhibit this closed-loop 
feature and may be termed open-loop sys- 
tems. In an open-loop system, the error is 
reduced by careful calibration. The elements 
of an open-loop control system are shown in 
Fig. 1-2. 


DISTURBANCE 


i 


INPUT + NOISE 

CONTROLLED 

OUTPUT 


ELEMENT 



Fig. 1-2 Elements of an open-loop control system. 


If open-loop and closed-loop systems are 
compared, it can be seen that several advan- 
tages accrue to the closed-loop system. In a 
closed-loop system, the percentage change in 
the response of the system to a given percent- 
age change in the response of one of its ele- 
ments is approximately inversely proportion- 
al to the over-all amplification of the loop. 
However, in an open-loop system, the percent- 
age change in the response of the system is 
approximately proportional to the percentage 


change in the response of one of its elements. 
Thus, a feedback control system is insensitive 
to changes in the parameters of its compo- 
nents and can usually be constructed from 
less accurate and cheaper components than 
those used in an open-loop system. One excep- 
tion to the foregoing statement results from 
an inherent limitation — the closed-loop sys- 
tem can be no more accurate and reliable 
than its measuring element. The same limita- 
tion holds true for an open-loop system. 

The error produced in an open-loop system 
by a given disturbance is much larger than 
the error produced by the same disturbance 
in an equivalent closed-loop system, the ratio 
of errors being approximately proportional 
to the over-all amplification of the loop of the 
closed-loop system. Thus, a feedback control 
system is relatively insensitive to extraneous 
disturbances and can be used in situations 
where severe upsets are expected. One can 
conclude that the over-all amplification (or 
gain) that can be achieved inside the loop of 
a feedback control system directly affects the 
accuracy of the system, the constancy of its 
characteristics, and the “stiffness” of the sys- 
tem in the face of external upsets or disturb- 
ances. In general, it is found that the higher 
the gain of the system, the better the system. 
The highest gain that can be used, however, 
is limited in every case by considerations of 
stability. 


1-3 STABILITY AND DYNAMIC RESPONSE 


For the advantages of accuracy and con- 
stancy of characteristics, the feedback con- 
trol system must pay a price in the form of a 
greater tendency toward instability. A linear 
system is said to be stable if the- response of 
the system to any discontinuous input does 
not exhibit sustained or growing oscillations. 
Essentially, this means that the system re- 
sponse will ultimately settle down to some 
steady value. An unstable system which ex- 
hibits steady or runaway oscillations is unac- 
ceptable. Unstable behavior must be guarded 


against in the design, construction, and test- 
ing of feedback systems. Because of the possi- 
bility of instability, a major portion of con- 
trol system design is devoted to the task of 
ensuring that a safe margin of stability exists 
and can be maintained throughout the operat- 
ing range of the system. 

It can be shown that the cause of instability 
in a given closed-loop system is due to the 
fact that no physical device can respond in- 
stantaneously to a sudden change at its input. 
If a sudden change occurs in the error of a 
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feedback system, the output will not correct 
for the error instantaneously. If the correc- 
tive force is great enough (due to a high 
amplification) , the output will accelerate rap- 
idly and cause a reversal of the error. If a 
high output velocity is attained, the inertia of 
the output will carry the output past the point 
where the error is zero. Instability occurs if 
the maximum magnitude of the error after 
reversal is equal to, or greater than, the mag- 
nitude of the original disturbance in the 
error. The tendency for a system to become 
unstable is accentuated as the amplification 
is increased, since the stored energy in the 
inertia of the output will be correspondingly 
increased without any compensating increase 
in the rate of dissipation of energy in the sys- 
tem. This situation corresponds to an exces- 
sive delay in the response of the output. Thus, 
an attempt to increase accuracy by increasing 
gain or amplification is usually accompanied 
by an increased tendency toward instability. 
As a result, design becomes a compromise 
between accuracy and stability. A more de- 
tailed and quantitative examination of stabil- 


ity is developed in Ch. 4. 

The dynamic behavior of a system is im- 
portant not only as a determinant of stability 
but also, for stable systems, as a measure of 
instantaneous accuracy. In many situations 
where rapid input variations occur, it is of 
the utmost importance that the error be kept 
within specified bounds at all times. Ideally, 
a system with no time lag would be able to 
follow extremely rapid input variations with 
perfect accuracy at all times. Actually, the 
impossibility of achieving instantaneous re- 
sponse, together with the stability problem 
created by the “pile-up” of the dynamic lags 
of cascaded elements in a loop, make the 
problem of maintaining dynamic accuracy 
(i.e., error within specified bounds at aU 
times ) progressively more difficult as the 
rapidity of input variations increases. Con- 
sequently, the design of both system and 
components is focused to a large degree on 
improving the speed of response (in other 
words, reducing dynamic lags), thereby ob- 
taining a concomitant improvement in the 
over-all dynamic accuracy of the system. 


1-4 TERMINOLOGY OF FEEDBACK CONTROL SYSTEMS 


To facilitate discussion and to maintain 
uniformity, a specific terminology has been 
adopted. The general diagram of a feedback 
control system is shown in Fig. 1-3. Note that 
some of the elements and variables in this 
diagram correspond to real devices and sig- 
nals, whereas other elements and variables 
correspond to purely hypothetical properties 
of the system that are useful in visualizing 
the various functions of the system. 

To aid visualization and to distinguish be- 
tween variables and components, the sym- 
bolism of Fig. 1-3 is defined as follows : 

(a) A line represents a variable or signal. 
The arrow on the line designates the direction 
of information flow. 

(b) A block represents a device or group 
of devices that operate on the signal or signals 
entering the block to produce the signal leav- 
ing the block. 


(c) The symbol -f represents sum- 

mation. The variables entering are added 
algebraically, according to the signs associ- 
ated with the corresponding arrows, to pro- 
duce the variable leaving. 


(d) The symbol “•'p' is called a splitting 
point. The variable entering is to be trans- 
mitted to two points in the diagram. The vari- 
ables leaving are both identical to the variable 
entering. 


The symbolism used for the variables in 
Fig. 1-3 is defined as follows : 


r = reference vari- 
able or input 
n = noise 
e = actuating 
variable 

m = manipulated 
variable 


u = disturbance or 
upset 

c = controlled vari- 
able or output 
i = desired or ideal 
output 

y, = system error 
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In many cases, the representation of Fig. 
1-3 can be simplified. If the measuring and 
feedback elements are ideal and have no 
dynamic lag, it is possible to redraw the figure 
(see Ch. 3) so as to have no elements in the 
feedback path of the system. 

A system in which the unmodified con- 
trolled variable is fed back directly for com- 
parison with the input is called a unity-feed- 
back system. The main loop of a unity-feed- 
back system is shown in Fig. 1-4. 

If the ideal output of a system is the refer- 


ence variable, the ideal elements are perfect. 
That is, the desired output is exactly equal to 
the reference input at all times. Many designs 
require that the output equal the input at all 
times although, strictly speaking, this is im- 
possible with real components. 

If a unity-feedback system is to have its 
desired output equal to its reference input, in 
the absence of noise, the system error must 
equal the actuating variable. A unity-feed- 
back system of this type is often used initially 
in the process of design because of its simplic- 
ity. Such a system is shown in Fig. 1-5. 


NOISE DISTURBANCE 



I f»g- 1-3 1 Genera/ diagram of a feedback control system. 



Fig. 1-4 Unity-feedback system main loop. 


Fig. 1-5 Basic unity-feedback system. 
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CHAPTER 2 

DYNAMIC RESPONSE* 

2-1 INTRODUCTION 


The dynamic response of a component or 
system is the output response to an input that 
is a varying function of time. The steady- 
state response of a component or system is 
the output response to an input that is con- 
stant with time. 

Paragraph 1-3 indicates that dynamic re- 
sponse is a basic determinant of system sta- 
bility as well as an important element of 
system performance. All design theory for a 
feedback control system is centered on the 
study, analysis, and manipulation of the 
dynamic response characteristics of the sys- 
tem and of the components that are part of 
the system. Because of its fundamental im- 
portance, the dynamic response of any physi- 
cal device or system is classified according to 
the nature of the input time variation that 


occurs. In some cases, the input time varia- 
tion may be entirely artificial since it may not 
ordinarily occur in practice (for example, a 
sinusoidal signal). In other cases, the input 
variation may be one that is known to occur 
in practice (for example, a step change) . In 
the former case, the artificial input time func- 
tion is used primarily to facilitate analysis, 
design, and testing. In the latter case, the 
actual response of the system to the known 
input function is an important measure of 
performance which both the designer and 
user need to know in order to verify that the 
system meets the performance specifications. 
In either case, a clear understanding of the 
nature of the input and of the methods for 
finding the response to it are necessary for 
successful design. 


2-2 LINEARIZATION 


The basic tool used to describe the dynamic 
performance of a device is the set of differen- 
tial equations that serve as a mathematical 
model for the actual physical device. Since 
quantitative techniques are imperative for 
analysis and design, a mathematical descrip- 
tion is necessary. However, when going from 
the physical device to the differential equation 
model, one must resort to approximations if 
usable results are to be expected from a 
reasonable expenditure of time and effort. If 
the physical situation is such that it is pos- 
sible to describe the device with a set of 
•By L. A. Gould 


constant-coefficient linear differential equa- 
tions to a high degree of accuracy, a wide 
variety of powerful tools are available to aid 
analysis. Even when the expected range of 
variation of the variables is such that the 
accuracy of approximation is partially lost 
when constant-coefficient linear differential 
equations are used, such a representation still 
serves a useful purpose. Although the repre- 
sentation above is inaccurate, it does provide 
a qualitative estimate of behavior which is 
still good enough to be of value to the designer 
for guiding testing procedures. Furthermore, 
if the designer artificially restricts the range 
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of variation of the variables, he can obtain 
accurate results which apply to some, though 
not all, of the expected variations. From such 
a restriction, there results a partially accur- 
ate description that can at least be used to 
verify whether or not the device meets some 
of the performance specifications. 

Although descriptions utilizing constant- 
coefficient linear differential equations pre- 
dominate in feedback control system design, 
two classes of systems exist that do not lend 
themselves to such a description. Sampled- or 
pulsed-data systems are best described by 
variable-coefficient linear differential equa- 
tions and are discussed in Ch. 9. Contactor or 
relay servomechanisms cannot be described 
by linear equations at all, and one must resort 
to the nonlinear equations that describe these 
systems (see Ch. 10). In addition, although 
the nonlinear properties of linear systems are 
ordinarily treated as secondary effects in the 
usual design procedure, they can, under cer- 
tain circumstances, seriously affect perform- 
ance. Such circumstances occur when the 
range of variation of the variables is wide or 
when the nonlinearity cannot be justifiably 
ignored. Secondary or incidental nonlineari- 
ties such as saturation and backlash are 
treated in Ch. 10. 

Since linearization methods are the basis 
for most design work, it is important to 
understand the techniques that are used to 
establish a linear differential equation des- 
cription of a device. As a first step in a line- 
arization procedure, appropriate assumptions 
are usually formulated based on a knowledge 
of the physics involved. For example, in 
describing d-c machinery operating in an 
unsaturated region, the effect of hysteresis 
is often ignored and the normal magnetiza- 
tion curve of the steel is used in the analysis. 
The justification for such an approximation 
is based on the fact that, in many cases, the 
width of the hysteresis loop is small compared 
with the range of variation of magnetization 
encountered when using the device. In an- 
other situation, one may ignore the effect of 
backlash in a gear train for reasons analogous 
to those above. 


When reasonable assumptions have elimi- 
nated many of the incidental nonlinearities of 
a device, one is often left with a performance 
description that is still nonlinear because of 
the curvature of the steady-state response 
(steady output as a function of a constant 
input) curves of the device. When this occurs, 
use is made of incremental techniques to pro- 
duce the desired linear description. 

The incremental linearization of a nonline- 
ar characteristic (approximate representa- 
tion of a nonlinear function by a linear func- 
tion for small changes of the independent 
variable) is based on the Taylor series expan- 
sion of the function around a desired operat- 
ing point. The deviation of the function from 
the operating point obtained from the approx- 
imate expansion of a function around a 
steady-state operating point is given by 

A/ (Xi, x 2 x H ) — C Xl A*! (2-1 ) 

-(- C x 2 Ax 2 -}-•••-(- C Xn Aar, 

A f(x u x 2 ,..., x % ) = f(x u x 2 ,..., x n ) 

— f(Xl0, *20, • • • , Xno) (2-2) 

where 

/(*i f x 2 , , x.) — function to be approxi- 
mated 

(xio, X 20 z .0 = steady-state operating 

point 

\x k = x t — x k0 (A; = 1,2 n) 

(k = l,2,...,n) 

%10t X-J0t • • • » X K 0 

In the approximation [Eq. (2-1)], the devia- 
tion or increment of the function from the 
operating point has been expressed as a linear 
function of the deviations (from the operat- 
ing point) of its independent variables. The 
constant coefficients C, t are called the partial 
coefficients of / with respect to # 1 , x 2 , . . . ,x» 
at the operating point (x, 0 , x 2Qt . . . , x„ 0 ) . 

Example. A shunt d-c motor is speed-con- 
trolled by the vacuum-tube circuit shown in 
Fig. 2-1. Assuming that hysteresis is negli- 
gible, the basic equations of the system are as 
follows : 

E, = E, (E„ I,) (2-3) 
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, r dt 

l '~ R, 

(2-4) 

F = F (I t ) 

(2-5) 

L° -It- + Roh — E, — E b 

dt 

(2-6) 

E b = k e FN 

(2-7) 

M = k m FI a 

(2-8) 

a? 

ii 

* 

(2-9) 


where 


E, — plate voltage 
E g = grid voltage 
I t = field current 
E, — supply voltage 
E » = motor back emf 
L„ — armature inductance 
R a = armature resistance 
N = motor shaft speed 
k, = motor back emf constant 
Nf = number of field turns 
F = field flux 
R r = field resistance 
/„ = armature current 
M — motor torque 
k m = motor torque constant 
7 = total moment of inertia 
Aft = load torque 

It is assumed that mechanical friction is 
negligible. 

To linearize Eq. (2-3) , let* 

E p 4 Ep 0 -f- e p — Ep„ -f- AEp (2-10) 

Eg i Ego +e, = Ego + A Eg (2-11) 

h A ho +V = h« + A// (2-12) 

where Epo, E go , and ho represent values at the 
steady-state operating point and e r , e g , and i, 
represent the deviations of the values of E r , 
Eg, and /, from their corresponding steady- 
state operating-point values. 

♦Symbol * is defined as “equals by defini- 
tion”. 



Fig. 2-1 Spaed control of shunt d-c motor. 


Smce4B,= (g)4B, + (^)4/, 



Eq. (2-10) becomes 

E p = Epo + (— /x) e, + (Rp) if (2-13) 
where 



Eoo, I 


009 l fti 


and Rp 

~ dh 


Ego, Iff 


As a result of the definitions above, the in- 
cremental linear approximation to Eq. (2-3) 
becomes 


% = -pe t + Rp i, (2-14) 

where e r , e„ and if represent incremental 
quantities. 


To linearize Eq. (2-5) , let 
F 4 F, + / = F 0 + AF 
Then, Eq. (2-15) can be written as 
F=zF 0 + C,i, 
where 


C, 


a dE 

= dh 


ho 


(2-15) 

(2-16) 
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Consequently, the incremental linear approxi- Then, the incremental linear approximation 
mationtoEq. (2-5) becomes for Eq. (2-7) becomes 


f — C/ if 


(2-17) e b = K (N 0 f + F»n) (2-24) 


Substituting Eqs. (2-10), (2-11), (2-12), 
(2-15), and (2-17) into Eq. (2-4) results in 


ho + i/ — 

E a0 -f — (E p0 -f- e p ) — Nf—(F 0 -)- C t i t ) 

at 

R, 

(2-18) 

or 

+ (2-;9) 

where 

E, 4 E ao e, 

E, 0 = steady-state value of E, 
e, = increment in E, 


Substituting Eqs. (2-7), (2-17), (2-21), 
(2-23), and (2-24) into Eq. (2-6), and using 
a procedure analogous to that above, the equa- 
tion for the operating point of. the armature 
circuit becomes 


E , 0 — kJFpNo 
Ra 


(2-25) 


and the incremental equation for the arma- 
ture circuit is 



where 


R a i a — e, — k e N 0 Cfi f — k e F„n 

(2-26) 


h ~ ho h 

To linearize Eq. (2-8), use the incremental 
linear approximation 

m = k m F 0 i a + k m I ao f (2-27) 

where 

+ (2-28) 


It can be seen that the equation for the oper- 
ating point of the field circuit is 

I to = E'o - Epp_ (2 20) 

R, 

and the incremental equation for the field 
circuit is 

e,-e r -Nfi,^ ( 2 - 21) 

l '~ R f 

To linearize Eq. (2-7), let 
E b = E b0 + k e N 0 f + k e F a n (2-22) 

where 

E b 4 E<,o + (2-23) 

N 4 N 0 + n 


By substituting Eqs. (2-23) and (2-28) into 
Eq. (2-9), the equation for the operating 
point of the mechanical circuit is 

M„ = M Lo (2-29) 

and the incremental equation of the mechan- 
ical circuit is 

m = j^ + m L (2-30) 

dt 

where 

M l 4 M, j0 -I- m L 

From an examination of the analytical 
work above, it can be seen that the applica- 
tion of the linearizing technique produces a 
set of incremental equations that describe the 
behavoir of the system for deviations of the 
variables from the operating point of the 
system. In addition, the operating point is 
also defined by a set of algebraic equations. 
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Summarizing the operating-point equa- 
tions : 


[Eq. (2-32)] are presented as experimental 
curves. 


E — E 

7 80 ± -'pO 

Epo 4 Ep (Ego, lf 0 ) 

T E, 0 — k e F oN 0 

Ro 

F„iF (I l0 ) 

M 0 -— 4f i o 

Mo k m F ol ao 

The operating-point equations can be solved 
for the unknowns I to , E po , /„„, F„, N ot and M 0 
if the quantities E 0o , E, 0 , and M Lo are speci- 
fied. This solution is usually done graphically 
because the steady-state characteristics of the 
tube [Eq. (2-31)] and the field structure 


( 2 - 20 ) 

(2-31) 

(2-25) 

(2-32) 

(2-29) 

(2-33) 


Summarizing the incremental equations : 

e v — —fie g + Rpif (2-14) 

e.-e p - Nf C,% 

if — — ( 2 - 21 ) 

di 

L a -~ + R„i a = e x — k c N 0 C,i, — k e F 0 n 
at 

(2-26) 

J^ + m, = k m F 0 i a + k m I ao C,i, (2-34) 
dt 

The time-varying inputs to the system are 
the incremental quantities e g , e s , and m L . If 
these quantities are known, the incremental 
equations can be solved for e p , i f , i a , and n as 
functions of time. 


2-3 TRANSIENT RESPONSE 


The transient response of a system is the 
time variation of one or more of the system 
outputs following a sudden change in one or 
more of the system inputs or the derivatives 
or integrals of the system inputs. Often a 
transient input variation does not correspond 
to the actual input variations that a system 
might experience in practice. However, tran- 
sient specifications of system performance 
are very commonly used and, as a result, the 
designer must know how to describe system 
behavior in terms of transient response. It 
can be shown (see Ch. 3) that the transient 
response of a linear system completely speci- 
fies the differential equations of the system 
and, therefore, can be used indirectly to find 
the response of the system to any type of 
input. 

A given transient response must be re- 
ferred to the type of input that caused it. 
Three commonly used transient test inputs 
are the impulse, the step, and the ramp. 


A unit impulse can be conceived of as a 
time function that is infinite at t = a and zero 
everywhere else. A unit impulse is defined by 
Eqs. (2-35) through (2-37), where b Q (t — a) 
is a unit impulse function occurring at t = a. 


I 5 0 (f — a)dt — 1 

J — 00 

(2-35) 

r+°° 


1 b„(t — a)f(t)dt — f(a) 

•J OO 

(2-36) 

b„(t — a) = 0, t > a and t < a 

(2-37) 


The unit step function (t — a) is merely 
the integral of the unit impulse 5 n (t — a). 
The unit step is defined by Eqs. (2-38) and 
(2-39), where 5_i(t — a) is a unit step oc- 
curring at t — a. 

b- 1 (t — a)= f b„(x — a)dx (2-38) 

J — oo 

5-.(t-a) = \ M< a (2-39) 

U, t > a 
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C UNIT RAMP 


Fig. 2-2 Transient input functions. 
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The unit ramp function 5- 2 (£ — a) is the 
integral of the unit step b- t (t — a). The unit 
ramp is defined by Eqs. (2-40) and (2-41), 
where b- 2 (t — a) is a unit ramp occurring 
at t — a. 


b- 2 (t — a) = C b-i(x — a)dx (2-40) 
%/ — 00 

S-s(t-a) = ( °? — ~> . g (2-41) 

(f, t > a 

The impulse, step, and ramp functions are 
shown in Fig. 2-2. It should be noted that 
these functions are equal to zero for all f < a 
and that they are discontinuous or one or 
more of their derivatives are discontinuous 
at the instant of occurrence. Clearly, the re- 
sponse of a physical system to any one of 
these inputs will be zero before the input 


occurs if the system is assumed to be initially 
at rest. 


Example. A system is described by the 
equation 


^L + 2 ^ + 2- + x = ^- 

dt 3 dt 2 dt dt 2 


(2-42) 


where y is the input and x is the output. The 
output transient responses as functions of 
time are shown in Fig. 2-3 when the input is 
a unit impulse, a unit step, and a unit ramp, 
each occurring at t — 0. The specified initial 
conditions for t ^ 0 are x = 0, dx/dt — 0, and 
d 2 x/dt 2 = 0. 

It should be noted that, although the curves 
in Fig. 2-3 are different, they represent the 
same information about system behavior pro- 
vided that the input associated with each 
curve is known. 


2-4 FREQUENCY RESPONSE 


The frequency response of a system is the 
variation of the output to an input which is 
a constant-amplitude variable-frequency si- 
nusoid. Frequency response is usually of in- 
terest in the linear case but does have applica- 
tion in the nonlinear case (see Ch. 10). 

In the case of a linear system, a sinusoidal 
input produces a sinusoidal output of the 
same frequency as the input. The frequency 
response of a linear system is therefore com- 
pletely described by the ratio of the output 
amplitude to the input amplitude and by the 
phase angle of the output relative to the 
phase angle of the input, both expressed as 
functions of frequency. 

The frequency response of a system is usu- 
ally presented in three ways : by a polar plot 
of the tip of the vector A (ou) e’^^ with fre- 
quency to as a parameter (/ = V — 1 ) ; by sep- 
arate plots of 10 logio A (co) and <f>(to) versus 
frequency w ; and by the gain-phase plot of 10 
logio A(w) versus <f>( o>) with frequency « as 
a parameter. A (<o) is the amplitude ratio of 
output to input and 4>(<o) is the output phase 


angle minus the input phase angle. One could 
also plot 20 log,„ A (to) as is done in the liter- 
ature in many places, but there is little to be 
gained by using the factor of two. 

The frequency response of a system is use- 
ful primarily because of the many theoretical 
simplifications that are possible when it is 
used as an analytical and design tool. Just as 
transient inputs rarely occur in practice, so 
do sinusoidal inputs almost never occur in 
practice. Nevertheless, both methods of de- 
scribing dynamic response are useful in anal- 
ysis and design. 

Since frequency response and transient re- 
sponse are directly related to the differential 
equation of a system, they contain the same 
information about system behavior. These 
two methods of describing dynamic response 
are merely different approaches to the same 
end. Both have a useful function to perform 
in designing control systems. Techniques for 
correlating the frequency response and tran- 
sient response of a system are presented in 
Chs. 3 and 7. 
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2-5 FORCED RESPONSE 


The forced response of a system is the time 
response of an output of the system to an 
arbitrary, but completely defined, variation 
of one of the system inputs. Forced response 
is distinguished from transient response in 
that the input variation associated with the 
forced response of a system is considered as 
a continuous time function with no discon- 
tinuities in any of its derivatives. A sinus- 
oidal input is a special case of a forcing input 
which is isolated for special attention because 
of its theoretical importance. 

A typical example of an arbitrary forcing 
input is the angle of the line-of -sight from a 
radar antenna to a target that is moving at 
constant velocity in a straight line (see Fig. 
2-4). Such a course is known as a straight- 
line crossing course. The angle of the line-of- 
sight 0 in this case is given by 

0(t)=tan->— t (2-43) 

R 

where 

V = target velocity 

R = minimum target range 


The inverse tangent function in Eq. (2-43) 
and all its derivatives are continuous for all t. 

Many design problems have input specifi- 
cations involving arbitrary forcing functions 
that cannot be adequately described by dis- 
continuous functions. The techniques for de- 
termining the response of a system to these 
functions are discussed in Pars. 3-3, 3-7, and 
7-2. 



ANTENNA 


Fig. 2-4 Straight-line crossing course. 


2-6 STOCHASTIC INPUTS 


A stochastic process is one in which there 
is an element of chance. In many situations, 
the input to a system is not completely pre- 
dictable and cannot be described by a mathe- 
matical function, either analytically or gra- 
phically. The term “random process” is often 
used to describe such a situation, but it is not 
an accurate term since a process can often 
consist of a combination of a completely pre- 
dictable portion together with a purely ran- 
dom portion. It is evident that the signals in 
a feedback control system are more often 
stochastic than predictable in nature, parti- 
cularly when the effect of the ever-present 
noise is considered. A typical example of a 
stochastic process is a radar signal corrupted 
by noise. 


Since a degree of uncertainty exists if one 
attempts to determine the value of a stochas- 
tic signal at a given instant of time, probabil- 
ity density functions and other statistical 
characterizations such as the average value, 
the root-mean-square (rms) value, and the 
correlation function are used to describe the 
signal. It is useful to think of a stochastic 
signal as a member of a family of signals, 
each generated by an identical process. Such 
a family of signals is called an ensemble, and 
the statistical characterizations of the sto- 
chastic process are related to the ensemble of 
signals rather than to a particular member 
of the ensemble. Determination of the re- 
sponse of a system to a stochastic input does 
not yield a function of time, but rather a 
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statistical characterization of the output sig- 
nal ensemble. 

Stochastic signals are separated into two 
classes. If the statistical behavior of the proc- 
ess that generates the ensemble is independ- 
ent of time, the process is stationary. A non- 
stationary process is one whose statistics vary 
with time. In most situations involving sto- 
chastic processes, the signals generated are 
non-stationary. It is useful, however, to treat 
practical processes as stationary if the varia- 
tion of the statistics with time is small over 
the useful/ life of the system. A typical ex- 
ample is the noise generated in a vacuum 
tube. As the tube ages, the statistical charac- 
ter of the noise changes. If the period of use 
of the tube is short compared with its ex- 
pected life, then the noise generated by the 
tube can be considered as a stationary proc- 
ess. 

If a stochastic process is stationary, it is 
possible to use a single member of the ensem- 


ble of the process to determine the statistics 
of the process. For example, if the average 
value of a signal is sought and the process 
generating the signal is known to be station- 
ary, the average value can be found in two 
ways. In the first way, the average value is 
computed by taking the time average for a 
single member of the ensemble. In the second 
way, the average value is computed by taking 
the values of all the members of the ensemble 
at a particular instant of time and averaging 
these values. The latter average is called the 
ensemble average. Since the process is known 
to be stationary, both averages are independ- 
ent of time. That both averages are identical 
has not been proven as yet, but their identity 
seems plausible if one accepts the assumption, 
the so-called ergodic hypothesis, that ensem- 
ble averages and time averages are identical 
for a stationary process. The various ways to 
characterize stochastic signals and the re- 
sponse of a system to a stochastic signal are 
discussed in Par. 3-8. 
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CHAPTBl 3 

METHODS OF DETERMINING DYNAMIC RESPONSE 
OF LINEAR SYSTEMS* 


3-1 THE DIFFERENTIAL EQUATIONS 


As discussed in Ch. 2, any design procedure 
is based on the differential equations that 
serve as the mathematical model for the phy- 
sical system. This chapter deals with methods 
of determining the dynamic response of phy- 
sical systems from the differential equations 
that describe them. The type of response 
sought depends upon several factors: the 
specifications of the system; the design pro- 
cedure adopted ; and the limitations imposed 
by test conditions encountered when seeking 
experimental verification of the design per- 
formance. 

Differential equations may be classified as 
follows : 

(a) Linear differential equations with con- 
stant coefficients 

(b) Linear differential equations with 
time-varying coefficients 

(c) Nonlinear differential equations 

Of the three classes, constant-coefficient linear 
differential equations are, by far, the most 
widely used and the best understood. The sub- 
ject matter of this chapter is focused exclu- 
sively on methods of solving equations in this 
class. Chapter 9 deals with time-variable 
linear differential equations of a specific type 
that have a wide application. Chapter 10 con- 
siders nonlinear equations and some of the 
techniques for treating them. 

The general form of a linear differential 
equation with constant coefficients is 


where the a’s and b’s are the constant coeffi- 
cients, x(t) is the response function, and y(t) 
is the input function. The equation is linear 
because the response to a sum of component 
input functions equals the sum of the re- 
sponses to each of the component input func- 
tions. The highest-order derivative of the 
response x present in the equation is called 
the order of the equation. Thus, Eq. (3-1) is 
an equation of the n ,h order. The information 
necessary for a solution of the equation is 
a statement of the initial value of the re- 
sponse and the initial values of its first n-1 
derivatives, as well as the value of the input 
y(t). The response can be separated into 
two parts — a general or homogeneous solu- 
tion, and a particular solution. The complete 
solution of the differential equation is the 
sum of the general solution and the particular 
solution. The general solution always has the 
form of a sum of exponentials with real and 
complex arguments; the particular solution 
has the same form as the input or a sum of 
the input and its derivatives. The general 
solution is often called the force-free or tran- 
sient solution ; the particular solution is called 
the forced or steady solution. Each term in 
the transient solution is called a normal re- 
sponse mode or characteristic of the equation. 

The complete solution of a linear differen- 
tial equation is given by 

x{t) = x„(t) + 2 A * eV ‘ t (3-2) 


* 


2 

(=0 


Oi 


d i x 

dt* 


*By L. A. Gould 


2 


7 =» 



(3-1) where x„(t) is the particular solution, p k is 
a root of the equation, and A k is a constant- 
amplitude coefficient of a response mode. The 
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root p k is a function only of the coefficients 
at whereas A k is a function of the a’s, b’ s, and 
y(t) [Eq. (3-1)]. The quantities A k and p k 
are generally complex numbers that occur in 
conjugate pairs if the coefficients a* and bj 
and the input function y(t) are real. 

The term root is applied to each of the 
Pk s because these numbers can be found 
from the differential equation by treating 
the differentiating operator d/dt as a real 
variable, replacing it by p for convenience, 
and setting y(t) equal to zero. The algebraic 
equation resulting from such substitutions in 
Eq. (3-1) is 


2 = 0 (3-3) 

« =o 

This equation is known as the characteristic 
equation. The roots of Eq. (3-3), when de- 
termined, give the p k ’ s of the normal response 
modes of Eq. (3-2). 

The classical procedure for solving con- 
stant-coefficient linear differential equations 
is covered in many textbooks, f 1 - 2 - 3 - 4 * More 
powerful tools for treating differential equa- 
tions, suclf as Laplace and Fourier trans- 
forms, are presented in Par. 3-4. For 
situations where the input is sinusoidal or 
stochastic, additional special techniques are 
used. These are discussed later in the text. 


3-2 FACTORING AND CHARACTERISTIC PARAMETERS 
OF RESPONSE MODES 


3-2.1 FACTORING 

In most cases, the solution of a linear dif- 
ferential equation requires the determination 
of the roots of the characteristic equation 
[Eq. (3-3)]. Unfortunately, if the order of the 
equation is high, the process of factoring the 
equation to find the roots becomes extremely 
tedious. For such cases, special techniques 
have been developed (see Pars. 4-4, 5-7, and 
7-1) . This section covers some general factor- 
ing procedures applicable to any algebraic 
equation. In addition, the characteristics of 
first- and second-order equations are dis- 
cussed and graphical methods for determin- 
ing the roots of third- and fourth-order 
equations are presented. 

The factoring of rational polynomials is 
covered by many authors. (5i6>7 - 8 - 910 - 33 > The 
method presented here is one that is very 
convenient. 

The general algebraic equation can be writ- 
ten as 


f(p) = p" + c„., p"- 1 + + c,p -f c 0 = 0 

(3-4) 

If the order n of the equation is odd, one or 
more real roots must exist. The real root (Or 
roots) can be determined graphically by plot- 
ting /(p) versus p and noting the zero-cross- 
ing (s) of /(p), or analytically by using 
Horner’s method of synthetic division, with 
the first trial divisor being 

(P + Pi) = P + — (3-5) 

Cl 

If the equation is reduced to one of even 
order, Lin’s method 4 ®) can be used. This 
involves choosing the trial divisor 

0i (p) = P 2 + — P + — (3-6) 

C 2 Co 

Next, /(p) is divided by g x (p) as follows : 


P "~ 2 + • • • 

P 2 + — P + — /?>"+ Cn-jP"- 1 + . . . -f CjP + C 0 

c 2 c 2 ' (3-7) 

c' 2 p 2 + c'ip -f c„ 
c' 2 p 2 -f c\p -f c'q 
remainder 
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If the remainder of Eq. (3-7) is not negligi- 
ble, a new trial divisor is chosen such that 

g 2 (p) =P 2 + ^-P+-^- (3-8) 

<7 2 <7 2 

Next, /(p) is divided by the new divisor 
g,(p), etc., and the process is continued until 


the remainder is negligible. The last divisor 
is then a factor of the original equation. Then, 
the quotient [of f(p) and this last divisor] 
is treated in an identical manner, and the 
process is repeated until /(l) is factored 
into quadratic factors whose roots can be 
determined directly. 


Example. Find the roots of the algebraic 
equation 

/(p ) = p* + 10.65p* +89.0P 2 +15.50p + 27.0 = 0 (3-9) 


Solution. The first trial divisor is 
(P) = P 2 + = P 2 + <>.1742p + 0.303 

Dividing /(p) by gAp) produces 


(3-10) 


p 2 + 10.48p +86.9 

p 2 + 0.1742p + 0.303 Ip 4 + 10.65p s + 89.0p 2 + 15.50p + 27.0 

p« + 0.17p 3 + 0.3p 2 

10.48p* •+• 88.7p 2 -(- 15.50p 
10.48p a + 1.8p 2 + 3.18p 

second trial divisor * 86.9p 2 -)- 12.32p + 27.0 

86.9p 2 + 15.14p -f 26.3 
remainder * — 2.82p -(- 0.7 
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The second trial divisor is 

10 qo 27 0 

0*(P) =P 2 + ^-P + — =P 2 + 0.1418p + 0.3U 


(3-11) 


Dividing / (p) by g 2 (p) yields 


p- + 10.51p -f 87.2 

p? _|_ 0.1418p + 0.311 /P 4 + 10.65p 3 + 89. Op 2 + 15.50p + 27.0 

7 p* + 0.14p a + 0.3p 2 

10.51p 3 + 88.7 p- + 15.50p 
10.51p 3 + 1.5p 2 -)- 3.27p 

third trial divisor » 87.2 p- + 12.23p + 27.0 

87.2p 2 + 12.36p + 27.1 
remainder * — 0.13p — 0.1 


The third trial divisor is 

12 23 27 0 

ffa(p) = P 2 + P + = V ' + 0 ' 1403P + °- 31 ° 


(3-12) 


Since g.,(p) leaves essentially no remainder, 
the resulting quadratic factors of / (p ) are 

f(p) = (p 2 + 0.1403p +0.310) (p 2 + 10.51p +87.2) (3-13) 


Factoring the two quadratics in Eq. (3-13), 
the roots of Eq. (3-9) are found to be 

PuP ’ = —0.0702 ± j 0.552 and p 3 ,Pt = —5.26 ± j 7.72 (3-14) 


3-2.2 CHARACTERISTIC PARAMETERS OF 
RESPONSE MODES 

3-2.3 First Order: (p + c„) =0 

The response mode corresponding to the 
first-order factor is of the form 

x(t) = Ar'. 1 (3-15) 

The reciprocal of c„ is called the time constant 
of the response mode. 

Useful plots of exponential functions are pre- 
sented in Fig. 3-1. 



o — — — — — — — — — 

0 0.4 08 1.2 1.6 2j0 2.4 2 JB 3.2 3d6 4 j0 

* - NUMBER OF TIME CONSTANTS 


Fig. 3-1 


Exponential functions e 1 


and 1 — e~ x . 
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3-2.4 Second Or dor: p 2 -)- Cip +c 0 = 0 

The second-order equation can be rewrit- 
ten in the form 

P 2 + 2 l(o,p + (o, 2 = 0 (3-16) 

where 

£ — — Cl — = damping ratio 
2 V c o 

w, = \/c7— undamped natural frequency 

If £ < 1, the response mode corresponding to 
the second-order factor is of the form 

x(t) = cos (o o d t -j- tf>) (3-17) 

where 

Wrf = (o, \/l — C 2 = damped frequency of 
transient oscillation 

If t; Si 1, the second-order factor can be fac- 
tored into two first-order factors so that the 
response consists of two first-order modes. 

3-2.5 Third Order <»> 

P 8 + c 2 p 2 + C,p -f c 0 = 0 

By making the substitution 

P = Co 1/8 1 

the third-order equation is reduced to 
X J -f- a 2 1 2 + ai X -f-1 = 0 (3-18) 

where 

a -2 = c 2 /c„ 1/8 and ai = Ci/c« 2/8 

The reduced equation can be factored as fol- 
lows: 

X 8 + a-tk* + «,X + 1 = (X + 1/Wr 2 ) 

(X 2 -f 2£(0 r X + (Or 2 ) 
(3-19) 

where 

“a = 2^a , r + JL 

Wr 2 

a, =3- + (o* 

(Or 

(Or = a reference frequency 


Figure 3-2 shows plots of o> r versus t, for con- 
stant values of a 2 and a t . Figure 3-3 shows 
plots of a 2 versus ai for constant values of X, 
and m r . From these charts and the third- 
order equations, the roots of the cubic can 
be determined. 

3-2.6 Fourth Order< n >: 

P 4 + c a p 8 + c 2 p 2 -f Cip -f c 0 = 0 

By making the substitution 
p = c 0 1/4 X (3-20) 

the fourth-order equation is reduced to 
X 4 + a 3 X 8 + a2 X 2 + a,X + 1 = 0 (3-21) 

where 

a* = c 8 /c 0 1/4 
a 2 = c 2 /c 0 1/2 

«i = Cl/C 0 8/4 

The reduced equation can be factored into the 
form 

(X 2 + 2^(0 ri X + co ri 2 ) 

(X 2 + 2£ 2 (0r 2 X + (Or*) = 0 
(3-22) 

or, alternatively 

(X 2 + 2W + (Or 2 ) 

[X 2 -(- 2(^, t ) ((o,*o) X + (oW 2 ] = 0 

(3-23) 

where the symbols are defined as follows : 

(o r * ovt = dimensionless natural frequency 
of reference component 

4 = damping ratio of reference com- 

ponent 

p a * (Or 2 /(o ri = ratio of undamped natural 
frequencies of components 

* WCi= ratio of damping ratios of 
components 
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By permission from “Solution of the Cubic Equations and the 
Cubic Charts”, by L. W. Evans, bound with “Transient Behavior 
and Design of Servomechanisms”, by G. S. Brown, 1943, Massa- 
chusetts Institute of Technology. 


3-6 


DETERMINING DYNAMIC RESPONSE OF LINEAR SYSTEMS 



Fig. 3-3 


Cubic chart. 


By permission from “Solution of the Cubie Equations and the 
Cubic Charts'*, by L. W. Evans, bound with “Transient Behavior 
and Design of Servomechanisms", by G. S. Brown, 1948, Massa- 
chusetts Institute of Technology. 
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CHART I FOR EQUATION A 4 + a, A 1 + a 2 A 2 + o, A + 1 - 0 
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Fig. 3-4 Quartic chart. (Sheet 1 of 2) 


By permission from "Servomechanisms'*, by Y. J. Liu, bound 
with "Transient Behavior and Design of Servomechanisms’*, by 
G. S. Brown, 1943, Massachusetts Institute of Technology. 
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CHART II FOR EQUATION a, ill + a, ll* + a, + a, *1 + a 0 x - 0 
dt< 3 dt 3 2 dt J dt 
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Fig. 3-4 Quarfic Chari. ( Sheet 2 of 2) 
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To find the parameters defined by Eqs. 
(3-22) and (3-23), the following procedure 
is used : 

(a) Determine the quantities 

M a a - |(Il < 
a 2 2 

ff a «3 2 + «i 2 — 4a 2 
a 2 3 


(i) Through 4a, draw a 45°-inclined line 
until it intersects a vertical line correspond- 
ing to the particular value of (a 3 + «i)/2 at 
point 4b. A horizontal line drawn through 4b 
intersects the extreme right-hand scale of 
Chart II giving the value of £ r . 

(j) When Pa is obtained in step (d), the 
following equations can be used as an alter- 
nate method of finding Pm co r , Pt _, and £ r : 


— and — (a 3 -f ai) 

ct| 2 * 

(b) Stability can be determined from 
Routh’s criterion (Par. 4-2). 

(c) The quartic chart is shown in Fig. 3-4. 

A sketch of the construction that is used to 
find P w , <o r , Pi , and ^ is shown in Fig. 3-5. 
Referring to these figures, the determination 
of the parameters of the factored quartic [Eq. 
(3-22) ] is given by the procedure below. 

(d) Locate intersection 3a of the particu- 
lar pair of M and N values on Chart I. Draw 
a line through 3a, parallel to the 135°-inclined 
lines, until it intersects the 45°-inclined scale. 
The intersection on this scale gives Pa , where 



(e) From the particular a 2 value on the 
left-hand scale, draw a horizontal line until 
it meets the particular 135°-line found in step 
(d) at point 3b. 

(f) From intersection 3b, draw a vertical 
line that intersects curve P at 3P and curve 
Q at 3Q. 

(g) A horizontal line drawn through 3P 
intersects the immediate right scale of ordi- 
nates at 3d giving the value of Pm and the next 
right (left-hand scale of ordinates of Chart 
II) at 3d' giving the value of co r . 

(h) A horizontal line drawn through 3Q 
on Chart I intersects the particular curve of 
a 3 /ai on Chart II at point 4a. The lower ab- 
scissa of 4a gives the value of P% . 


P « = Y (“ 2pa + v (a ‘ Jpa) 2 “ 4 ) (3 ‘ 24) 



(3-25) 



(3-26) 


Sr = 


1 

2 


(«3 + «l) 


(1+P t ) 


V p* 


+ 



(3-27) 


tr 


!_ 1 / «a(l — Pa) 
2 \ p t 


(3-28) 



(3-29) 


Cr = 


ai 

2 hfc + V,T ] 


(3-30) 
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SCALE OF 1/2 (aj+ a,) 



Fig. 3-5 


Sketch of 


the quartic chart. 


By permi83ion from “Servomechanisms”, by Y. J. Liu, bound 
with “Transient Behavior and Design of Servomechanisms”, by 
G. S. Brown, 1943, Massachusetts Institute of Technology. 


3-3 THE CONVOLUTION INTEGRAL 02 ’ 


The output time response of any linear 
system to an arbitrary input can be found by 
means of the convolution (superposition) in- 
tegral. If y(t) is the input, x(t) the output, 
and w(t) the impulse response of the system, 
then the output x can be found by evaluating 
the convolution integral 


x(t) — 


dt, 

w(t,) y(t — t,) 

or 




x(t) = 




L 

dt , 

w(t— t,) y(t,) 


This integral applies in every case and is use- 
ful for graphical time-domain studies of sys- 
tem performance. In many situations, how- 
ever, evaluation of the convolution integral 
is tedious, so more refined procedures are 
used ( see Pars. 3-4, 3-6, 3-7, 3-8, and 3-9). 


If the system being studied is a physical 
system, then 

w(t) — 0 for t < 0 (3-33) 

The convolution integral then reduc 's to 


x{t) = 

/•+O0 

j dt, w (t,) y (t — t x ) 

(3-34) 

o 

II 

f dt, w(t, — t,) y(t ,) 

J — cc 

(3-35) 

If, as often occurs, y(t) and w(t) are both 
zero for t < 0, then the convolution integral 
reduces to 

x(t) = 

j ' dt, w(t,) y(t — f! ) 

(3-36) 

or 



x(t) = 

r dt, w(t — t,) y(t,) 

/ 0 

(3-37) 
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3-4 LAPLACE AND FOURIER TRANSFORMS’ 2 13,4,5,6 17 1,19) 


3-4.1 GENERAL 

Laplace and Fourier transforms are aids 
for solving differential equations and intro- 
duce properties of system performance that 
enhance the designer’s understanding and 
simplify his task. 

The Fourier transform of a function and its 
inverse are defined as follows : 


(d) f + |/(f) | dt is finite 

The conditions for the existence of the La- 
place transform of a function are identical 
with those for the Fourier transform except 
that the fourth condition is relaxed to 

J j/(f) | e~ rt dt is finite for a finite c 


J [/(f)] ±F(s)i J + °° dte-^fit) [Direct] 

(3-38) 

7-'[F(s)] i f(t) * — f +;0 °ds e"F(s) 

2 it/ J_ /oo 

[Inverse] (3-39) 

where s = a + /oo 

The Laplace transform of a function and its 
inverse are defined as follows : 


3-4.2 THEOREMS 

The following theorems are useful for ap- 
plying the Laplace and Fourier transforms to 
the solution of differential equations : 

(a) L[af(t)] =aF(s) (3-42) 

(b) -C[/,(t) ±f. i (t)]=F l (s) ±F 2 (s) 

(3-43) 


•C[/(0] 4F(s) i f°°dt e-“'f(t) [Direct] 
J 0 


(c) 


JC 


d"f (t) 1 

dt « J 


= s"F(s) — s"-'f (0+) 


(3-40) 


- s’- 2 / 1 (0+) - ... - s/<"- 2 > (0+) 


X-'[F(s)] 4 /(f) i— - f + dse-'Fis) 

2a/ J,— j* 

[Inverse] (3-41) 
where s = the complex variable ( or frequency ) 

C! 4- /(0. 

The Fourier transform is applicable to 
functions that exist for all time t, whereas the 
Laplace transform is used for functions that 
are zero for t < 0. In the expression (3-41 ) for 
the inverse Laplace transform, the constant c 
is a convergence factor that enables one to ap- 
ply the Laplace transform to functions whose 
Fourier transforms do not exist. 

The conditions for the existence of the 
Fourier transform of a function, known as 
Dirichlet’s conditions, are 

(a) /(f) has a finite number of discontinu- 
ities in a finite interval 

(b) /(f) has a finite number of infinite- 
valued points in a finite interval 

(c) f(t ) has a finite number of maxima 
and minima in a finite interval 


_ /<«-n (0+) (3-44) 


(n time*) 

<d) 


FIs) 

s n 


po+ /-o+ rt 

j f it) dt I I fit)dt 

J — OO _|_ *J — oo */ 00 

s" ^ 


( H— 1 times) 


r [f--- f f^ dt 

%/ — 00 lv — 00 V -00 


(3-45) 


(e) 




(3-46) 

(f) 


rv.(t-x)/ s (x) dx 





= F,is)FAs) 

(3-47) 

(g) 

-C [/ ( f — a.)] = e-"“F(s) 
if fit — a) =0 for 0 < f < a 

(3-48) 
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(h) JCUit + a)] = e“*F(s) 

if f(t + a) =0 for —a < t < 0 

(3-49) 

(i) lim s-C[/(0] = lim/(f) (3-50) 

x — > 0 t—> oo 

(j) limsX[/(0] =lim/(0 (3-51) 

(k) <C[/, («)/*(*>] 

= F x (s — w) F 2 (w) dw (3-52) 

2 jt/ k/ , ;x 

(l) •C[/.(0/*(0]^* , I («)f’,(*) 

(3-53) 


where A(s) is a polynomial in s depending 
upon the a’s and the initial values of £ and its 
first (n- 1 ) derivatives, and B(s) is a poly- 
nomial in s depending upon the fe’s and the 
initial values of y and its first (m- 1 ) deriva- 
tives. The response transform can be obtained 
by solving Eq. (3-55) for X(s) 



■ m 

2 

b,S ! 


B(s) + A(s) 

X(s) = 

i= 0 

n 


Y(s) + 

n 

2 a ' s ' 


2 

- (=0 

ttjS* 


i=0 


(3-56) 


Theorems (a), (b), (e), (f), (i), (k),and 
(1) also apply to the Fourier transform. 
Theorem (c) is called the real differentiation 
theorem and theorem (d) is called the real 
integration theorem. Theorem (e) is used to 
change the time scale of a problem and is 
called the normalization theorem. Theorem 
(f ) is the real convolution theorem and, if ap- 
plied to the convolution integral [Eq. (3-35)], 
yields the very important result 

7 [*(«)] =*(«) =7 [Jdf, «>(*-«,) 2/(t,)] 

= IF(s)Y(s) (3-54) 

Theorems (g) and (h) apply to the Fourier 
transform without the stated restrictions. 
Theorem (i) is called the final-value theorem 
and theorem (j) is called the initial-value 
theorem. Theorems (k) and ( 1 ) are included 
primarily to prevent the common error sug- 
gested by theorem ( 1 ), namely, incorrectly 
stating that the transform of the product of 
two time functions is the product of the sep- 
arate transforms of the functions. 

3-4.3 SOLUTION OF DIFFERENTIAL 
EQUATIONS 

The solution of ordinary linear differential 
equations is accomplished by means of theo- 
rems (a), (b), (c), and (d). Applying these 
theorems to Eq. (3-1), one obtains 

2 a, s' A(s) — A (s) = [ 2 M ; 

l j—U 

Y(8)+B(s ) (3-55) 


In words, this equation can be written 

/ response \ _ ( system \ / input \ 

^transform/ “ \ function / \transform ) 

( initial condition \ ( 3 . 57 ) 

+ \ function / 

The ratio of the response transform to the 
input transform when all initial conditions 
are zero (i.e., the initial condition function is 
zero) is called the system function or the 
transfer function of the system. This function 
depends only upon the coefficients of the dif- 
ferential equation and is independent of the 
input and the initial conditions. Comparing 
Eq. (3-57) (with initial condition function set 
equal to zero) with Eq. (3-54), it is evident 
that the transfer function of a system equals 
the transform of the impulse response of the 
system for a unit impulse. 

Transforming a differential equation en- 
ables the analyst to replace the processes of 
differentiation and integration by simple al- 
gebraic processes. Then, the transform X(s) 
can be found algebraically. Subsequently, the 
system response x(t) corresponding to the re- 
sponse transform X(s) can be found by using 
the inversion theorem [Eq. (3-41) ]. However, 
this theorem usually involves contour integra- 
tion in the complex s plane. To avoid this in- 
tegration, tables of transform pairs have been 
constructed that give the time function cor- 
responding to a given transform directly. A 
brief list of commonly used transform pairs is 
given in Table 3-1. More extensive tables can 
be found in references (13), (20), and (21). 
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TABLE 3-1 LAPLACE TRANSFORM PAIRS 


F(s) 


1 

b 0 (t), unit impulse 

1 

s 

§_!(£), unit step 

1 

s 2 

8-o (t), unit ramp 

1 

Ts + 1 

— e~‘ /T 

T 

(0 

S 2 0 ) 2 

sin o)t 

s 

S 2 O) 2 

COS (tit 

1 

s 1 -|- 2 £<i)„s -f- 0 )„ 2 

(!) 1 < 1 : ... sin u)„ \/l X*t 

t»nVl — V 

(2) 5 = 1: te-.‘ 


(3) K > 1 : • — — sin t w n vt 2 - 

w„\/^ 2 — 1 

1 

(s 4- a) 2 + (5- 

— e- al sin Bt 

P 

s -f a 

(s + a) 2 + p 2 

e~ al cos pt 

1 

s“ 

1 t "- 1 

( n — 1) ! 

1 

(Ts + 1)" 

1 t"- 1 ... 

er ,/T 

(n — 1) ! T n 


If tables of transform pairs are unavailable, mial are called the zeros of the function and 

or if the particular transform whose inverse the roots of the denominator polynomial are 

is sought is not listed in the tables, the method called the poles of the function. If the poles of 

of partial fractions may be used to expand the the function are not repeated, they are called 

transform into a sum of terms, each of which single-order poles. The order of a multiple- 

is readily recognized as the transform of a order pole is the number of times the pole is 

simple time function. If the transform whose repeated. For a function containing only 

inverse is sought is a ratio of rational poly- single-order poles, the partial-fraction expan- 

nomials, the roots of the numerator polyno- sion of the function is 


3-14 


DETERMINING DYNAMIC RESPONSE OF LINEAR SYSTEMS 


F(s) 


N(s) 

D(s) 


K k 


t=l s — s k 


(3-58) 


Example. The system defined by the equa- 
tion 


where 


r (s — s k )N(s) 1 

[ D(s) J *=•„ 

[ N(s) 1 


(3-59) 


and s k is the Arth root of the denominator poly- 
nomial D(s) . 

If the transform contains multiple-order 
poles, the partial-fraction expansion of the 
function is 


F(s) * 


N(s) _ » -» K k , 
D(s) *=i i= i (s — s k ) 


nik-i+l 


(3-60) 


where 


K k] * 


0 - 1)1 
d’~' f (s — s k )” ,k N( s) 
ds’ 1 [ D(s) 


] ! •-% 


(3-61) 


and m k is the order of the pole of F(s) at 

s = s,,. 


From Eqs. (3-58) and (3-60), it is obvious 
that the expansion of a rational function 
when inverted produces a sum of exponential 
terms for the corresponding time function. 
Terms containing exponentials with complex 
arguments will appear in conjugate pairs and 
can therefore be combined to form product 
terms (exponential multiplied by a sine or 
cosine function) representing damped sinu- 
soids. 


^ + 10 . 65 ^+ 89 . 0 ^+ 15 . 50 ^ 
dt* dt 3 dt 2 dt 


+ 27.0x = 27.0 y (3-62) 


is initially at rest. At t = 0, a unit ramp input 
is applied. Find the difference between the 
input y and the output x as a function of time. 

Solution. Since the system is initially at rest, 
all initial conditions are zero. Transforming 
Eq. (3-62) results in 


Z(s) = 

2+0 

s 4 + 10.65s 3 + 89.0s 2 + 15.50s + 27.0 ^ 

(3-63) 

Let 

e(t) =y(t) -x(t) (3-64) 

Then, transforming Eq. (3-64) and substitut- 
ing for X (s) from Eq. (3-63), E(s) becomes 


E(s) = 

s [s 3 + 10.65s 2 + 89.0s + 15.50] 
s 4 + 10.65s 3 + 89.0s 2 + 15.50s + 27.0 S> 

(3-65) 

By referring to the values of the roots given 
in Eq. (3-14), the denominator D(s ) of Eq. 
(3-65) can be factored as follows: 


D(s) = (s + 0.0702 — y0.552)(s + 0.0702+ j 0.552) 

(s + 5.26 - ;7.72) (s + 5.26 + j7.72) (3-66) 
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The transform of y(t), found from Table 
3-1, is 

Y(s) = \ (3-67) 

s- 

Using the factored form of the denominator 
and substituting 1/s 2 for the value of Y(s) 
in Eq. (3-65) results in 


E(s) 


[s 3 + 10.65s 2 + 89.0s -)- 15.50] 

s[s -f 0.0702 - /0.552] [s + 0.0702 + /0.552] [s + 5.26 -/7.72] [s + 5.26 + >7.72] 

(3-68) 


Since two pairs of the poles of E(s) appear 
as conjugate pairs, the partial-fraction ex- 
pansion of E(s) can be written 


E(s) = ^ + — — 

s s + 0.0702 - jO.552 


+ 


K , . 


+ 


K a 


s -f- 0.0702 + jO.552 s + 5.26 - /7.72 


+ 


K a 

s + 5.26 + /7.72 


(3-69) 


where a bar over a constant indicates the 
complex conjugate of the constant. Using the 
expansion theorem [Eq. (3-59)] 


E\ 


15.50 

27.0 


0.574 


(3-70) 


K, = 


(s 3 + 10.65s- -f 89.0s 4- 15.50) 


s(s + 0.0702 + ;0.552) (s- + 10.51s + 87.2) 


= 0.918 e- 


- 0.0702 + jo.r.r.j 


(3-71) 


K . = 0.918 e 


(3-72) 


K,= 


(s 3 + 10.65s- + 89.0s + 15.50) 
s ( s~ + 0.1403s + 0.310) (s + 5.26 + /7.72). 


= - 5 . 26 + , 7.72 


= 2.89 X 10-* 


(3-73) 


K.t — 2.89 X 10- 4 e+>° 277 " 


(3-74) 
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Inverse transforming Eq. (3-69) 
e(t) = 0.574 + 0.918 e - 0 0702 ' 

[gX».5S27-1.89) _j_ g-X0.552t-1.89) ] 

+ 2.89 X 10- 4 e - y 2 «' 


[g>(7.72f-».87) g-X7.72t-0.87)] (3-75) 

The bracketed functions on the right side of 
Eq. (3-75) are recognized as cosine functions, 
so that e(t) can be written as 

e(t) = 0.574 + 1.836 e-°" 702 ' 
cos (0.552£ — 1.89) 

+ 5.78 X 10- 4 e- 5 2,i ' cos (7.72£ - 0.87) 

(3-76) 

It is convenient for plotting purposes to write 
the arguments of the cosine functions in de- 
grees and to use trigonometric identities to 
reduce the phase angles to angles smaller 
than 45°. If this is done, e(£) can be written 
as 


e(t) — 0 574 + 1.836 sin 

(31.6£ - 18.3) ° - 5.78 X KH «-»•*« sin 
(442£ + 40.2)° (3-77) 


3-4.4 FREQUENCY RESPONSE 

It is often important to find the response 
of a system to a sinusoidal input. For a sinu- 
soidal input, the output of the system will also 
be sinusoidal after transients have died out. 
The amplitude and phase angle of the output 
relative to the input are dependent only upon 
W (s) , the transfer function of the system, 
and can be determined by letting s = /co in 
the transfer function, where co is the fre- 
quency (in radians/second) of the input sinu- 
soid. The ratio of output amplitude to input 
amplitude is then given by 


A± 

Ay 


\W (ju>)\ 


(3-78) 


where .4, is the output amplitude, A„ is the 
input amplitude, and W(s) is the transfer 
function of the system. The phase angle of 
the output relative to the phase angle of the 
input is given byf 


4>x — <f>? — L W (/«>) (3-79) 

where <f> x is the output phase angle and </> y is 
the input phase angle. 

When the transfer function of a system is 
evaluated as a function of frequency for a 
sinusoidal input, the complex function that 
results is called the frequency response of the 
system. 

f Symbol Z denotes “angle” 


3-5 BLOCK DIAGRAMS AND SIGNAL-FLOW GRAPHS (”,23,24,25,26,27,28) 


3-5.1 BLOCK DIAGRAMS 

Equations (3-54) and (3-57) demonstrate 
that, with zero initial conditions, the trans- 
form of the output of a system can be ex- 
pressed in terms of the input transform and 
the system function. The system function can 
be thought of as an operator. That is, the sys- 
tem function operates on the input transform 
to produce the output transform. In a similar 
manner, the system operates on the input to 


produce the output in the time domain, the 
operation being defined by the convolution in- 
tegral [Eq. (3-31)] and depending only upon 
the impulse response of the system. The con- 
cept of an operator is presented pictorially by 
the technique known as operational block dia- 
gram algebra. The block diagram of a system 
is the pictorial representation of the mathe- 
matical operations involved in the differential 
equations that describe the system. 
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Table 3-2 presents a list of symbols used in 
the block diagram representation of a system 
and Fig. 3-6 presents a list of reductions that 
enable one to simplify or reduce the block 
diagrams of a system. Since the block dia- 
gram contains no more information than the 
differential equations, the manipulation of a 
block diagram is merely a pictorial process 
of manipulating the differential equations. 
The advantage of a block diagram representa- 
tion is that the operational relations in a sys- 
tem are emphasized rather than the hard- 
ware. By becoming familiar with common 
block arrangements, the designer can inter- 
pret the function of various elements in a sys- 
tem much more rapidly than would be pos- 
sible from an inspection of the differential 
equations. 


Example. The transformed equations of a 
servomotor driving an inertia load coupled 
to the motor through a flexible shaft are 

I'm — ( J mS 2 -f- fmS) 6 m -\- K ( 0 m — #/,) (3-80) 

K (8 m — 6t) = J L s*8 L + T t (3-81 ) 

where 


T m = motor torque 
J m = motor inertia 
f m = motor damping 
8 m = motor angle 


K = shaft stiffness 
8 h = load angle 
Jj. = load inertia 
Ti,= load torque 


The damping of the flexible shaft is assumed 
to be negligible. Draw the block diagram of 
the system and reduce the diagram, keeping 
the motor angle 8„, and the load angle 0 L in 
evidence. 


Solution. The block diagram of the system is 
drawn in its “primitive” form in Fig. 3-7A. 
The successive steps necessary to reduce the 
“primitive” diagram to the desired form are 
shown in Figs. 3-7B to 3-71 with the rules 
used for each step indicated below each step. 


TABLE 3-2 

BLOCK DIAGRAM 

SYMBOLS 

Symbol 

Description 

Operation 

X 


variable 


— 




X 

Y 

operator 

Y = AX 

-HZ 




X 

Y 

summine point 

Y = X-W 





— 

W 



X 

X 

splitting point 

X = X 

\x 



X 

- ei 

Y 



multiplier 

II 

A 

f. 
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Fig. 3-6 Block diagram manipulation and reduction "rules". ( Sheet 1 of 3) 
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Fig. 3-6 B/oc k diagram manipulation and reduction "rules". (Sheet 3 of 3) 
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S. USE OF RULE 9 OF FIG. M 



C. USE OF RULE 3 OF FIG. 3-S 


Fig. 3-7 Block diagram examples. (Sheet 1 of 3) 
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Fig. 3-7 Block diagram examples. (Sheet 2 of 3) 
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G. USE OF RULE 3 OF FIG. 3-6 



H. USE OF RULE OF FIG. 3-6 



I. USE OF RULE 1 OF FIG. 3.6 


Fig. 3-7 Block diagram examples. ( Sheet 3 of 3) 
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CHAPTER 4 

STABILITY OF FEEDBACK CONTROL SYSTEMS * 


4-1 INTRODUCTION 


The determination of system stability is the 
first step in the design of any linear control 
system. To carry out this first step, a test for 
system stability is required. The particular 
stability test used will depend on the meaning 
attached to the term stable operation. Gen- 
erally, a system is said to be stable if it re- 
mains at rest when all inputs are zero and if 
(for any disturbance) no signal grows with- 
out bound or exhibits sustained oscillation 
when the inputs are returned to zero. In the 
case of linear systems, the only situation in 
which unstable behavior can occur is the one 
in which the roots of the characteristic equa- 
tion of the closed-loop system lie in the right- 
half s plane and therefore have positive real 
parts. The response modes corresponding to 
right-half-plane roots of the characteristic 
equation have amplitudes that increase with- 
out limit as time increases. Consequently, any 
stability criterion for a linear system is es- 
sentially a method of determining whether or 
not the characteristic equation has right-half- 
plane roots. 

In Fig. 4-1 the general single-loop system is 
shown. The output response transform for 
this system is 

G,(s) GAs) R(s) - GAs ) U(s) 

() ~ 1 + GAs) GAs) H(s) 

(4-1) 


The characteristic equation of the system is 

1 + GAs) G 2 (s) H(s) = 0 (4-2) 

Thus, if any of the roots of Eq. (4-2) lie in 
the right-half s plane, the system of Fig. 4-1 
is unstable. 

The presence of right-half-plane roots of 
the denominator of the response transform 
C(s) [i.e., right-half-plane poles of C(s)] 
could be determined by direct factorization of 
Eq. (4-2), after it has been cleared of frac- 
tions. Since a system is unstable if one or 
more right-half-plane poles of C (s) exist, it 
is usually sufficient to determine whether 
these poles exist ; however, it is not necessary 
to determine their exact location. Hence, the 
standard stability criteria that are discussed 
in this chapter (with the exception of the 
root-locus method) merely determine the 
number of unstable poles without regard to 
their location in the right-half s plane. 



*By L. A. Gould 


Fig. 4-1 Single-loop system — block diagram. 
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Three useful stability criteria — the Routh 
criterion, the Nyquist criterion, and root- 
locus method — are described in succeeding 
paragraphs. 

The Routh criterion is the simplest to 
apply and can be used when the characteristic 
equation is known, at least in literal form. 
This criterion can be employed to determine 
the presence of any roots of an algebraic 
equation that lie in the right-half plane. If 
the equation is the characteristic equation of 
a closed-loop system, the presence of right- 
half-plane roots means that the system is un- 
stable. 

The Nyquist criterion is the most widely 
used stability criterion because the only in- 
formation it requires for its application is a 
plot of the open-'loop frequency response 
GiO'uj) G 2 (/w) H (jm) . This frequency re- 
sponse can be determined either from an 
analytical representation of component be- 
havior or from direct measurement of the 
response of the components to sinusoidal in- 
puts. In addition to its use in determining the 
presence of system stability, the Nyquist cri- 
terion is extended in many design procedures 
to give an indication of the degree of stability 
possessed by the stable system (see Chs. 5 
and 6 ) . By an examination of the behavior of 
the GiO'w) G 2 (j<n) H (/o>) locus in the vicin- 


ity of the — 1 -f ;0 point, the Nyquist crite- 
rion provides the servo engineer with a rela- 
tively straightforward and extremely power- 
ful tool for analysis and design. 

The root-locus method is a graphical tech- 
nique for revealing the position of the poles 
of the response transform C(s) in the s plane 
as a gain factor of the open-loop function 
Gi(s) G 2 (s) H (s) is varied. The primary 
advantage of this method for stability deter- 
mination is that the closed-loop pole locations 
are kept in evidence at all times. Thus, it is 
easy to see when the poles move into the 
right-half plane as the gain factor is varied. 
There are two primary disadvantages con- 
nected with the root-locus method. First, the 
location of the poles and zeros of the open- 
loop function must be specified. This often 
requires some sort of analytical approxima- 
tion to the experimental test data. Second, the 
plotting of the paths of the closed-loop poles 
involves a trial-and-error procedure that can 
be quite tedious. In spite of these disadvan- 
tages, however, the root-locus method is quite 
useful in that it immediately places in evi- 
dence the closed-loop pole-zero configuration 
for any particular design (stable, of course). 
Thus, the characteristics of the time response 
of the system are easily ascertained and the 
verification of performance specifications in 
the time domain is a straightforward matter. 


4-2 ROUTH CRITERION (1 2 6) 


By applying the Routh stability criterion, 
one can determine whether any roots of an 
algebraic equation lie in the right-half s 
plane. If the coefficients of the equation are 
known only in literal form, the Routh crite- 
rion yields only a set of inequality conditions 
for stability. However, if the coefficients of 
the equation are known numerically, the cri- 
terion permits one to determine whether sta- 
bility actually exists. 

To show the general procedure used in 
applying the Routh criterion, consider the 
following general algebraic equation : 


a„s n -f a^is”- 1 + ... + a,s + «» = 0 (4-3) 

Next, the coefficients are arrayed in two rows, 
alternate coefficients being placed in alternate 
rows 

( 1 ) &n &n-2 ®n- 4 - * • 0 

(4-4) 

( 2 ) a n ~i u „_3 a n ~ 5 ... 0 

Then, the array is extended by taking ap- 
propriate cross-products to determine the ele- 
ments in the third row 

®n-l fl»-2 ®n-3 ^«-l On-4 — fln-3 . . . 

®n- 1 ttn-1 

(4-5) 
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The elements of the fourth row are formed by 
taking cross-products of the elements of the 
second and third rows, in exactly the same 
manner that the third-row elements were 
formed. This process is continued until all the 
elements of a row are zero. On completion of 
the array, the Routh criterion can be em- 
ployed to determine the presence of right- 
half-plane roots. 

The Routh criterion states : 

The number of roots of the original 
equation that lie in the right-half s 
plane equals the number of sign 


The complete algebraic array is as follows : 


(1) 

1 

2 

M 

(2) 

K 

4 

0 

(3) 

(K- 2) 

KM/2 

0 

(4) 

[(A- 2) - Km m 

0 

0 

(5) 

(A-2-A 2 M/8) 

0 

0 

(6) 

0 

0 

0 


The inequalities that determine stability are 

K > 0, (4-8) 

K- 2 > 0, (4-9) 

and 

[(A- 2) - K 2 M/ 8] > 0 (4-10) 

(b) As an example of an algebraic equa- 
tion with numerical coefficients, consider the 
equation 

s 5 + 2s 4 + 2s 3 4- 46s 2 + 89s + 260 = 0 

(4-11) 

The complete numerical array is as follows : 


changes in the elements that form the 
first column of the final array. 

An examination of the procedure used above 
shows that all the elements of any row after 
the second may be divided by a positive num- 
ber without changing the result. 

Examples. 

( a ) Consider the following algebraic equa- 
tion with lateral coefficients : 

s 4 -f Ks 3 2s 2 -f 4s -)- M — 0 (4-6) 

where K > 0 and M > 0. 


0 

0 

0 (row multiplied by A/2) (4-7) 

0 (row multiplied by 1/4) 

0 ( row multiplied by 2/AAf ) 

0 
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(1) 

1 

2 

89 

(2) 

2 

46 

260 

(3) 

-1 

-1.95 

0 

(4) 

1 

6.17 

0 

(5) 

1 

0 

0 

(6) 

1 

0 

0 

(7) 

0 

0 

0 


o 

0 

0 (row divided by 21) (4-12) 

0 (row divided by 42.1) 

0 (row divided by 4.22) 

0 (row divided by 6.17) 

0 


Inspection of the signs of the elements of the 
first column shows that one sign change 
occurs in going from the second to the third 
row and another in going from the third to 
the fourth row. Hence, two roots of Eq. 
(4-11) lie in the right-half s plane. The fac- 
tors of Eq. (4-11) are 


(s + 4) (s - 2 + jZ) (s- 2 — >3) 

(s + l+;2)(s+l — ?2) (4-13) 

The right-half s-plane roots of Eq. (4-13) are 
S\, s-2 = •+- 2 ± jZ (4-14) 


4-3 NYQUIST CRITERION 36 ’ 


The Nyquist criterion is a graphical pro- 
cedure by which one can determine whether 
any of the roots of the equation 

1 + G(s)=0 (4-15) 

lie in the right-half s plane. Only the follow- 
ing information is required in this procedure : 

(1) the magnitude and phase angle of G(jw) ; 

(2) the behavior of G(s) at the poles of G(s) 
that lie on the imaginary axis or at the origin 
of the s plane ; and (3) the number of poles of 
G(s) in the right-half s plane. (NOTE: For 
nonunity feedback loops, one tests for the 
zeros of the function 1 + G(s) H(s) where 
G(s) is the forward transfer function and 
H (s) is the feedback transfer function.) 

The Nyquist criterion can be expressed 
mathematically as 

Z = N + P v 4-16) 


where 

Z — number of zeros of 1 + G(s) that lie 
in the right-half s plane 

P — number of poles of G (s) that lie in the 
right-half s plane 

N — number of clockwise encirclements of 
the point — 1 + ;0 by the locus of 
G(s) as s describes the path shown in 
Fig. 4-2 

For stability, Z must be zero; that is, P = 
— N. If P ^ — N, the system is unstable. 

If ther* 3 are any poles of G(s) on the im- 
aginary axis, the G(/u>) locus will become in- 
finite at these points. To determine the be- 
havior of the G(jw) locus at these poles, so as 
to be able to count encirclements, a small 
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semicircular detour is made into the right- 
half s plane at each pole of G(s) on the im- 
aginary axis. Thus, the G(joy) locus will de- 
scribe a large semicircle instead of becoming 
infinite. If the pole on the imaginary axis is 
of multiple order, the G(ju>) locus will de- 
scribe one semicircle for each order of the 
multiple pole. 

A convenient rule for determining the 
direction of turn of the G(/o>) locus at the 
imaginary-axis poles of G(s) is 

Turn to the right by 180° for each order of 

the pole as the frequency increases. 

If G(s) has no poles in the right-half s 
plane or on the imaginary axis (except at the 
origin), the Nyquist stability criterion sim- 
plifies tof 

I G (/©)!< 1 when Z G (joy) — —180° 

(4-17) 

Examples. 

(a) Consider the function 


G(s) = 


K 

s(Ts + l) 2 


(4-18) 


For what range of K will 1 -f G(s) have 
stable roots? 


tSymbol Z denotes “angle” 


To simplify the calculation, change variables, 
letting X = Ts. Then, 


G(l) 


KT 


(4-19) 


MX+1) 2 

Plot (1 /KT)G(X) on the complex plane for 
X = ju. Such a plot is sketched in Fig. 4-3. 
Since encirclements depend only upon the 
topology of the plot, the locus can be distorted 
to facilitate the counting of encirclements 
(Fig. 4-4). 
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It is convenient to arrange the pertinent 
information in tabular form as follows : 


Location of 

- 1 + yo 

P 

N 

Z 

Nature of 
Stability 

A 

0 

0 

0 

stable (Z = 0) 

B 

0 

2 

2 

unstable (Z ^ 0) 

C 

0 

1 

1 

unstable (Z 0) 


The stable range of KT is determined from 
the table above and Eq. (4-17) as 

0 < KT < 2.0 

This expression is found by determining the 
range of KT which, when multiplying the 
(1/KT)G(X) locus, will keep the point 
— 1 -f ;0 in region A. 

(b) Consider the function 

G(s) =K- * l + s) ; (4-20) 

s(l - s) 

For what range of K will 1 + G(s) have 
stable roots ? 

The (1 /K)G(s) locus is sketched in Fig. 4-5. 
The distorted locus for counting encircle- 
ments appears in Fig. 4-6. A table of the per- 
tinent information is given below : 


Location of 

- i + yo 

P 

N 

z 

Nature of 
Stability 

A 

1 

0 

1 

unstable 

B 

1 

-1 

0 

stable 

C 

1 

1 

2 

unstable 


Stable roots exist for K in the range 
- oo < K < - 1 

These limits are found by determining the 
range of K which, when multiplying the 
(1 /K)G(s) locus, will keep the —1 + jO point 
in region B. 



Fig. 4-5 




Fig. 4-6 


Distortion of locus of 
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4-4 ROOT-LOCUS METHOD' 4 ” 


In the root-locus method, a plot is made of 
the locus of the roots of 1 + G(s) = 0asa 
function of a gain factor of G(s). G(s) must 
be known numerically in completely factored 
form. For nonunity feedback loops, one plots 
the roots of the equation l G(s) H (s) = 0 
where G(s) is the forward transfer function 
and H(s) is the feedback transfer function. 

If G(s) is written in the form 

n (s -j- St) 

G(s) = K 0 ^ (4-21) 

n (s + Sj) 

S = 1 

where K„ is varied from 0 to -f- oo, then the 
necessary condition for a point in the s plane 
to lie on the locus of the roots of 1 -f- G(s) = 
0, as K 0 varies, is 

2 A, - 2 A, = -180° (4-22) 

where 

2 A z — sum of the angles of the phasors 
from the zeros of G(s) to the point 
in question 

2 A, = sum of the angles of the phasors 
from the poles of G (s) to the point 
in question 

The value of the constant K 0 that is as- 
sociated with each root-locus point is found 
from the relation 


where 

II | V p | = product of the magnitudes of the 
phasors from the poles of G(s) 
to the root-locus point 

n | V t | = product of the magnitudes of the 
phasors from the zeros of G (s) 
to the root-locus point 

The root-locus method can be used to reveal 
the position of the roots of 1 + G(s) = 0 
directly and to determine whether any of the 


roots can move into the right-half s plane as 
the constant K„ is varied. This method of sta- 
bility determination is primarily a graphical 
one, particularly when determining the points 
in the s plane that satisfy the angle condition 
[Eq. (4-22)]. Although the angle condition 
determines the entire locus, it is still neces- 
sary to find the actual points by a trial-and- 
error procedure. That is, a point is guessed 
and the angle condition is checked ; if the 
angle condition is not satisfied, another point 
is tried, etc. 

To facilitate the plotting of the root locus, 
several theorems based on the angle condition 
[Eq. (4-22)] and the magnitude condition 
[Eq. (4-23)] have been established. These 
are: 

(a) The number of branches for a given 
locus equals the number of roots of 1 + G(s) 
= 0 . 

(b) The locus starts (K„ — 0) at poles and 
ends {K 0 — oo) at zeros. 

(c) The real-axis position of the locus al- 
ways has an odd number of poles and zeros 
to the right of the s point for K„ > 0. 

(d) The breakaway from the real axis into 
the complex plane between two adjacent poles 
occurs at the point of maximum K 0 . 

(e) For two adjacent zeros, the locus en- 
ters the real axis from the complex plane at 
the point of minimum K„. 

(f) Near complex poles, the direction of 
the locus is given by 

[180° - 2 A t + 2 A,} 

where 2 A* is the sum of the angles of the 
phasors from all the other zeros to the com- 
plex pole in question, and 2 A p is the sum of 
the angles of the phasors from all the other 
poles to the complex pole in question. Near 
complex zeros, the direction of the locus is 
given by 

[_ 180° + 2 A„- 2 AJ. 
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(g) The asymptotes of the locus for large 
values of s are given by a set of straight lines 
that intersect the real axis at angles 


180° ± 360 °n 
p — z 


(n = 0,1,2,...) 

(4-24) 


and whose intersection with the real axis is 
given by the centroid of the pole-zero con- 
figuration 


p Z 


2 Sj — 2 s k 

i=i a=i 



where 


(4-25) 


p = number of poles s, = j tb pole 


some point between the pole at the origin and 
the pole at —10. To locate this breakaway 
point, either the technique described in theo- 
rem (d) or, in this simple case, an analytical 
technique can be applied. 

Let —6 be the location of the breakaway 
point. With s = — 6, the magnitude condition 
becomes 

/( 5) = 8(- 5 + 10) (- 5 + 30) = 300 K 

The negative of the value of 8 which maximizes 
the left side of the equation above is the co- 
ordinate of the breakaway point. Thus 

/(8) = 8 s - 408 2 + 3008 


z = number of zeros s k — k ,b zero f'(&) — 38-' — 808 -)- 300 — 0 


(h) The locus is symmetrical with respect 
to the real axis. 

These theorems may be verified for the va- 
rious loci in Fig. 4-7, which presents examples 
of a wide variety of root loci for systems up to 
the fourth order. In this figure, T (p, z) in- 
dicates a system with p poles and z zeros. 

As an example of a typical root-locus plot 
for a unity-feedback loop, consider the func- 
tion 

G(s) = — 

s(s/o), -(- 1) (s/co 2 -f- 1) 

K<a i b) 2 

~ S(s + (Oi) (s + (0 2 ) 

where an = 10 rad/sec, w 2 = 30 rad/sec, and 
the conditions are 

(s + /s +10 + /s + 30 = 180° 

(angle condition) 

| s | | 8 + io 1 1 s + 30 | = 300 K 

(magnitude condition) 

The location of the poles of G(s) on the s 
plane is as shown in Fig. 4-8. 

The root locus coincides with the real axis 
lying between the pole at the origin and the 
pole at —10, as well as with the part of the 
real axis lying to the left of the pole at —30. 
The locus breaks away from the real axis at 


8 = 20.8, 6.3 

Only the smaller value of 8 satisfies the angle 
condition on the real axis. Therefore, the 
breakaway point is at —6.3. The gain factor 
K at this point is obtained by substituting 
this value of 8 into the magnitude condition 
equation, i.e., 

300 K = 6.3 (- 6.3 + 10) (- 6.3 + 30) 

K = 1.84 

The point on the branch of the locus to the 
left of the pole at —30, for this same value 
of gain K, is at —30.8. 

The asymptotes of the locus, for large 
values of s, intersect the real axis at angles 
given by the relation 

. 180° ± 360° n 

A = 

p — z 

Since p = 3 and z — 0, the angles are 60° and 
—60° (or -)-120°). The real-axis intercept of 
the asymptotes is given by 

_ — ^2 [0 -f- 10 30] — [0] 

•Go — 

p — z 3 — 0 

= 13.3 

A sketch of the data obtained so far is given 
in Fig. 4-9. 
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At this point, it would seem necessary to 
apply the exploratory s-point method to de- 
termine the rest of the locus. However, even 
before this is done, we can determine which 
of the asymptotes the locus approaches. In 
this particular case, we already know (from 
a Nyquist plot) that the function 1 G(s) 
will have right-half-plane roots when the 
sensitivity is above a certain value. There- 
fore, the two branches of the locus in the 
complex portion of the plane must head to- 
ward the right-half plane as the gain factor 
K increases. Thus, the locus will cross the im- 
aginary axis and go into the right-half plane. 
The points of imaginary-axis crossing are 
easy to find in this particular case because of 
the small number of poles involved in the 
configuration. 

Consider the geometric properties of Fig. 
4-10. At the crossing point, the angle condi- 
tion requires that 

tan 1 -f tan 1 ^ 4- 90° = 180° 

COl 0) 2 


Therefore 



or 

o) t . = \/o)i g) 2 — \/300 = 17.3 

At this point, the gain K is determined by 
the magnitude condition. Using this condi- 
tion, it is found that K = 40. The correspond- 
ing point on the branch to the left of the pole 
at —30 is at —40. 

The remainder of the locus can be sketched 
in, or a more accurate determination of the 
locus points can be made by the exploratory 
s-point method. Figure 4-11 is a sketch of the 
entire locus, with key points indicated. 
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Root-loci plots. (Sheet 

Adapted from “The Study r f Transients in Linear Feedback 
Systems by Conformal Mapping: and the Generalized Root Locus 
Method", by V. C. M. Yeb, ScD Thesis M.E., 1962, Massa- 
chusetts Institute of Technology. 
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Fig. 4-8 Poles for G(s) = 


300 K 


s(s+ 10)(s + 30) 



Fig. 4-9 Asymptotes and real axis behavior for 
300 K 


G(s) = 


s(s + 10) (s + 30) 



Fig. 4-11 Complete root locus for G(s) 
when O < K < oo . 


300 K 


s(s + 10) (s + 30) 



Fig. 4-10 Construction for determining imaginary 


axis crossing G(s) 
when O < K < oo . 


300* 

s(s + 10) (s + 30) 


4-15 


THEORY 


BIBLIOGRAPHY 


1 M. F. Gardner and J. L. Barnes, Transients 

in Linear Systems, Vol. I, pp. #197-201, 
John Wiley & Sons, Inc., New York, 
N. Y„ 1942. 

2 W. R. Ahrendt and J. F. laplin, Auto- 

matic Feedback Control, pp. #78-80, 
McGraw-Hill Book Company, Inc., New 
York, N. Y., 1951. 

3 H. W. Bode, Network Analysis and Feed- 

back Amplifier Design, pp. #137-169, 
D. Van Nostrand Company, Inc., New 
York, N. Y., 1945. 


4 W. R. Evans, Control System Dynamics, 
pp. #96-121, McGraw-Hill Book Com- 
pany, Inc., New York, N. Y., 1954. 


5 W. R. Evans, “Control System Synthesis by 
Root-Locus Method”, Trans. AIEE, Vol. 
69, Part I, pp. #66-69, 1950. 


6 E. A. Guillemin, The Mathematics of Cir- 
cuit Analysis, pp. #395-409, John Wiley 
& Sons, Inc., New York, N. Y., 1949. 


4-16 




Copyrighted Materials 

U.S. Army Materiel Command Retrieved from www.knovel.com 


CHAPTER 5 

GAIN DETERMINATION* 

5-1 PERFORMANCE CRITERIA AND DEFINITIONS' 36 ’ 


5-1.1 GENERAL 

Performance criteria are tests or rules by 
which one can determine, from the system 
parameters, whether or not the system has 
certain particular performance characteris- 
tics. An important parameter used in the de- 
sign of servo systems is the gain of the sys- 
tem. The relations between gain and per- 
formance specifications are usually expressed 
in terms of performance constants, such as 
the velocity constant, the acceleration con- 
stant, and the torque constant. Definitions of 
several imporant parameters and constants 
are given below. 

5-1.2 GAIN 

If G(s) is the transfer function of a com- 
ponent, the gain K of the component is 

K = lim s ±n G(s) (5-1) 

a-»0 

where n is the order of the pole or zero of 
G(s) at the origin. The plus sign is used for 
a simple or multiple pole at the origin, and 
the minus sign is used for a simple or mul- 
tiple zero at the origin. The gain K is easy to 
identify if G(s) is written in the form 


G(s) = K s ±n 


a k s k + ... + 1 ' 

. bjS’ + ... - 4 - 1 . 


(5-2) 


5-1.3 VELOCITY CONSTANT 

The velocity constant of a system is a meas- 
ure of the steady-state error if the input to 
the system is a constant velocity. The velocity 
constant is defined by the relation 

K v = (5-3) 

where 

Wi = constant input velocity 

E hs = steady-state error 

For a single-loop unity-feedback system (Fig. 
5-1), the velocity constant is 

K, = lim s — lim [sG(s)] (5-4) 

s-»o F(s)J s-i-o 

An analysis of Eq. (5-4) shows that the 
velocity constant of a single-loop unity-feed- 
back system is finite and nonzero only if the 
open-loop transfer function C(s)/E(s) has 
exactly one single-order pole at the origin 
(one integration). 

5-1.4 ACCELERATION CONSTANT 

The acceleration constant of a system is 
defined by the relation 

K,=(^y (5-5) 

where 
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n : = constant input acceleration 
E,„ = steady-state error 
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For a single-loop unity-feedback system 
(Fig. 5-1), the acceleration constant is 

K a = lim fs 2 ^1^-1 — lim [s-’G(s)] (5-6) 
;•->» l E(s)\ «-»<> 

An analysis of Eq. (5-6) shows that the ac- 
celeration constant of a single-loop unity- 
feedback system is finite and nonzero only 
if the open-loop transfer function C(s) /E (s) 
has exactly one double - order pole at the or- 
igin (two integrations) . 

5-1.5 TORQUE CONSTANT 

The torque constant of a system is defined 
by the relation 

Kr= (i\)' <5 ‘ 7) 

where 

T,. = constant load torque 
E m = steady-state error 

5-1.6 STATIC ACCURACY 

The static accuracy of a linear system is 
measured by the steady-state error that is 
developed for a specified steady-state input 
or disturbance. A steady-state input in this 
context means that the input is a constant 
position, a constant velocity, a constant ac- 
celeration, etc. A steady-state disturbance 
means that the disturbance is a constant. 
The performance constants defined previ- 
ously will uniquely determine these steady- 
state errors, as may be seen from the defini- 
tions of the constants. 

5-1.7 BANDWIDTH 

In general, the bandwidth of a servo system 
refers to a frequency interval between 0 and 
some upper frequency. There is no universal- 
ly accepted definition of the upper frequency. 



G(s) 


Fig. 5-1 Single-loop unity-feedback system. 


Several commonly used upper-frequency val- 
ues for unity-feedback systems (Fig. 5-1) 
are given below: 

(a) to*, resonant frequency — frequency 
at which the closed-loop frequency response 
C (jot) /R(ju>) has its peak magnitude M p 
(Fig. 5-2). 

(b) <o„ — frequency at which the magni- 
tude of the closed-loop frequency response 
C(ju>) /R(ju)) is unity (Fig. 5-2). 

(c) a> b — frequency at which the magni- 
tude of the closed-loop frequency response 
C(j<a)/R(ju>) is 0.707 (Fig. 5-2). 

(d) o) p — frequency at which the phase of 
the closed-loop frequency response is —90° 
(Fig. 5-3). 

(e) u) e — frequency at which the magni- 
tude of the error-to-input frequency response 
E (/to) /R (ju>) is 0.1 (Fig. 5-4). 

(f) to™, magnitude crossover frequency — 
frequency at which the magnitude of the 
open-loop frequency response C (/to) /E (jar) 
is unity (Fig. 5-5). 



Fig. 5-2 \Bandwidth measures from magnitude of 
closed-loop frequency response C.'.'c o)/R(/(o). 



Fig. 5-3 Bandwidth measure from phase of 
closed-loop frequency response C(/co)/R(/u>). 
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(g) (o e , asymptote crossover frequency — 
frequency at which the —10 dg/dec asymptote 
of the open-loop frequency response C(jm)/ 
E(ju>) crosses 0 dg (Fig. 5-5 ; see Par. 5-3 for 
terminology) . 

5-1.8 PEAK MAGNITUDE 

The peak magnitude M„ is defined as the 
maximum value of the magnitude of the 
closed-loop frequency response C (jui) /R (jai) 
or the magnitude of the resonant peak of the 
response (see Fig. 5-2). 

The value of M p is used as a measure of the 
degree of stability, and design in the fre- 
quency domain usually involves adjusting a 
gain K so as to satisfy a specified value of M p . 
Large values of M p are indicative of highly 
oscillatory behavior, whereas values of M p 
less than unity are indicative of heavily 
damped behavior. In practice, M p usually lies 
between 1.3 and 1.6 ; that is, the range of M P 
is usually specified as follows : 

1.3 < M p < 1.6 (5-8) 



Fig. 5-4 Bandwidth measure from magnitude of 
error-to-input frequency response E(ja>)/R(ja)). 



or 

1 dg < 10 logio M p < 2 dg 


(5-9) 


Fig. 5-5 Bandwidth measures from open-loop 
frequency response. 


5-2 POLAR-PLANE REPRESENTATION 0 29 12) 


5-2.1 GENERAL 

A polar-plane representation of the open- 
loop frequency response C(j<s>) /E(jw) is 
often used in the process of carrying out a 
design in the frequency domain. A plot of 
C (jco) /E (y<o) in polar coordinates makes it 
easier to apply the Nyquist stability criterion 
to determine gain setting ranges for stable 
operation. In addition, the determination of 
gain for a specified M p value involves only a 
simple graphical construction on the polar 
plane (see Par. 5-4). Plots of both the direct 
function and its inverse are used, wherein 
only positive frequencies are usually con- 
sidered. 


5-2.2 DIRECT POLAR PLANE 

A direct polar-plane plot of the function 
G(jw) is constructed by drawing a curve 
through the points whose polar coordinates 
at each frequency are the magnitude of G (ju>) 
and the phase angle of G(jm) at that fre- 
quency, where the phase angle of G{jw) is 
the phase of c(t) minus the phase of e(t) 
when e(t) and c(t) are sinusoids. Positive 
angles are plotted in a counterclockwise direc- 
tion. Increasing the gain associated with 
G(ju>) expands the polar locus in a radial 
direction. If G(ju>) is cascaded with another 
transfer function, the resulting polar coord- 
inates of the combination are obtained- at 
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each frequency by : ( 1 ) multiplying the mag- 
nitude of G(ju>) by the magnitude of the cas- 
caded function to give the magnitude of the 
combination; and (2) adding the phase angle 
of the cascaded function to the phase angle of 
G(/to) to give the phase angle of the com- 
bination. 

5-2.3 INVERSE POLAR PLANE 

An inverse polar-plane plot of a function is 
a plot of the reciprocal of the function on the 
polar plane. The reciprocal or inverse of 
G (ja>) is written as follows : 

G- 1 O'®) = 777-r— (5-10) 

G()oi ) 

The polar coordinates of G _1 (ju>) at each fre- 
quency are given by : ( 1 ) the reciprocal of the 
magnitude of GO'to) ; and (2) the negative of 
the phase angle of G (ja>) . Increasing the gain 
of G (ito) shrinks the inverse locus in the 
radial direction. If G(;'< o) is cascaded with 
another transfer function, the resulting polar 
coordinates of the inverse of the combination 
are obtained at each frequency by: (1) multi- 
plying the magnitude of the inverse GO'to) 
locus by the inverse of the magnitude of the 
cascaded function to give the magnitude of 
the inverse of the combination; and (2) add- 
ing the negative of the phase angle of the 
cascaded function to the phase of the inverse 
G(joi) locus to give the phase angle of the in- 
verse of the combination. 


Example. Plots of the direct function 


GO'to) = 


1 

/to [ (/to) 2 -f 0.6/to + 1] 


(5-11) 


and a multiple of its inverse 3G~' (/to) appear 
in Fig. 5-6. 



140* 

220 * 


130* 120* 110* 100* 90* 80* 70* 60* 

230* 240* 250* 260* 270* 280* 290* 300* 


Fig. 5-6 Direct and inverse polar plots of 


G(jo>) = . 

ja>Hjo)) 3 + 0.6 /w + 1] 


5-3 EXACT AND ASYMPTOTIC-LOGARITHMIC REPRESENTATIONS <59,J) 


5-3.1 GENERAL 

The logarithmic method of representing a 
function is a more convenient way to present 
frequency-response information than the 
polar-plane method. The advantage of the 
logarithmic procedure is that magnitude 
multiplication for cascaded functions reduces 
to the simple addition of logarithms. Further- 


more, the magnitudes of the first- and second- 
order factors of transfer functions can readily 
be approximated by straight-line asymptotes 
when the functions are plotted to a logarith- 
mic scale. Such asymptotic approximations 
reduce the time taken up by calculation and, 
in addition, enable the designer to make a 
rough estimate of system performance, when 
this is necessary. 
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5-3.2 SEPARATE MAGNITUDE AND 
PHASE PLOTS 

The separate magnitude and phase-angle 
plots for a transfer function G (/to) are re- 
spectively: (1) plots of 10 logjo ]G(/co) | ver- 
sus log to ; and (2) plots of Ang G(/(o) versus 
log a). The unit of logarithmic magnitude used 
in these plots is called the decilog, abbreviated 
dg. The magnitude of a number N in decilog s 
is 10 logu>N. For convenience in plotting, 
semilog graph paper is generally used. To plot 
a transfer function G(/« )) that is already in 
factored form, several aids (to be discussed 
below) are available which simplify the pro- 
cedure. Before discussing these aids, however, 
it is helpful to point out the general types of 
factors that may appear in any rational alge- 
braic function. Consider a function G(/co) 
whose factored form can be written as follows : 

G(/< o) = K (/co)* 1 * 


(7’,/ft) + 1)[( 

. ft ) ' 

) 2 + 2 1 1 / 

® | I 1 

ft)n, t 

ft)», J 

(7y<o+i)[( 

. 0 ) 

)’+2 

"ill 

1 . 

« s + ■ 


(5-12) 

Only three general types of algebraic factors 
appear in Eq. (5-12) . 

The three factor types, which may occur in 
any rational function, are the following : 

(/to) ±n (differentiation or integration) 

(5-13) 


(77 a) +1) (first order) (5-14) 

j (— \ -+- 2 / — -f 1 ] (second order) 

\ fiV / ^ f»V_ 


5-3.3 MAGNITUDE CURVES 

The magnitude curve of the quantity 
(/od) ±n is a straight line passing through 0 dg 
at co = 1 with a slope equal to ±10 n dg/ 
decade. 

The magnitude of the first-order factor 
( 77’ft) + 1 ) - 1 can be approximated by two 
straight lines. For T<a«\, the asymptote is 
the 0-dg line. For 7 , <jd>>1, the asymptote is a 
line with a slope of ±10 dg/decade that 
crosses 0 dg at Ta> = 1. The frequency 
(Ox, = 1/7* is called the break frequency of the 
factor. The true magnitude curve can be ob- 
tained from the asymptotes by applying the 
two rules-of -thumb : 

(a) At the break frequency, the true 
curve is 1.5 dg above (or below) the asymp- 
totes. 

(b) At an octave above and below the 
break frequency, the true curve lies 0.5 dg 
above (or below) the asymptotes. 

The asymptotes and the true magnitude 
curves for a first-order factor are shown in 
Fig. 5-7. Note in this figure that the magni- 
tude curve of (Tjw = l) -1 is the mirror 
image of the magnitude curve of {Tjw + 1) 
about the 0-dg line. 



Fig. 5-7 Asymptotes and true magnitude curves for the first-order factor (T/oo -(- 1)+'. 
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v - o.l _a_ - 1 a - in 
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Fig. 5-8 Asymptotes and true curves for the second-order factor 
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The magnitude of the second-order factor 



+ 2U — +1 

(On 



can be approximated by two straight-line 
asymptotes. For co<<(o B , the asymptote is the 
0-dg line. For o)>>co 0 , the asymptote is a 
straight line with a slope of ±20 dg/decade 
crossing the 0-dg line at the break frequency, 
coft = (o„. A set of second-order magnitude 
curves is shown in Fig. 5-8 for different val- 
ues of the damping ratio X- Not that the ap- 
proximation is best for X = 0.5. 


5-3.4 PHASE-ANGLE CURVES 

The phase angle of the factor (j<o) ±n is a 
constant equal to ±90w°. The phase-angle 
curves of the first-order factor (Tjw +1)-' 
are shown in Fig. 5-9. Note that each curve 
is symmetrical about the point on the curve 


at which o> = 1/T. The phase-angle curves of 
the second-order factor 


[(/ — V+2U— +1 1 

l\ (O n / <0„ J 


are shown in Fig. 5-10 for different values 
of the damping ratio £. 


To plot the separate magnitude and phase- 
angle curves for a factored transfer function, 
separate plots are first made of the magni- 
tude and phase-angle curves of each factor. 
In doing this, care must be taken to distin- 
guish between numerator and denominator 
factors. Next, all the magnitudes are added 
at each frequency to obtain the composite 
magnitude curve. Similarly, all the phase 
angles are added at each frequency to obtain 
the composite phase-angle curve. It is im- 
portant to note that the factors must be in 
the standard forms given in Eqs. (5-8) , (5-9) , 



O.l 0.2 0.5 I 2 5 10 20 50 100 

To ► 


Fig. 5-9 Phase-angle curves for the first-order factor (T/o> -|- 1 )- 
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and (5-10) if the curves of Figs. 5-7 to 5-10 
are to be used. The effect of the gain K can 
be incorporated by merely adding 10 logm# 
to the magnitude scale of the composite mag- 
nitude curve. 

Example. The separate factors and com- 
posite curves for the function 


G(jo>) =K 


( 0 . 2 ^ 0 )+ 1 ) 


(5-16) 


where K — 6.5 are plotted in Figs. 5-11 and 
5-12. 



ISO* 


150 * 


120 * 


90 * 


60* 


30* 


0 * 


Fig. 5-10 Phase-angle curves for the second-order factor 
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Fig. 5-12 Angle plofs for G(ju>) = K 


( 0 . 2 / 0 )-}- 1 ) 
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5-3.5 GAIN-PHASE PLANE 


To facilitate design, a third method for 
representing frequency functions may be 
used. In this method, the magnitude and 
phase angle of a frequency function are plot- 
ted on a coordinate system called the gain- 
phase plane. The magnitude is plotted to a 
logarithmic scale (in decilogs) and the phase 
angle is plotted to a linear scale. Frequency 
is the parameter for the gain-phase plot. The 
gain-phase plot can be determined directly 
from the frequency function by calculating 
the magnitude (in dg) and phase angle of 
the function at various frequencies. Alterna- 
tively, the gain-phase plot can be determined 
through the intermediate use of the separate 
magnitude and phase-angle plots when the 
function to be plotted is in factored form. 
The gain-phase plot is most useful for de- 
termining the closed-loop response of a sys- 
tem from the open-loop response (see Pars. 
5-4 and 5-5). 


Example. The function 


G(/co) — 6.5 


(0.2/o) + 1) 


(5-17) 

is plotted on the gain-phase plane in Fig. 5-13. 



Fig. 5- 1 3 Gain-phase plot of G(jm) — 
( 0 . 2 / 0 )+ 1 ) 


6.5 




5-4 CLOSED-LOOP RESPONSE DETERMINATION 14 5 9 12 13 u> 


5-4.1 GENERAL 

The relations that exist between the closed- 
and open-loop responses of a unity-feedback 
system can be obtained by considering the 
diagram in Fig. 5-1. In this diagram, it is 
clear that the open-loop responses is given by 


C (/o>) 

E(jw) 


= G(/co) 


(5-18) 


The closed-loop response function W (/w) is 
defined as follows : 


C(/tu) 
R (;o>) 


^ W (/o)) 


(5-19) 


Now, E(ju) =R(jw) — C(/o>). Substituting 
this expression for E(jm) into Eq. (5-18), 
rearranging terms, and using the definition 
in Eq. (5-19) , it is found that 


IF(/a)) = 


G (/to) 

1 + G (/o>) 


(5-20) 


The transformation from the G plane to 
the W plane defined by Eq. (5-20) is used to 
determine the closed-loop response W (jw) 
from the corresponding open-loop response 
G(/a>). Although a direct calculation of the 
W function is possible, this is often avoided 
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because it usually proves to be tedious. In- 
stead, various aids for performing the 
G-to-W plane transformation are used. These 
are presented next. 

5-4.2 POLAR-PLANE TECHNIQUE 

In the polar-plane technique, a “vector” 
construction on the G plane is used to deter- 
mine both the magnitude and phase angle of 
W. As an illustration, consider the G func- 
tion sketched in Fig. 5-14. In this figure, 
once the — 1 -f jO point is located, the follow- 


ing “vector” relations hold : 

OB = G (5-21) 

OA = -1 (5-22) 

OB-OA=AB = l + G (5-23) 

Then, the closed-loop response at each fre- 
quency can be determined from the construc- 
tion of Fig. 5-14 as follows:! 

tWO-o,)| = (5-24) 

\AB\ 

Z W(jm) = z ABO = 4 , (5-25) 


fSymbol Z denotes “angle” 


The inverse G-plane construction for the 
closed-loop response is shown in Fig. 5-15. In 
this figure, the following “vector” relations 


hold: 

OB = G 1 (5-26) 

OA = — 1 (5-27) 

AO + OB — AB=l + G - 1 (5-28) 

The closed-loop response can be determined 
from the following relations: 

l = =[ (5-29) 

Z JF(j'a>)= Z OAB — 4 , (5-30) 


To avoid “vector” constructions, constant 
magnitude and constant phase-angle con- 
tours that correspond to the G-to-W trans- 
formation of Eq. (5-20) are often used. The 
following definitions apply : 

M — \W (/a>)| (5-31) 

4 > — /_ W (/co) (5-32) 

N = tan 4 > (5-33) 

The transformation given in Eq. (5-20) 
can be used to map contours of constant M 
and constant N onto the G plane. The M con- 
tours appear as a set of bipolar circles as 




Fig. 5-14 Closed-loop response construction on 
the G plane. 


Fig. 5-1 5 Closed-loop response construction on the 
G~’ plane. 
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shown in Fig. 5-16. The contours of constant 
N or <f> are shown in Fig. 5-17. 

To represent the constant M and <j> con- 
tours in the G' plane, Eq. (5-20) is used. 
The M contours are a set of concentric circles 
and the <j> contours are a set of straight lines. 
The M and <f> contours for the G~' plane are 
shown in Fig. 5-18. 

The properties of the M and <t> contours are 
listed in Table 5-1. 

The M and <p contours are the lines or curves 
of constant M and constant <f> as they appear in 
the G or G~' planes. By constructing a chart 
of M and </> circles for the G or G-‘ planes, one 
has the coordinate system of the W plane rep- 
resented by circles and lines in the G or G' 
plane. The closed-loop magnitude M and 


phase angle <f> can be obtained directly from 
the G function by constructing the G func- 
tion (or the G - 1 function) on a chart of con- 
stant M and <f> contours. At each frequency, 
the value of the M contour that intersects the 
G (or G -1 ) function is the value of the mag- 
nitude of the closed-loop response W. Simi- 
larly, the value of the <b contour that intersects 
the G (or G 1 ) function at a given frequency 
is the value of the phase angle of the closed- 
loop response W. 

The M and <f> contours aid greatly in per- 
forming the transformation from open- to 
closed-loop frequency response and are used 
to facilitate the design of a system when the 
shape of the G function is to be altered so as 
to improve performance. 


TABU 5-1 PROPERTIES OF M AND 4 , CONTOURS 


G Plane 

G ' Plane 

M contours 

y = Im(G) 

x — Re(G ) 

, / .. , M 2 \ 2 M- 

J + \ X+ M--l) (M--1)-' 

ccnter: ( 

radius : 1 — — — 

1 M- -1 

intercept nearest origin : — — — — 

M + 1 

M contours 

y = Im (G 1 ) 

x = Re(G l ) 

y 2 + (i + *) 2 = -177 

M- 

center: (— 1 , 0 ) 

radius : — 

M 

intercept nearest origin : — — 

M 

N contours 

N — tan 4 > 

«, + M) . + (,_£)■=!(* £ 1 ) 

center: ( — — , — ^ 

\ 2 2 NJ 

1 VN 2 + 1 
radius : g N 

N contours 

N = tar 4> 

u -+• iVa; +AT = 0 

Note. N contours are a family of radial 
lines emanating from the center of the 
M circles 
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M. 1 



Fig. 5-16 Contours of constant M in the G plane. 



Fig. 5-1 8 Contours of constant M and constant 
<f> in the G 1 plane. 



Fig. 5-17 Contours of constant phase in the 
G plane. 


5-4.3 GAIN-PHASE PLANE TECHNIQUE 
(NICHOLS CHART) 

Since constructions on the gain-phase 
plane involving cascaded functions and gain 
alterations are usually simpler than similar 
constructions on the polar plane, a chart of 
constant M and <f> contours has been con- 
structed for the gain-phase plane. This chart 
is called the Nichols chart and is shown in 
Figs. 5-19 and 5-20. Figure 5-19 presents a 

PHASE ANGLE IN DEGREES 



Fig. 5-19 Chart showing symmetry of M-N contours 


about phase of 180 degrees ( Nichols Chart). 


Reprinted with permission from Principles of Servomechanisms, 
by D. P. Campbell, Copyright, 1948. John Wiley & Sons, Inc. 
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Fig. 5-20 Nichols chart. 
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large-scale view of the Nichols chart and Fig. 
5-20 presents only that part of the Nichols 
chart that is most useful for design purposes. 

The Nichols chart is used in the same way 
that the M-N contours are used on the polar 
plane. The G function is plotted on the 
Nichols chart. The value of the M contour 
that intersects the G function at a given fre- 
quency is the value of the magnitude of the 
closed-loop response W at that frequency. 
Similarly, the intersection of the G function 
with the <j> contours determines the phase 
angle of the closed-loop response If as a 
function of frequency. 

5-4.4 NONUNITY-FEEDBACK SYSTEMS 

If the closed-loop response of a nonunity- 
feedback system is sought, a slight modifica- 
tion of the procedure used for the unity- 
feedback system will enable the designer to 
use the Nichols chart and the polar M-N 
contours as well. 


The closed-loop response of the nonunity- 
feedback system ( Fig. 5-21 ) can be written as 
follows : 

C (/to) 1 G(jo))H(]\ o) 

R(ju>) H(ja>) . 1 -}- G (/<*>) H(jw) . 

(5-34) 

Since the bracketed portion of the right-hand 
side of Eq. (5-34) has the same form as the 
right-hand side of Eq. (5-20), the Nichols 
chart (or the polar M-N contours) can be 
used to find GH/( 1 + GH ) from a plot of 
G(ju)) H (jco) . The closed-loop response 
C (jm) /R(j(o) can then be found by multi- 
plying GH/(1 + GH )by H~ l at each fre- 


quency. 



5-5 SETTING THE GAIN FOR A SPECIFIED m p <4 59 ,2,3 ,4) 


5-5.1 GENERAL 

A primary problem encountered in servo 
system design is the determination of the 
loop gain K required to produce a specified 
degree of stability. For a unity-feedback sys- 
tem (Fig. 5-1), the stability of the system is 
determined by the location of the G(ja>) locus 
with respect to the point — 1 + ;0 ( see Ny- 
quist criterion, Par. 4-3). For a nonunity- 
feedback system (Fig. 5-21), however, the 
stability of the system is determined by the 
location of the G(jc u) H(jw) locus with re- 
spect to the point — 1 -f jO. One analytical 
approach can serve for both types of sys- 
tems if it is noted that, by redrawing Fig. 
5-21, the study of the stability of a nonunity- 
feedback system can be expressed in terms 


of the stability of a unity-feedback system 
cascaded with another transfer function 
(Fig. 5-22). Thus, the discussion of stabil- 
ity can be limited to unity-feedback systems. 

A system is said to have a low degree of 
stability if the normal mode of response is 
highly oscillatory. Such a system is also said 



Fig. 5-21. 
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to have a low relative stability. The degree 
of stability of a stable unity-feedback sys- 
tem can be measured by the closeness of ap- 
proach of the GO'w) locus to the point 
—1 +/0. An examination of the polar M con- 
tours (Figs. 5-16 and 5-18) or the Nichols 
chart (Fig. 5-20) shows that, the larger the 
value of AT, the more closely the G (yco) con- 
tour approaches the point —1 +/0. The peak 
magnitude of the closed-loop response W (j<o) 
is called M„. By limiting this peak value, the 
degree of stability of a system can be main- 
tained within a specified bound. 

If G(ju>) is specified, except for a factor K, 
the degree of stability of the closed-loop re- 
sponse IF (/to) corresponding to this G(ja>) 
can be changed by adjusting the value of K. 
If the degree of stability as measured by M p 
is specified, K is uniquely determined. The 
determination of K for a specified M„ is usu- 
ally accomplished by a graphical construction 
in the polar or gain-phase plane. 

5-5.2 POLAR-PLANE CONSTRUCTION 

The polar-plane construction required to 
determine K [the gain of G(ju>) ] for a speci- 
fied M„ is shown in Fig. 5-23 for the G/K 
plane and Fig. 5-24 for the KG- 1 plane. 


The procedure used for a construction on 
the direct, or G/K, plane (Fig. 5-23) is as 
follows : 

(a) ^0*°) j s pj 0 tted as a function of oo. 

K 

(b) A straight line is drawn from the 
origin, making an angle with the real axis, 
where 

’ f=sin "(ir) 

This line is called the line. 

(c) A circle with center on the real axis is 
constructed, tangent to the line and the 
G(ju)/K locus. 

(d) A line is drawn from the point of 
tangency of the ip line with the circle (point 
b in Fig. 5-23) normal to the real axis. 

(e) The value of Re(G/K) at the point of 
intersection of the normal with the real axis 
(point a in Fig. 5-23) is the reciprocal of the 
gain K which must multiply G(jus)/K to pro- 
duce the specified M p . 

( f ) The angular frequency at the point of 
tangency of the G (jro) /K locus with the circle 
is the resonant frequency of the closed-loop 
system having the specified M„ («,,. in Fig. 
5-23). 




Fig. 5-23 Construction for gain determination on 
direct (G/K) plane. 


Fig. 5-24 Construction for gain determination on 
inverse (KG ') plane. 
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The procedure used for a construction on 
the inverse, or KG- 1 , plane (Fig. 5-24) is as 
follows : 

(a) KG 1 ( ju > ) is plotted as a function of to. 

(b) A straight line (\|> line) is drawn from 
the origin, forming an angle \p with the real 
axis, where 

= sin -1 

(c) A circle with center on the real axis is 
constructed, tangent to the KG- 1 locus and 
the line. 

(d) The center of the circle is the point 
— A-f/0. Thus, the coordinate of the center of 
the circle on the real axis is the value of K 
used to multiply G(j(o) to produce the desired 
M v . 

(e) The angular frequency at the point of 
tangency of the circle with the KG-' ()<o) 



locus is the resonant frequency of the closed- 
loop system having the specified M p (to B in 
Fig. 5-24). 


Example. A unity-feedback system has the 
following open-loop frequency response: 


GO'to) = 


K 

j<]>[ (jar) 2 + 0.6;to + 1] 


(5-35) 


Find K and to R for M„ — 1.6. 

Solution. 

(a) Direct-plane procedure : 

(1) The — locus is plotted (Fig. 
5-25). 


(2) The line is drawn with ^ = sin- 1 




Fig. 5-25 Direct-plane determination of K for M p = 1.6, G(/co) 


/to [(/to) 2 + 0.6 /to -)- 1 ] 
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230 * 240 * 230 * 260 * 270 * 200 * 290 * 300 * 310 * 

130 * 120 * 110 * 100 * 90 * 80 * 70 * 60 * 50 - 


Fig. 5-26 Inverse-plane determination of K for Mp = 1.6, G(/o>) 


(3) The circle with center on the real axis, 
tangent to the G(j(o)/K locus and the \(> line, 
is constructed. 

(4) A line is drawn from point b perpendi- 
cular to the real axis, intersecting the real 
axis at the point — 2.78-f- jO (point a) . 

(5) Thus,— = 2.78, or K = 0.36. 

K 

(6) The resonant frequency is <o R = 0.94 
rad/sec. 

(b) Inverse-plane procedure : 

(1) The locus of 3KG 1 (;o>) is plotted 
(Fig. 5-26). 

(2) The ip line for M v = 1.6 (r|> = 38.7°) 
is drawn. 

(3) The tangent circle is constructed. 

(4) The center of the tangent circle is at 
1.08+/0 (point a). 

(5) Thus, 3K = 1.08, or K = 0.36. 

(6) The resonant frequency is co R = 0.94 
rad/sec. 


K 

jm [(/(o) 2 + 0.6 ,0) +1] 

5-5.3 GAIN-PHASE PLANE CONSTRUCTION 

The construction required to determine the 
gain K for a specified M v is simpler when the 
gain-phase plane rather than the polar plane 
is employed. In the gain-phase plane construc- 
tion, changing the gain merely moves the 
GO’ «) locus in a vertical direction without 
changing the phase angle. The gain-phase 
plane construction is carried out as follows 
(Fig. 5-27) : 

(a) The G(jm)/K locus is drawn on the 
gain-phase plane. 

(b) The G(ju>)/K locus is placed over the 
Nichols chart or, more specifically, a plot of 
the desired M v contour is made on the gain- 
phase plane. The two coordinate systems are 
then aligned so that angles coincide. 

(c) The G(j(»)/K locus is moved up (or 
down) until it is tangent to the specified M„ 
contour. 
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(d) The intersection of the 0-dg line of the 
M p contour with the G(jo>) /K magnitude 
scale gives the value of 10 log 10 K, where K 
is the value of the gain by which G(ju>)/K 
must be multiplied to produce the specified 
M t . 

(e) The angular frequency at the point of 
tangency of the M„ contour with the G(ja>) / K 
locus determines the resonant frequency of 
the closed-loop system having the specified M„. 

Example. A unity-feedback system has the 
open-loop frequency response 


G(/o>) = 


K (0.2;co-|- 1) 




(0 


+ 0 . 6 ; — + 1 

10 


(5-36) 


Find K and c o« for M p == 1.5. 

Solution. 

(a) The locus is plotted (Fig. 5-28). 

K 

(b) The G(j<o)/K locus is placed over the 
Af„ = 1.5 contour, the phase-angle coordinates 


-180° 


-90° 



0 d« FOR 




LOCUS 


Fig. 5-27 Construction for gain determination on 
gain-phase plane. 


are aligned, and the locus is moved vertically 
until tangency occurs. 

(c) The point of tangency occurs at u> R = 
12 rad/sec. 

(d) The intersection of the 0-dg line of the 
M r contour with the magnitude scale of 
G (;a)) /K yields 

—10 logio K — —4.15 dg, or K — 2.6 



-ISO* -160* -140* -120* -100* -80* “60* 

L G0«> ^ 

K 


Fig. 5-28 Gain-phase plane determination of 
K for Mp = 1 .5, 


GQ'co) = K - 


(0.2 /to + 1) 


H(^) + 0 < + ’ 
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5-6 APPROXIMATE PROCEDURES 4 s9> 


5-6.1 PHASE MARGIN AND GAIN MARGIN 

The peak magnitude of the closed-loop re- 
sponse is not the only measure of the degree 
of stability that is commonly used. More 
direct, but less reliable, descriptions of the 
approach of the GO'co) locus to the point 
— 1+/0 are available. These measures of the 
degree of stability are called phase margin 
and gain margin. 

5-6.2 Phase Margin (Fig. 5-29) 

The phase margin (p.m.) of the open-loop 
function G(jai) of a unity-feedback system 
equals [180° -f GO'co)] at the frequency 
for which the magnitude of GO'co) is unity. 

5-6.3 Gain Margin (Fig. 5-29) 

The gain margin (g.m.) of the open-loop 
function G(/co) of a unity-feedback system is 
the reciprocal of the magnitude of GO'co) at 
the frequency for which the angle of GO'co) 
is -180°. 

The primary advantage of the use of the 
phase margin or the gain margin as a meas- 
ure of the degree of stability is that calcula- 
tions may be made directly on the separate 
magnitude and phase-angle plots. 



A. POLAR PLANE 


In practice, the phase margin is used more 
widely than the gain margin as a degree-of- 
stability criterion, while the gain margin that 
results when the phase margin is specified is 
used as a measure of the goodness of perform- 
ance. A system with a low- gain margin is 
considered to have a poor performance. 

The usual ranges of phase margin and gain 
margin for which performance will probably 
be satisfactory are the following: 

30° < p.m. < 60° (5-37) 

2.5 < g.m. < 10 (5-38) 

When the phase margin is used as a degree- 
of-stability criterion for setting the gain K of 
a unity-feedback system, the procedure is 
developed directly from the definition of 
phase margin as follows : 

(a) The separate amplitude and phase 
plots (or the gain-phase plot) of GO'co)/A 
are constructed. 

(b) The frequency at w’hich 

Z = -180° + p.m. (5-39) 

K 

is determined. 


- 180 * - 90 * 



B. GAIN-PHASE PLANE 


Fig. 5-29 Phase margin and gain margin. 
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(c) At this frequency, \G(ju>)/K is deter- 
mined. 

(d) At this frequency, K is chosen such 
that 

|G(/to)| = l (5-40) 

Note that, if only a rough approximation is 
desired, the asymptotic magnitude curve may 
be used rather than the true magnitude curve. 

Example. 

The function plotted in Figs. 5-12 and 5-13 
is the open-loop function of a unity-feedback 
system. The phase margin of the system is to 
be set at 45°. In Fig. 5-13, to — 11 rad /sec 
A'hen 

G( /t o) _ _ 180 o _|_ 45 o _ _i 35 ° 

K 

(5-41) 

In Fig. 5-11, for to = 11 rad/sec 
10 log,, , = -4.5 dg (5-42) 

To have j G (/to) j = 1 at to = 11 rad/sec 
10 log,,, K = 4.5 dg, or K — 2.82 (5-43) 

Note, in this example, that the use of the 
asymptotic curve to estimate K gives a poor 
result. The magnitude of the asymptotic ap- 
proximation for G(/to)/A at to = 11 rad/sec 
is —7.5 dg. This would give an approximate 
value of K = 5.61 for a 45° phase margin. 
The error of approximation is a factor of two, 
which is too large to be acceptable. One should 
note further that, for this system, the gain 
margin is infinite since the negative phase 
shift never exceeds 180°. 

5-6.4 GENERAL COMMENTS ON THE 
PHASE-MARGIN CRITERION 

The phase-margin criterion used as a meas- 
ure of the degree of stability is a good sub- 
stitute for the M v criterion provided that the 
G function does not have low damping-ratio 
quadratic factors (£ 5 0.3) with natural fre- 
quencies in the range where 

-135° < / G(/to)< -225° (5-44) 

If no low damping-ratio quadratics are 
present, then the gain determined from the 
true magnitude curve (or the asymptotic 


magnitude curve) for a specified phase mar- 
gin is a good approximation to the gain de- 
termined from the corresponding M v crite- 
rion. The M p criterion corresponding to a 
given phase margin may be found from the 
relation 

p.m. sin- 1 (5-45) 

The frequency at which the phase margin 
is determined is: (1) the magnitude cross- 
over frequency to cm if the true magnitude 
curve is used; and (2) the asymptote cross- 
over frequency to c if the asymptotic magni- 
tude curve is used. For the Af„ corresponding 
to the specified phase margin, the frequen- 
cies to r „, or m c are good approximations to the 
resonant frequency of the system to, f . 

5-6.5 APPROXIMATE CLOSED-LOOP 
RESPONSE 

If the phase-margin criterion is used in 
conjunction with the separate amplitude and 
phase-angle plots, a rapid estimation of the 
closed-loop magnitude response is obtainable 
by means of the following relations : 

(a) For a unity-feedback system (Fig. 
5-1) 

I W(j<o) | 1, when |G(/to)| >> 1 

(5-46) 

] W (/to) | | G (/to) |, when | G (/to) | < < 1 

(5-47) 

(b) For a nonunity-feedback system (Fig. 
5-21) 

C (/to) ^ 1 

R(jw) H{ja)) 

when |G(/to) f/(/to)|>> 1 (5-48) 

- |G(/co)| , 
when|G(/to) f/(/to)|<< 1 (5-49) 

In the approximate equations (5-46) to 
(5-49), the boundary is always the point 
where the magnitude of the open-loop func- 
tion is unity. Since this point is determined 


C (/to) 
R (/to) 
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directly in the phase-margin procedure, the 
approximate closed-loop response for a given 
phase-margin criterion can be constructed as 
follows : 

(a) For unity feedback, the magnitude 
crossover frequency aw is determined by 
means of the phase-margin criterion. 

(b) Usually for a) < aw, | G (/a>) | > 1, and 
for a) > aw, | G (j<o) | < 1 [G O'co) is mono- 
tonic] . 

(c) Therefore, for w < aw, | W (/a)) j « 1. 
For a) > aw, | W (jra) | « | G(;'a>)|. 

(d) At to = aw, | W (;a)> | M p , where M„ 
is determined for the specified phase margin 
from Eq. (5-45). 

(e) From the high-frequency (to > aw) 
and low-frequency (o> < ow) behavior to- 
gether with the behavior at oj = aw, the en- 
tire magnitude response | W (/oj) | may be ap- 
proximated. 


If | G(/<o)| is not monotonic as defined in 
step (b), several magnitude crossover points 
will exist and Eqs. (5-46) and (5-47) must 
be used directly. In this case, the approxima- 
tion should not be trusted unless the cross- 
over points are widely separated (at least 1 
decade apart) or | G(/to) | >> 1 or << 1 be- 
tween the crossover points. 

The procedure for nonunity-feedback sys- 
tems is similar to that described here for 
unity-feedback systems and is based on Eqs. 
(5-48) and (5-49). 

If only a very rough approximation is de- 
sired, the asymptotic magnitude curves may 
always be used to reduce calculation time. 


Example. The open-loop function of a 
unity-feedback system is 


G (/a>) — 

ju> (;o>+ 1) 


(5-50) 



O.l 0.2 0.5 I 2 5 10 


Fig. 5-30 Approximate closed-loop magnitude response of unity-feedback system, 

K 


G (je>) = 


/aK/o) + 1) 
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The gain K is to be set for a phase margin of 
45°. Find K, co rm , and the approximate closed- 
loop magnitude response W (ju>) . 

Solution. 

(a) Z £1&ZL = _ 180° + 45° = - 135° 

K. 

for to = 1 (the crossover frequency) . 

(b) At o) = 1, ~ ^ = 0.707. 

K 

(c) Therefore, K = 1.41 and <o„„ = 1. 

(d) If the asymptotic magnitude curve for 
G(jw)/K is used, the asymptotic magnitude 


of G{jw)/K = 1 at to = 1. Thus, use of the 
asymptotic magnitude rather than the true 
magnitude produces an error of 40 percent 
in the determination of K. 

(e) If the approximation to the closed- 
loop magnitude response is based on the 
asymptotic magnitude curve of G (/«) /K, then 
for (o < a) tm , the magnitude of W (/w) is unity. 
For to > (Ocm, the magnitude of W O'oj) is rep- 
resented by a straight line with a slope of 
— 20 dg/decade, crossing 0 dg at co=cd (TO = 1. 
The M P corresponding to a phase margin of 
45° is 1.41, or 1.5 dg. The approximate closed- 
loop magnitude response is shown in Fig. 5-30. 


5-7 ROOT-LOCUS METHOD 1 ™’ 


5-7.1 GENERAL 

The root-locus method deals primarily with 
the study of the motion in the s plane of the 
roots of the characteristic equation of a sys- 
tem as a function of the gain K. The relation 
between stability and gain can be observed di- 
rectly through use of this method by noting 
how the roots move from the left half of the 
s plane (stable roots) to the right half of the 
s plane (unstable roots) as K is varied. A sys- 
tem can be characterized as having a low de- 
gree of stability if its roots lie in the left half 
of the s plane but are very close to the im- 
aginary axis. 

Gain determination by means of the root- 
locus method is based on the fact that many 
practical systems have a pair of complex 
closed-loop poles that are closer to the origin 
than any other complex poles of the system. 
These poles are called the dominant poles of 
the system. By assigning a specified value to 
a characteristic parameter of the dominant 
pole pair, the gain of the system may be fixed 
by a measure of the degree of stability related 
to the dominant pole pair. 

5-7.2 PROPERTIES OF ROOTS IN THE s PLANE 

The roots of the characteristic equation of 
a system are either first- or second-order, and 
each root is associated with a specific tran- 
sient response mode. The characteristics of 
the roots, the response modes, and the speci- 


fic contours in the s plane are related in a 
simple way. 

5-7.3 First-Order Root: s = — 

T 

The transient response mode corresponding 
to this root is e~' /r , where T is the time con- 
stant of the mode. Lines drawn parallel to the 
imaginary axis in the s plane are loci of con- 
stant T for first-order factors. 

5-7.4 Second-Order Root: 

S — — t, (O n ± j<» n V 1 — X? 

The transient response mode corresponding 
to this root is 

e-iant cos a)rf ( 

where 

(£w„) _1 = time constant of envelope of mode 

(o a = (On-y/1 — t 2 = damped frequency of 
transient oscillation 

X> = damping ratio 
u>„ = undamped natural frequency 
For the second-order root, s-plane loci can be 
developed by using the following properties : 


Re(s) — ^ u> n 

(5-51) 

Im (s) = ± w d = ± co„ \/l — X? 

(5-52) 

I s | = a>„ 

(5-53) 

Z s = ± cos 1 i; ± 180° 

(5-54) 
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Fig. 5-3 1 Loci of characteristic parameters of 
second-order root. 


Thus, lines drawn parallel to the imaginary 
axis are loci of constant-envelope time con- 
stant (i;co„) + Lines drawn parallel to the real 
axis are loci of constant damped frequency of 
oscillation «„ . Circles centered at the origin 
are loci of constant natural frequency a>„. 
Radial lines emanating from the origin are 
loci of constant damping ratio t,. The various 
s-plane loci for the second-order factor are 
shown in Fig. 5-31. 

5-7.5 GAIN DETERMINATION IN THE s PLANE 

The usual degree-of-stability criterion for 
determining the gain K from the root locus 
of a system is : 

The dominant roots are adjusted to 
satisfy a specified damping ratio £. 

The advantage of the root-locus procedure 
over the M p criterion of the frequency- 
response method becomes evident if a truly 
dominant pole pair exists. In this case, all 
other poles are far from the origin, and the 
transient response of the system is dominated 
by the transient response mode associated 
with the dominant pole pair. Thus, the time 


behavior of the system becomes immediately 
evident once the damping-ratio criterion is 
satisfied. The disadvantage of the root-locus 
method is that considerable time is consumed 
in constructing the locus. Adjustment of the 
gain K for a specified dominant-root damp- 
ing ratio is best demonstrated by a specific 
example. 

Example. The open-loop function G(s) of 
a unity-feedback system is 


G (s) - 


K (0.2 s + 1) 

3(3 + 1 ) ( 0.1 3 + 1 ) 


(5-55) 


Find the gain K and the closed-loop pole-zero 
configuration for a dominant-root damping 
ratio £ =0.5. 


Solution 

(a) The open-loop function is placed in 
the standard form of the root-locus method as 
follows : 


(s + 5) 


G(S) 2K 3(3 + 1 ) (3 + 10 ) 

(b) The angle condition is 


(5-56) 


Z (s + 5)— Z s — Z (s +1) 

- Z (s+ 10)= -180° (5-57) 

(c) The magnitude condition is 


2 K 


l» + 5| 

|s| | s+ 1| !s + 10| 


= 1 


(5-58) 


(d) The locus of the roots is constructed 
from the angle condition by choosing trial 
points in the s plane and checking back to see 
whether the angles of the vectors of the open- 
loop poles and zeros add up according to Eq. 
(5-57). A curve drawn through the trial points 
that satisfy this equation is the root locus. To 
determine the gain K associated with each 
locus point, Eq. (5-58) is used. The value of 
s corresponding to a given locus point is sub- 
stituted into this magnitude equation and the 
equation is then solved for K. The locus for 
this problem in the upper half of the s plane 
is shown in Fig. 5-32. 

(e) The line corresponding to £ = 0.5 ( Z 
s = ±120°) is drawn and the intersection 
with the locus is noted. The intersection occurs 
at s = —0.60 +/1.04. 

(f) Using the magnitude condition, it is 
found that K = 1.38. 
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(g) For K = 1.38, the location of the real 
root between s — —5 and s = —10 is deter- 
mined by direct application of the magnitude 
condition. This root lies at s — —9.85. 

(h) The closed-loop pole-zero configura- 
tion has a zero at the open-loop zero s = —5. 


(i) The factored closed-loop transfer func- 
tion is 


W(s) 


2.84 (s + 5) 

(s + 9.85) (s 2 + 1.2s -|- 1.44) 



Fig. 5-32 Gain determination from root locus , G(s) 


K(0.2s + 1 ) 
s(s+ 1 ) (0.1s + if 
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CHAPTER 6 

COMPENSATION TECHNIQUES* 

6-1 INTRODUCTION 


Compensation in the general field of servo- 
mechanisms refers to the procedures used to 
modify the dynamic response characteristics 
of a system by auxiliary means so that it 
meets performance specifications. Most actual 
components have a limited dynamic response 
and so do not respond instantaneously to in- 
put variations. Because of the dynamic lim- 
itations of physical components, stability 
problems arise in closed-loop systems, as dis- 
cussed in Chs. 4 and 5. The requirement of 
stable operation imposed on all closed-loop 
systems limits the accuracy that can be ob- 
tained with these systems. In order to mini- 
mize this inherent limitation, artificial means 
(compensation techniques) are used to mod- 
ify the dynamic characteristics. These in- 
clude the introduction of networks cascaded 
with the fixed elements in the loop and the 
addition of auxiliary loops to the system. 

The general compensation problem is il- 
lustrated by Fig. 6-1. In this figure, G f (s) 
represents the response of the fixed elements 
in the loop which cannot be altered, H(s) 
represents the response of feedback elements 
that may be present, and G c (s) represents 
the response of compensating elements that 
are to be adjusted so that the complete sys- 
tem meets the performance specifications. 
The procedure for designing the system can 
be outlined as follows [H (s) is assumed to be 
unity] : 

(a) With G c (s ) = K, a pure gain (real 
number), a stability check is made to deter- 
mine the allowable range of the gain K for 
stable operation. 

(b) Assuming a specified degree of stabil- 
ity, the gain K, is adjusted to meet this re- 
quirement. 


*By L. A. Gould 


(c) From the input specifications, the 
error of the system is found when K is ad- 
justed as in (b), and this error is checked 
against the error specification. 

(d) If the error does not meet specifica- 
tions, a more complicated form for G c (s) is 
introduced. The system is then adjusted to 
satisfy the specified degree of stability, and 
the error specification is again checked. 

(e) The procedure is continued, trying dif- 
ferent or more complicated compensation 
functions, until the error falls within specifi- 
cations (that is, if the specifications can be 
met) . 

In practice, the forms of compensation nor- 
mally employed are kept simple. This is due 
in part to the fact that the fixed elements are 
usually limited in their range of linear opera- 
tion, and the introduction of complex compen- 
sation functions merely reduces the range 
over which the linearity assumption applies. 
In addition, it is found that the theoretical 
advantages that may accrue with complex 
compensation are not realized in practice be- 
cause the theoretical model no longer fits the 
physical system. 



Fig. 6-1 Compensation in a single loop. 
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6-2 RESHAPING LOCUS ON GAIN-PHASE PLANE < 12 ” (11 > 


6-2.1 GENERAL 


6-2.2 LAG COMPENSATION 


Because magnitudes and phase angles add 
when functions are cascaded in the gain- 
phase plane, this frequency domain is the 
one most suitable for studying the effects of 
cascaded compensation functions. The intro- 
duction of a compensation function in the 
loop of a unity-feedback system can be 
thought of as a method for reshaping the 
open-loop frequency response C 0'a>) /E (/to) 
to permit a higher gain to be used for the 
specified degree of stability. If M p is the 
degree-of-stability criterion used, the gain 
can be increased by causing the phase and 
gain margins of the function G c (ja>) G,(jw) /K 
to increase by a proper choice of G c (/«). To 
maintain the specified M p , the M p contour 
must be moved downward for tangency to 
occur ; this downward motion corresponds to 
an increase in the open-loop gain of the sys- 
tem (Fig. 6-2). The two most commonly used 
compensation networks for reshaping the 
open-loop gain-phase locus are the lag net- 
work and the lead network (see Par. 6-6). 


- 180 * 


-90* 



Fig. 6-2 Change in open-loop response produced 
by compensation illustrating downward motion of 
M p contour for gain increase 


The first-order lag function is 

G c (ju)=K T l j<a+ \ ; a > 1 (6-1) 

where K is the real gain factor, T c is the time 
constant, and a is an attenuation factor. Lag- 
function plots for a = 5, 10, 20 (with K — 1) 
are shown in Fig. 6-3. These plots are made to 
a normalized frequency scale for which 
P = 7> (6-2) 




ANCLE G c IN DECREES 

G e - iff + 1 
«j/9 + l 


Fig. 6-3 Universal lag functions. 
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In using the lag function to reshape an 
open-loop frequency response, the choice of 
the attenuation factor is usually governed by 
the gain increase that is sought. In practice, 
a’s greater than 20 are rarely used. A good 
rule of thumb is that the gain increase that 
can be achieved lies in the range from 0.7a to 
0.9a. There are two considerations that limit 
the choice of the time constant T c . Since the 
lag function introduces a negative phase shift, 
the choice of the time constant should be such 
that this phase shift does not occur in the 
region where the open-loop response passes 
near the — l-f/0 point. Consequently, the lag 
function is usually adjusted so that its major 
phase contribution occurs at low frequencies. 
This means that T c cannot be made too small 
without affecting the stability of the system. 
On the other hand, if T e is made too large, the 
transient response of the system tends tc 
deteriorate as a result of excessive peaking 
and an abnormally long settling time. A rule 
of thumb for adjusting the lag function is as 
follows: Choose T c so that a phase shift of 
—5° to —10° is introduced at the uncom- 
pensated resonant frequency of the system. 
The uncompensated resonant frequency is de- 
fined as the resonant frequency which is ob- 
tained for the specified M„ when G, (s) = K. 

The steps involved in adjusting the lag 
function are the following: 

(a) With G r (s) = K, the gain and ieso- 
naut frequency of the system are found for 
the specified value of M„. 

(b) Jsing Fig. 6-3, the value of p is de- 
termined for the specified allowable phase 
shift. Since the region of low phase shift of 
the lag function occurs for values of (3^5, 
the phase shift of the lag function in this 
region is adequately represented by 

G. UV) ^ L) J- for p ^ 5 t 


' Symbol denotes “angle” 


Thus, the phase angle varies inversely as p. 

(c) If (Or, is the uncompensated resonant 
frequency and is the value of p correspond- 
ing to the specified allowable phase shift of 
the lag function, then, from Eq. (6-2), 



(6-4) 


(d) Since the scale ratio between p and to 
is fixed by Eq. (6-4), the magnitude and 
phase-angle contribution of the lag function 
to the G/(ja>) function at each frequency can 
determined from the universal curves of Fig. 
6-3. 


( e ) After the lag function has been added 
to the fixed-element response G t (;a>), the gain 
K is determined from the specified M„ cri- 
terion. 

Example. The transfer function of the fixed 
elements of a unity-feedback system is given 
by 


G,(s) = 


1 

s(0.3s+ l)(0.1s + 1) 


(6-5) 


A lag function with a = lu is used to com- 
pensate the system. The lag function is to 
contribute —5° of phase shift at the uncom- 
pensated resonant frequency. Design the com- 
pensation when 10 log, 0 M„ — 1.5 dg. 

Solution. The frequency response G f (ja>) is 
plotted in Fig. 6-4 as Curve A. For the speci- 
fied M„ (see construction), the point of tan- 
gency of the M p contour with Curve A occurs 
at the point where = 2.4 rad/sec ; from 
the displacement downward of the M p 
contour by 4.1 dg (i.e., 10 log K — 4.1) one 
gets K — 2.57 for the uncompensated system 
when G e (/a>) = K. From the a = 10-plot of 
Fig. 6-3, —5° of phase shift occurs at p* = 10. 
Therefore, 

T c — ——— = 4.17 seconds (6-6) 

to*, 2.4 

The scale change from <o to p is, therefore, 

p = 4.17(o (6-7) 
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Fig. 6-4 Lag-compensation procedure. 


With this scale change, the universal lag 
function for a = 10 is used to add the magni- 
tude and phase angle of G c (j<p)/K to the 
fixed-element response G/0'<u). The compos- 
ite /K function appears as 

Curve B in Fig. 6-4. Using the specified M p 
criterion, the resonant frequency of the com- 
pensated system is 2.0 rad/sec and K has 
been increased to a value K = 20.4. Thus, the 
use of the lag function with a = 10 has al- 
lowed an increase in gain by a factor of 7.6. 
The resonant frequency has been decreased 
by 17 percent. 

6-2.3 IEAD COMPENSATION 

The first-order lead function is 

G c (ja>) = K «>1 (6-8) 

where K is the gain, T c is the time constant, 
and a is an attenuation factor. Lead-function 
plots for a = 5, 10, and 20 are shown in Fig. 


6-5. These plots utilize a normalized frequency 
scale for which 

p = 7> (6-9) 

In using the lead function to reshape an open- 
loop frequency response, advantage is taken 
of the fact that the lead functioh exhibits 
positive phase shift. Thus, by adjusting the 
time constant T c , it is possible to add positive 
phase angles to the fixed-element response 
G/(jo>) in a region where the negative phase 
shift of the fixed elements is too great to secure 
an Af p -contour tangency. Hence, the lead func- 
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Fig. 6-5 Universal lead functions. 
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tion can decrease the effective negative phase 
shift of the composite G c (j<x>)G f (jo>) /K func- 
tion, allowing an M p tangency to occur for a 
larger value of gain K. In many cases, an 
increase in the resonant frequency of the sys- 
tem is obtained when lead compensation is 
used. 

Due to the tendency of lead compensation 
to increase the bandwidth of a system, it is 
found that the system is more sensitive to 
noise, and its linear range of operation is re- 
stricted. Thus, in practical situations, the 
attenuation factor a used usually does not 
exceed 20. The adjustment of the time con- 
stant T c is a matter of trial and error. An out- 
line of the trial-and-error procedure is given 
below : 

(a) The phase-angle difference between 
the “nose” of the M„ contour and the —180° 
line of the gain-phase plane is given by 

^sin- 1 ( ) (6-1.0) 

The maximum phase shift 4> m introduced by 
the lead function is 

*- = 5in " (°-Tl) (6 - u) 

(b) The first-trial choice of the lead-func- 
tion time constant T c is found by determining 
the frequency at which the following angle 
relation holds : 

^ G,(m) = -180° + i|> - <f> m (6-12) 

The frequency toi which satisfies Eq. (6-12) 
be found directly from the gain-phase plot of 
G/ijw ) . Then, the first choice of T c is given by 

T c =-^~ (6-13) 

1 Wl 

where p„ is the frequency at which the maxi- 
mum phase shift ( <f >„ ) occurs on the normal- 
ized lead-function curve of Fig. 6-5. The fre- 
quency p m can be found from the relation 

p m = -^4 (6-14) 

V « 

(c) Since the scale ratio between w and the 
normalized frequency p is fixed by Eq. (6-14), 
the magnitude and phase-angle contribution 
of the lead function to the G r (jw) function at 


each frequency can be determined from the 
universal curves of Fig. 6-5. 

(d) After the lead function has been added 
to the fixed-element response G, (ju>) , the gain 
K is determined from the specified M p cri- 
terion. 

( e ) The first-trial choice of the lead-func- 
tion time constant T c usually determines a 
closed-loop resonant frequency that is close 
to the maximum obtainable frequency with 
the given attenuation factor a. 

However, the open-loop gain K is not neces- 
sarily a maximum. Therefore, if gain increase 
is the objective, additional trials must be 
made. The additional trials usually involve the 
choice of trial values of T c that are smaller 
than the initial choice. A rule of thumb is that 
the time constant T c which maximizes K is 
approximately one-half to one-third the ini- 
tial-trial value. 

Example. The transfer function of the fixed 
elements of a unity-feedback system is given 
by Eq. (6-5). A lead function with a = 10 is 
used to compensate the system. Design the 
compensation when X log 10 Af p = 1.5 dg. 
Solution. The frequency response G r (jio) is 
plotted in Fig. 6-6 ( Curve A ) . From the prob- 
lem specifications and Eqs. (6-10), (6-11), 
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Fig. 6-6 Lead-compensation procedure. 
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and (6-14), we find that = 45°, <t>„, = 54.9°, 
and |3„, = 0.316. Eq. (6-12) yields 

/_ G,(j to,) = -189.9° (6-15) 

Using this result and Curve A of Fig. 6-6, we 
find that w, = 7.2 rad/sec. Then, from Eq. 
(6-13) , the initial choice for the lead-function 
time constant is T c = 0.044 sec. The scale 
change from o> to (3 is therefore given by 

(3 = 0.044w (6-16) 

With this scale change, the universal lead 
function for a = 10 is used to add the magni- 
tude and phase angle of G,(jw) /K to the fixed- 
element response G/(/<o). The composite 
G, (j(u) Gf(jw) /K function appears as Curve B 
in Fig. 6-6. Using the specified M„ criterion, 
the resonant frequency of the uncompensated 
system (Curve A) is w,,, = 2.4 rad/sec and 


the gain of the uncompensated system with 
G, (jw) = K is K = 2.57. The resonant fre- 
quency of the compensated system (Curve B) 
is Co*., = 8.2 rad/sec and the gain of the com- 
pensated system is K — 6.68. Thus, the reso- 
nant frequency of the system has been in- 
creased by a factor of 3.4 and the gain by a 
factor of 2.6 through lead compensation. If 
maximum gain is sought, the lead time con- 
stant must be reduced. By trial and error, we 
find that with T, = 0.020 sec, o> H = 5.6 rad/sec 
and K = 8.65. The construction for maximum 
gain is shown as Curve C in Fig. 6-6. Thus, for 
maximum gain adjustment, lead compensation 
increases the resonant frequency by a factor 
of 2.3 and the gain by a factor of 3.4. Note 
that the time constant for maximum gain is 
0.45 times the initial-trial choice. The results 
of this example are listed in Table 6-1. 


TABLE 6-1 RESULTS OF LEAD 


COMPENSATION EXAMPLE 


Compensation Adjustment 

T e (sec) 

( 0 k (rad/sec) 

K 

Initial trial ; maximum resonant 
frequency 

0.044 

8.2 

6.68 

Final trial ; maximum gain 

0.020 

5.6 

8.65 

No compensation 


2.4 

2.57 


6-3 PHASE-MARGIN AND ASYMPTOTIC METHODS (M,) 


6-3.1 GENERAL 

A rough picture of the effect of compensa- 
tion can be obtained if the magnitude asymp- 
totes are used in conjunction with the phase- 
margin criterion for the degree of stability 
(see Par. 5-6) . Using a 45° phase-margin cri- 
terion, the asymptotic method gives good re- 
sults provided there are no low-damping-ratio 
quadratic factors in the open-loop transfer 
function C (j<o)/E(ji o) . If the 45° phase- 
margin criterion is assumed, then the asymp- 
tote crossover frequency (o,. (defined in Par. 


5-1 ) usually occurs in a region where the slope 
of the asymptote is —10 dg/decade. 

The phase-margin criterion can be used as 
an approximation to the M p criterion, or it can 
be used as an independent degree-of-stability 
criterion. If it is used independently, the sep- 
arate magnitude vs frequency and phase- 
angle vs frequency plots are employed. If the 
phase-margin criterion is used to approxi- 
mate the M p criterion, one might just as well 
use the asymptotic curve as an approxima- 
tion to the true magnitude curve. 
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The rules of thumb established in Par. 6-2 
for adjusting the compensation functions can 
be applied in an identical manner when work- 
ing with the separate magnitude and phase 
angle plots except that the asymptotic-cross- 
over frequency co c or the magnitude-crossover 
frequency to,™ will replace the resonant fre- 
quency a)/, where necessary. The universal 
compensation-function curves of Figs. 6-3 
and 6-5 can be used when working with the 
separate magnitude and phase-angle curves. 

The steps involved in adjusting the com- 
pensation functions when using the phase- 
margin criterion and the separate response 
curves are outlined below. 

6-3.2 LAG COMPENSATION 

(a) With G c (s) — K, the gain and mag- 
nitude-crossover frequency (or asymptote- 
crossover frequency) are found for the speci- 
fied phase margin. 

(b) Using the universal lag-function 
curve (Fig. 6-3), the normalized frequency 

(at which the allowable negative phase 
shift of the lag function occurs) is deter- 
mined. 

(c) The lag-function time constant is 
found from the relation 

T r =-$*— (6-17) 

^cm l 

where , is the magnitude-crossover fre- 
quency of the uncompensated system, or, 
alternatively, one can use the relation 

T,.=-^— (6-18) 

“'i 

where oo,., is the asymptote-crossover fre- 
quency of the uncompensated system. 

(c) Using the scale ratio between and to 
determined by Eq. (6-17) or (6-18), the 
magnitude (or asymptote) and phase-angle 
contribution of the lag function to the G,(j<x>) 
function at each frequency can be determined. 

(d) After the lag function has been added 
to the fixed-element response G r (/a>) , the gain 
K is determined from the specified phase mar- 
gin. 


6-3.3 LEAD COMPENSATION 

(a) The frequency w, which satisfies Eq. 
(6-13) is found directly from the G r (jm) 
curve. 

(b) If |3 m is the normalized frequency at 
which the maximum phase shift <j> m for the 
lead function occurs (see Fig. 6-5), then the 
first trial choice of the lead-compensation 
time constant is 

2V =— (6-19) 

COl 

(c) Using the scale ratio between p m and 
to, determined by Eq. (6-19), the magnitude 
(or asymptote) and phase-angle contribution 
of the lead function to the G,(ju>) function at 
each frequency can be determined. 

(d ) After the lead function has been added 
to the fixed-element response G,(/(o) , the gain 
K is determined from the specified phase mar- 
gin. 

(e) Further trial values of the lead-func- 
tion time constant T c are tried until the gain 
K or the magnitude- (or asymptote-) cross- 
over frequency has been maximized. 

Example. The transfer function of the fixed 
elements of a unity-feedback system is given 
by Eq. (6-5). The 45° phase-margin criterion 
is to be used to adjust the degree of stability 
of the system. 

(a) Lag compensation with « = 10 is to be 
used to improve performance. The allowable 
negative phase shift that the lag function con- 
tributes at the magnitude- (or asymptote-) 
crossover frequency of the uncompensated 
system shall be 5°. Design the compensation. 

(b) Lead compensation with a = 10 is to 
be used to improve performance. Design the 
compensation. 

Solution. 

(a) The magnitude and asymptote curves 
of G/(jw) are drawn in Fig. 6-7 and the 
phase angle curve is drawn in Fig. 6-8. For 
a 45° phase margin, the magnitude-cross- 
over frequency a> <m = 2.08 rad/sec and the 
corresponding gain is 2.34. The asymptote- 
crossover frequency w f = 2.08 rad/sec and the 
corresponding gain is 2.04. (Compare with 
a),,. = 2.4 rad/sec and K = 2.57 for 10 log l( , 
M, = 1.5 dg.) For 5° of allowable negative 
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phase shift, and a = 10, $$ = 10 from Fig. 
6-3. Therefore, using Eqs. (6-17) or (6-18), 
T,. = 4.8 sec. The scale change from p to to is 
given by 

P = 4.8o) (6-20) 

The composite G r (jo))G,(jw) /K magnitude 


and asymptote curves for the lag-compen- 
sated system are drawn in Fig. 6-7, and the 
composite phase-angle curve is drawn in Fig. 
6-8. Using the 45° phase margin, the magni- 
tude-crossover frequency w, m — 1.74 rad/sec, 
and the corresponding gain is 20. The asymp- 
tote-crossover frequency cu c = 1.74 rad/sec 
and the corresponding gain is 17.8. 



CO 


Fig. 6-7 Magnitude curves for lag-compensation procedure employing phase margin. 
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Fig. 6-8 Phase curves for lag-compensation procedure employing phase margin. 
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(b) The magnitude and asymptote curves 
of G f (j(a) are drawn in Fig. 6-9 and the phase 
angle curve is drawn in Fig. 6-10. Using the 
problem specifications and Eqs. (6-11) and 
(6-14), \[> = 45°, <j> m = 54.9° and (3 m = 0.316. 
Eq. (6-12) yields 

Z. G , (/<»,) = -189.9° (6-21) 

Using this result and the G f (j<o) phase-angle 


curve (Fig. 6-10), o)i = 7.2 rad/sec. From Eq. 
(6-19), the initial-trial time constant T c — 
0.044 sec and the scale change from p to to is 
given by 

P = 0.044a) (6-22) 

The composite G c (jm)G f (j(a)/K magnitude 
and asymptote curves for the first-trial lead- 
compensated system are drawn in Fig. 6-9 



Fig . 6-9| Magnitude curves for lead-compensation procedure employing phase margin. 



Fig. 6-10 Phase curves for lead-compensation procedure 
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and the corresponding phase-angle curve is 
drawn in Fig. 6-10. Using the 45° phase-mar- 
gin criterion for the lead compensated system, 
the magnitude-crossover frequency co r „, = 7.0 


rad/sec, and the corresponding gain is 6.02. 
The asymptote-crossover frequency co r = 7.0 
rad/sec and the corresponding gain is 4.46. 
The results of this example are summarized 
in Table 6-2. 


TABLE 6-2 RESULTS OF COMPENSATION USING 45° PHASE MARGIN 


Compensation 

Adjustment 


K for co,.,,, 

0) r 

K for co r 

Factor of Gain 
Increase 

Factor of co,. or 
Change 

No compensation; 
true magnitude 
used 

2.08 

2.34 





No compensation; 
asymptote used 



2.08 

2.04 



Lag compensation ; 
true magnitude 
used 

1.74 

20 



8.6 

0.84 

Lag compensation ; 
asymptote used 



1.74 

17.8 

8.7 

0.84 

Lead compensation ; 
true magnitude 
used 

7.0 

6.02 



2.6 

3.4 

Lead compensation ; 
asymptote used 



7.0 

4.46 

2.2 

3.4 


6-4 FEEDBACK OR PARALLEL COMPENSATION (2 34> 


The cascade type of compensation discussed 
in Pars. 6-2 and 6-3 has the disadvantage 
that the compensation adjustment is sensitive 
to changes in the parameters of the fixed ele- 
ments due to non-linear behavior of the sys- 
tem. When feedback compensation is used, on 
the other hand, the compensation adjustment 
is much less sensitive to fixed-element param- 
eter variation provided the loop gain is high. 
In addition, the networks used in feedback 
compensation are usually simpler in form 
than the corresponding cascade networks. 
However, the necessity for high loop gain (at 


least a gain of 10 at the break frequencies of 
the feedback networks) generally requires a 
more complicated and expensive system. 

The procedure used in designing feedback 
compensation networks employs a combina- 
tion of the gain-phase plane and the asymp- 
totic-magnitude presentations. The basic 
principles involved in the design of feedback 
compensation networks can be clarified by a 
study of Fig. 6-11. Here a feedback function 
H, (s ) is used to modify the characteristics of 
the fixed elements G/(s ) and a cascade func- 
tion G, (s) is provided to aid in adjusting the 
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performance of the major loop. In most cases, 
the cascade function G, (s) is a pure gain K 
which serves to adjust the degree of stability 
of the system. The burden of reshaping the 
G,(s) function is placed on the feedback com- 
pensation function ff,(s). In addition, the 
feedback function is usually provided with a 
gain adjustment to permit the setting of the 
degree of stability of the minor loop. 

The general configuration of Fig. 6-11 can 
be redrawn and placed in the cascade form of 
Fig. 6-12. Here, 


G'r(s) 


G,.(s ) 

1 G f (s) H, (s) 


(6-23) 


Thus, theoretically, cascade compensation and 
feedback compensation are equivalent. In 
practice, feedback compensation is more flex- 
ible, and the resulting system is less sensitive 
to component parameter variations. 



configuration. 



Fig. 6- 12 Cascade equivalent of feedback- 


compensation configuration. 


The procedure for adjusting the feedback 
compensation is best understood by examin- 
ing the asymptotic behavior of the minor loop. 
If 


Gt(jw)H,.(jio) >> 1, 

then 


C (jm) G f (j«)) 

A (jut) ~ 1 -r Gt(jio)H,.(jio) 


If 

G/O'oi) << 1, 

then 


C(i o.) 
A (ja>) 


.=“ Gf(jui) 


1 

HAi<») 

(6-24) 


(6-25) 


Thus, in the frequency ranges where the open- 
minor-loop frequency-response magnitude 
Gf(jui) H,(jw) is very large, the closed-mi- 
nor-loop response C (jm) /A (;<o) behaves like 
the reciprocal of the feedback function 
//, (j<o). When the open-minor-loop-response 
magnitude is very small, the closed-minor-loop 
response behaves like the fixed elements re- 
sponse function G,(s). Thus, the frequency 
scale can be divided into several regions based 
on the magnitude of the open-minor-loop re- 
sponse. Whenever the magnitude of this re- 
sponse G,Um)H, (jm) or B(jw)/M (ja>) is 
greater than unity, the asymptotes of the 
closed-minor-loop response coincide with the 
asymptotes of the reciprocal of the feedback 
function Whenever the magnitude of 

the B (/<«>) ,'M (j«>) function is less than unity, 
the closed-minor-loop response asymptotes 
coincide with the asymptotes of the fixed-ele- 
ment response G f (jio). 

Usually, the feedback function HAJot) is so 
chosen that the frequency scale is divided into 
three ranges. These ranges are: 


0 < (o < a), when G,(jw)HAi* o) < 1 

(6-26) 

iu,< o) < (j>„ when G,(j<u) >1 

(6-27) 

<■>„ < (O < cc when Gfti<o)H,.(j<a) <1 

(6-28) 
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and <o, is the lower - frequency boundary and 
a) u is the upper-frequency boundary. Corres- 
ponding to the three frequency ranges fixed 
by the magnitude of the open-minor-loop re- 
sponse, the closed-minor-loop response 
asymptotes are defined by 


G (jut) 


G/0'co) 

A (jut) 


C (jut) 


1 

A (jut) 


H c ( jut) 


for 0 < o) < o)( 

(6-29) 

for o), < a) < (o B 

(6-30) 


minor loop. The transfer function of the feed- 
back elements is given by 

K s 2 

H c (s) =-pf - (6-33) 

1 cS + 1 

Note that this transfer function can be 
realized in a position-control system by a 
tachometer cascaded with a single-stage high- 
pass RC filter. The cascade compensation be- 
ing a pure gain, its transfer function is given 
by 


C c (s) = K 


(6-34) 


Cjjm) 
A (jut) 


G/O'co) 


for ft)„ < <u < oo 

(6-31) 


The procedure for adjusting the feedback 
function H c (s) and the cascade gain G c (s) 
— K can thus be roughed out using asymptotic 
pictures of the various responses and then car- 
ried out in detail using the gain-phase plane. 
The aim of the asymptotic sketches is to ex- 
amine the form of the closed-minor-loop re- 
sponse as the feedback compensation is ad- 
justed. Examination of the asymptotes of 
typical cascade compensation arrangements 
can also serve as a guide to the shaping of the 
closed-minor-loop response. The desirable 
properties of the closed-minor-loop response 
can be expressed in terms of the properties 
that are desirable for any open-major-loop 
function ; namely, high gain at low frequen- 
cies (co<o>j) , a stable shape relative to the 
—1 -f j 0 point, and low gain at high frequen- 
cies (a)>o)„). 

Since there are usually several parameters 
to adjust in the feedback compensation proce- 
dure, the process of adjustment is one of trial 
and error guided by the asymptotic sketches. 
The details of the procedure are best demon- 
strated by an example. 

Example. Th ransfer function of the fixed 
elements of a system is given by 


G/(s) = 


1 

s(0.3s + 1) (0.1s -(-I) 


(6-32) 


Feedback compensation is to be used to im- 
prove the performance of the system in con- 
junction with a pure gain cascaded with the 


Design the compensation for a 45° major- 
loop phase margin. 

Solution. The open-minor-loop transfer func- 
tion is 

Mp-=G,(s)H c (s ) = 

M(s) 

Kj 

(7^ + 1) (0.3s -fl) (0.1s + 1) 

(6-35) 

A plot of the asymptotes of G c (jut) H c (jut) /K c , 
using the techniques for plotting asymptotic 
magnitude curves of Par. 5-3.3, is shown in 
Fig. 6-13 for T c = 2 sec as a trial guess. The 
adjustment of K c controls the degree of sta- 
bility of the closed-minor-loop response. If K e 
is made too large (e.g., greater than 50) , the 
closed-minor-loop response will have a quad- 
ratic factor with a very low damping ratio, 
making it difficult to obtain a high-gain open- 
major-loop response. Anticipating this be- 
havior, a value of K c = 10 is not unreasonable. 
With K c — 10, the inequality of Eq. (6-27) is 
satisfied for the portions of the open-minor- 
loop asymptotes above the —10 dg line. When 
K r is set equal to 10, the 0-dg line for the open- 
minor-loop response G/O'co) HA jut) is that 
shown dashed in Fig. 6-13. This line defines 
the frequency boundaries w, = 0.1 rad/sec and 
(o„ = 13 rad/sec. The closed-minor-loop re- 
sponse asymptotes can then be drawn with the 
aid of the approximations to \C(jut)/A (jo)! 
given in Eqs. (6-29) to (6-31). In the fre- 
quency range from w, to w = 1/T r there is a 
—20 dg/dec contribution to | l/H, (jot) | from 
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the factor s'- whereas the ( T t .s + 1 ) factor 
makes no contribution (i.e., it contributes 
0 dg/dec) . In the range from co = 1/T C to a>„, 
both factors contribute, the s 2 factor contrib- 
uting —20 dg/dec and the (T c s - f- 1) factor 
+ 10 dg/dec. The closed-minor-loop asymp- 
totes are shown in Fig. 6-14. From an exam- 
ination of the resultant asymptotic curve, sev- 
eral points may be noted. The combination of 
the breaks at w, and 1/T,. appears as a cascade 
lag-compensation effect which is a desirable 
open-major-loop-response property. In fur- 
ther trials, attempts may be made to broaden 
the —20 dg/dec slope region bounded by these 
breaks and to move the region to a higher fre- 
quency range. The break at co„ is from a slope 
of —10 dg/dec to a slope of —30 dg/dec which 
is characteristic of a quadratic factor in the 
open-major-loop response. If this factor has a 
low damping ratio, high-gain stabilization of 
the major loop may be difficult. Thus, the first 
trial choices of T r and K r produce a set of open- 
major-loop asymptotes which appear reason- 
able; however the adequacy of the choices 
must be verified. 

At this point, the Nichols chart (Fig. 5-20) 
is used with a gain-phase plot of G,(jw)H,(ju> ) 
to determine the closed-minor-loop response 
C (j\o)/A (jw) (see Par. 5-4 for the use of the 
Nichols chart with non-unity-feedback loops). 


As a result of the application of the gain- 
phase plane construction, the true magnitude 
curve of C (ju) /A(j<o) is shown in Fig. 6-14 
can be obtained. The corresponding phase 
angle curve appears in Fig. 6-15. The shape 
of the true magnitude curve shows no severe 
resonance effects so that acceptable closed- 
loop performance may be expected. Using the 
45° phase-margin criterion to adjust the cas- 
cade compensation G,.(s) = K, the magnitude- 
crossover frequency to,,,, = 8.6 rad/sec and the 
corresponding gain K — 40. Thus, the per- 
formance is quite good. (Compare the results 
of cascade compensation for this same system 
in Pars. 6-2 and 6-3.) The only drawback to 
the design is that the equivalent cascade lag 
effect is at a fairly low frequency. This would 
produce somewhat excessive peaking in the 
transient response of the system which would 
be followed by a long transient tail. Improve- 
ment in performance could be achieved by 
further trial, e.g., by decreasing the feedback 
compensation time constant T r , and attempt- 
ing to increase the minor-loop gain K c . The 
resultant system would then have a more 
acceptable transient behavior, but the 
magnitude-crossover frequency <o,,„ and the 
major-loop gain K might be reduced. How- 
ever, only further trial-and-error analysis 
would show what actually occurs. 
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Fig. 6-13 Open-minor-loop asymptote for feedback 


compensation procedure. 
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Fig. 6- 1 4 Closed-minor-loop magnitude for feedback compensation procedure. 
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Fig. 6-15 Closed-minor-loop phase angle for feedback compensation procedure. 


6-14 


COMPENSATION TECHNIQUES 


6-5 ALTERNATIVE DESIGN METHODS' 6 7 9 ,0,2 ,3) 


The primary advantage of design in the 
frequency domain is the rapidity with which 
the procedure can be carried out. The disad- 
vantage is the difficulty involved in visualiz- 
ing the time-domain behavior corresponding 
to a given frequency-domain design. In prac- 
tice, the relationship between frequency re- 
sponse and transient response is considered 
by many workers to be rather nebulous. Theo- 
retically, however, frequency-domain and 
time-domain descriptions are entirely equiv- 
alent, although the actual process of translat- 
ing from one description to the other may be 
quite laborious in spite of the fact that many 
approximations have been established to 
guide the designer in relating frequency re- 
sponse with transient response (see Par. 7-1). 
One very important stumbling block arises 
because most direct specifications of system 
performance are given in terms of the tran- 
sient response of the system to a step or ramp 
input. This type of specification is just as 
artificial as that given in terms of the re- 
sponse of a system to a sinusoidal input since 
the true inputs of most systems are neither 
steps, nor ramps, nor sinusoids. Nevertheless, 
it is the transient response of a system that 
is most frequently specified because this type 
of response is the easiest to visualize and the 
quickest to verify experimentally. 

In order to circumvent some of the concep- 
tual difficulties involved in frequency-domain 
design, methods of time-domain design have 
been advanced. Most of these methods utilize 
the open-loop and closed-loop pole-zero con- 
figurations of the system and thus involve 
features of both the time and frequency do- 
mains. The facility with which these methods 
can be used depends almost exclusively on the 
feature of having an analytical description of 
the open-loop pole-zero configuration as a 
starting point. Thus, the methods require 
that any experimental test data be approxi- 
mated by analytical functions. This require- 
ment does not apply to the frequency-domain 
methods that receive major emphasis in Ch. 
5 and Pars. 6-2 through 6-4. In addition, the 


graphical procedures discussed in Pars. 3-6 
and 7-1 enable the designer to work entirely 
with experimental data, going back and forth 
between time and frequency domains without 
ever having to deal with analytical descrip- 
tions. Since the time-domain synthesis meth- 
ods usually end up with a closed-loop pole- 
zero configuration, additional labor is neces- 
sary to extract the actual plots of transient 
response and frequency response in order to 
verify whether performance specifications 
have been met. On the other hand, in a 
frequency-domain design, the only additional 
labor involved is that of determining the tran- 
sient response (usually by the methods of 
Par. 3-6), the frequency response being di- 
rectly available at the end of the design pro- 
cedure. Thus far, the time-domain procedures 
that have been developed are most successful 
for analysis but are quite time-consuming 
and laborious for synthesis. Actually, most of 
the current time-domain “synthesis” proce- 
dures merely involve ordered trial-and-error 
analysis. A few of the time-domain methods 
are described here. 

Evan’s root-locus method ,fi - 7) can be used 
for the design of compensation functions by 
postulating a series of trial forms of the pro- 
posed compensation functions and plotting 
the root locus for each form (see Pars. 4-4 
and 5-7 for the technique of root-locus con- 
struction and the nature of the degree-of- 
stability criterion). On adjusting the gain to 
satisfy the degree-of-stability criterion with 
a specified damping ratio X, for the dominant 
pole pair, each trial root locus will produce 
a specific closed-loop pole-zero configuration. 
Then by direct inspection of these configura- 
tions or by plots of the actual transient re- 
sponses (through partial-fraction expansion 
and inverse Laplace transformation), the best 
compensation form may be selected. 

Yeh n:i, has proposed an extension of Evan’s 
method which involves plotting contours of 
closed-loop pole location for a series of fixed- 
gain values as some parameter of the compen- 
sation function is varied. These plots are called 
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gain contours. In addition, for fixed values of 
the compensation-function parameter, con- 
tours of closed-loop pole location are plotted 
as the gain is varied. These plots are called 
root contours. By examining the gain and 
root contours, the best combination of the 
compensation-function parameter and the 
gain can be selected. 

Truxal (,i) has developed a pure synthesis 
procedure based on the desired closed-loop 
pole-zero configuration (see Par. 7-1). It is 
assumed that this configuration is character- 
ized by: (1) one pair of conjugate-complex 
dominant poles, (2) one or more dipoles (a 
pole and zero very close together on the nega- 
tive real axis), (3) poles on the negative real 
axis that are far removed from the dominant 
pole pairs, and (4) one or more finite zeros (9) . 
This closed-loop pole-zero configuration will 
be produced by an open-loop function [C(s)/ 
E (s) for a unity feedback system] which has 
all its poles on the negative real axis. If the 
closed-loop function 


C(s) _ P(s) 

R(s ) N (s) 

and, for a unity-feedback system, 


(6-36) 


C(s) = P(s) 
E(s) Q(s) 
then 


(6-37) 


Q(s) =N(s) - P(s) (6-38) 


where P(s), N(s), and Q ( s ) are polynomials 
in s. 


The synthesis procedure is then a method for 
determining the zeros of Eq. (6-38) since 
these are the poles of C(s) /E (s) . Since all 
the poles of C(s)/E(s) lie on the negative 
real axis, if the polynomials N (s) and P(s) 
are plotted on the same coordinate system for 
s = — a where o is a real variable, then the 
intersections of the two curves give the poles 
of C(s)/E(s). The zeros of C(s)/E(s) are 
the same as the zeros of C (s) /R (s) . Knowing 
the transfer function of the fixed elements 
G,(s), the compensation can be determined 
from the following equation : 


GAs) 


1 

G,(s) 


C(s) 

E(s) 


(6-39) 


The cancellation of the function G f (s) by the 
compensation G,.(s) should be avoided as 
much as possible by having some of the poles 
of G r (s) occur in the open-loop function 
C(s)/E(s). This can be accomplished by 
altering slightly the specified form of the 
closed-loop response C(s)/R(s) since the 
performance specifications are rarely rigid. 
Changes in the parameters of the fixed ele- 
ments G,(s) will negate the cancellation 
called for by Eq. (6-39). Actually, exact can- 
cellation is not necessary since small parame- 
ter variations will not alter the closed-loop 
response appreciably. 


6-6 TYPICAL COMPENSATION NETWORKS <2 5 6 ,4 ,5 ,617 18 ,9 20 2 ” 


6-6.1 D-C ELECTRIC 

The most common d-c networks are the lag 
network and the lead network shown in Fig. 
6-16. 

The lag-network transfer function is 


E„(s) _ Ts + 1 
Ei(s) a Ts -f 1 

where 

T = R 2 C, and 


(6-40) 

(6-41) 

(6-42) 


The lead network transfer function is 

E 0 (s) 1_ aTs 4- 1 

EAs) ~ a Ts+1 

where 


(6-43) 


T = 


f R\R 2 \ 
\ R\ -f- R 2 ) 


C, and 


«= 1 + 


*1 

R 2 


(6-44) 

(6-45) 
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Chestnut and Mayer <6) present a series of 
charts of d-c networks containing only resis- 
tances and capacitances. These charts cover 
most of the desirable frequency-response 
characteristics that are called for in compen- 
sation of feedback control systems. 

6-6.2 A-C ELECTRIC* 2 ' *■ «. M. w. t*. w. « M*.w) 

In many control system applications, the 
signals are suppressed-carrier modulated, 
and the control information modulates a con- 
stant-amplitude carrier signal (in practice, 
60 or 400 cps) . For example, the form of volt- 
age corresponding to the actuating signal 
may be as follows : 

V (t) =e(t) cos a )„£ 

where e(t) is the true data signal, and u 0 is 
the carrier frequency. Networks which are 
designed to operate on the data of carrier- 
modulated signals are called a-c or carrier- 
frequency networks. If it is necessary to com- 
pensate a system employing carrier-modu- 
lated signals a-c networks are required since 
d-c networks will not work because they effec- 
tively operate on zero-frequency-carrier sig- 
nals. 

There are two questions involved in treating 
the compensation of carrier-modulated sig- 
nals: 

(1) Analysis: Given a network which 
operates on a carrier-modulated signal, what 
is the data-frequency (d-c) equivalent net- 
work? 


(2) Synthesis: Given a desired data-fre- 
quency (d-c) network, what is the equivalent 
carrier-frequency network ? 

If H(jm) is the frequency response of a 
carrier network, the frequency response of the 
data-frequency equivalent is given by 

H(joy d ) = ^-\/A 2 -f B 2 (6-46) 

C* 

where 

A = |/f + | cos ( ^_H + ) + | //-| cos(^L H - ) 

(6-47) 

B = - l-H+l sin (AH + ) + \H.\ sin (AH-) 

(6-48) 

% = tan-’— (6-49) 

A 

H + i H [j (w 0 + u> d ) ] (6-50) 

H. * H [/(<o 0 -a)<)] (6-51) 

a>„ = carrier frequency 

m d = data frequency 

H(jw d ) = frequency response of equiva- 
lent data-frequency network. 

There is no unique answer to the synthesis 
problem, but a convenient answer is given by 
the “low-pass to band-pass” transformation. 
If it is assumed that the magnitude of the 
carrier-frequency equivalent of a data-fre- 
quency network has even symmetry about the 



A. LAG NETWORK 


c 



Fig. 6-16 D-C compensation networks. 
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carrier frequency to 0 and that the phase angle 
has odd symmetry about (o„, i.e., 

T,| 

— 1 

f . <0 

r T 

+ 

«y j 
2ju>\ 

l + I 

\H+\ = \H.\ (6-52) 

n \jw) — 

T. 1 

f j « 

1 

<o» 2 j 

l + I 

/-H + — — H-, (6-53) 

d l 

l 2 

I 



(6-57) 


then the carrier-frequency equivalent to a 
given data-frequency network is 

=#[;(©-«,)] (6-54) 

Unfortunately, an exact solution of Eq. 
(6-54) leads to the conclusion that if the data- 
frequency network H is physically realizable, 
the carrier-frequency network H is not. How- 
ever, an approximation to the low-pass to 
band-pass transformation is possible which 
does lead to physically realizable networks. If 
the data frequencies w d are small compared to 
the carrier frequency m„, then 

/(co-u)„) (6-55) 

2 2jui 


There are several ways to realize a carrier- 
frequency network which is approximately 
equivalent to a given data-frequency network. 
The resistance-inductance-capacitance reali- 
zation starts with the actual data-frequency 
circuit and replaces the data-frequency cir- 
cuit elements by their approximate carrier- 
frequency equivalents as shown in Fig. 6-17. 
Because of the practical difficulty of realizing 
parallel inductance-capacitance combinations 
in the carrier-frequency network, the usual 
procedure is to realize the data-frequency 
transfer function by means of a resistance- 
inductance circuit. Then the carrier equiva- 
lent will contain only series inductance-capac- 
itance combinations. 


As an example, suppose that the frequency 
response of a data-frequency network is given 
by 

H(M = T " ]Wi + \ (6-56) 

T -j- 1 

The carrier-frequency equivalent can be found 
by using Eqs. (6-54) and (6-55). Thus 


Because lag networks are usually inserted 
at very low data frequencies, their carrier 
equivalents are required to be very sharply 
tuned to the carrier frequency. That is, the 
carrier equivalent network must be a high-Q 
circuit. Unfortunately, such high-Q circuits 
are impractical for servo carrier frequencies 
(60 and 400 cps) and are very sensitive to 



Fig. 6-17 Equivalent circuit elements for carrier-frequency networks. 
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carrier frequency drift. To get around these 
limitations when lag compensation is desired 
for a carrier-modulated system, the usual 
procedure is to demodulate the signal, com- 
pensate it with a d-c lag network, and then 
remodulate. 

The realization of carrier-frequency lead 
networks is not as difficult as the realization 
of lag networks since they operate at rela- 
tively high data frequencies and therefore do 
not require excessively high-Q circuits. How- 
ever, carrier lead networks are also sensitive 
to carrier drift, although some attempts have 
been made to counteract this effect. 0518 ' If 
the carrier drift is large (more than 5%), 
then the scheme of demodulation, compensa- 
tion, and remodulation should be considered. 
An effective alternative to this scheme utilizes 
feedback compensation with a tachometer. 

An examination of the magnitude re- 
sponses of carrier networks shows that they 
fall into the class of filters called “notch” 
filters. Methods for realizing notch filters 
with resistance-capacitance rather than re- 
sistance-inductance-capacitance networks are 
discussed in Refs. (2,5,14). A typical resist- 
ance-capacitance notch filter is shown in Fig. 
6-18. The frequency response of this carrier 
network is given by 


Eo(jio) 

Ei{j<») 




{’-) 

i + i 

\ «)«/ 


(i — )V 4 

(j — ) + 1 


\ (»o / 


where 


(6-58) 


0)„ = 


1 

RC 


(6-59) 


The approximate data-frequency equivalent 
is 


H(jw d ) a . (6-60) 

+ 2<o 0 

T hus, as far as data frequencies are con- 
cerned, the symmetrical parallel — T notch 
filter behaves as a differentiator for data fre- 
quencies up to approximately 0.2a> o . 
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Fig. 6-18 


Parallel-T notch filter. 


The major difficulty in using resistance- 
capacitance notch filters is that they must be 
tuned by successive adjustments of several 
circuit elements; otherwise, high-precision 
elements must be used. 


6-6.3 MECHANICAL DAMPER 

A widely used mechanism having the action 
of a compensation network is the inertia 
damper shown in Fig. 6-19. The damper, 
which is connected directly to the servomotor 
shaft, consists of a thin cylindrical metal 
shell, a heavy cylindrical metal slug, and a 
damping fluid. If one neglects motor damp- 
ing, the block diagram of the inertia damper 
and servomotor is that shown in Fig. 6-20. In 
this figure, 

rj» d 4 ( J g | J m ) 

B {J „ + Jm J d) 


J * + Jm 

T m = motor torque 
T,, — load torque 
e m = motor shaft position 

J,„ = motor moment of inertia and reflected 
load inertia 

J, = shell moment of inertia 
J,t = slug moment of inertia 
B = fluid damping 

The advantages of the inertia damper are : 

(1) simplicity 

(2) no steady power loss 


(6-61) 

(6-62) 
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Fig. 6-79 Inertia damper. 



Fig. 6-20 1 Block diagram of inertia damper 


(motor damping negligible). 


The disadvantages are : 

(1) damper must be designed and built 
for each specific application. 

(2) peak acceleration of the damper-motor 
combination is reduced relative to that of the 
motor alone because of the added apparent 
inertia produced at the motor shaft by the 
damper mechanism. 

6-6.4 HYDRAULIC AMPLIFIER (See Par. 13-6) 

A fairly common means for obtaining lag- 
network action in a hydraulic amplifier is 
shown in Fig. 6-21. In this figure, 
x t = input displacement of pilot valve 
x 0 = output motion of power piston 
x, = feedback motion of follow-up 
sleeve 

B = damping of fluid dashpot 
K U K 2 = spring constants 
a,b = lever arms 



\li9z- 6-21 1 Hydro-mechanical compensation network. 
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If the gain of the hydraulic amplifier is very 
high (greater than 10), the transfer func- 
tion of the system is 

Xj(s) a \ 1 -| - aTs 1 

where 


and 

T = B/(K 2 + K l ) (6-65) 

6-6.5 PNEUMATIC CONTROLLER* 2 ” 

(See Par. 13-7.) 

The general schematic of a typical pneu- 
matic controller is shown in Fig. 6-22. In this 
figure, 

r — motion of set point (reference input) 
c — motion of pen (controlled variable or 
output) 


(6-63) 

(6-64) 


e = actuating signal 
x f = flapper motion 
P r — nozzle back pressure 
P 0 = pilot relay output pressure (to dia- 
phragm valve or similar load) 

x lb = feedback motion. 

If the nozzle-flapper amplifier and the pilot 
relay are assumed ideal, the block diagram of 
the controller is as shown in Fig. 6-23, where 

K x = ratio of proportioning linkage 
(0 < K x < 1) 

k n , = nozzle-flapper gain 
k pr = pilot relay gain 

Simple proportional action (pure gain) is 
possible if the feedback function is achieved 
by means of a spring-loaded bellows as shown 
in Fig. 6-24. If the ratio of feedback motion 
x fb to pilot-relay output pressure P 0 is denoted 



Adapted by permission from Instruments , Volume 26, No. 6, 
June, 1963, from article entitled ‘Dynamic Behavior of Pneumatic 
Devices’, by L. A. Gould and P. E. Smith, Jr. 



Fig. 6-23 Controller block diagram. 


Adapted by permission from Instruments, Volume 26, No. 6, 
June, 1963, from article entitled ‘Dynamic Behavior of Pneumatic 
Devices’, by L. A. Gould and P. E. Smith, Jr. 
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by K /b , the transfer function of the propor- 
tional controller is given by 


P 0 (s) _ {l - K x )k n ,k, r 
e(s) 1 -f K x K lb k n ,k tr 


( 6 - 66 ) 


If the product KxK fb k n ,k fr is very high (greater 
than 10), the proportional controller has the 
approximate response 


P 0 (s) (1 — ffi) (6 67) 

e(s ) KJi 1b 

A lag -compensation effect (proportional- 
plus-integral) can be achieved if the feed- 


back function of Fig. 6-22 is obtained by 
means of the arrangement of Fig. 6-25. The 
feedback function in this case is given by 


s/t>(a) 

PAs) 


K lb 


T_ r8 

TrS + 1 


) 


where 


( 6 - 68 ) 


T jt RrC h 

R r = integral resistance 

C B = capacitance of tank 

K /b = sensitivity of proportional bellows 



Fig. 6-24 Schematic diagram of a proportional controller. 


Adapted by permission from Instrument*. Volume 26, No. 6, 
June, 1953. from article entitled ‘Dynamic Behavior of Pneumatic 
Devices', by L. A. Could and P. E. Smith, Jr. 



A - RESET BELLOWS 
B - PROPORTIONING BELLOWS 
C - RELAY 

D - SUPPLY RESTRICTION 


Fig. 6-25 Schematic diagram of a proportional plus integral controller. 


Adapted by permission from Instrument*. Volume 26, No. 6, 
June, 1953, from article entitled ‘Dynamic Behavior of Pneumatic 
Devices', by L. A. Gould and P. E. Smith. Jr. 
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The transfer function of the controller then 
becomes 


PAS) 

e(s) 


(1 



T us 1 
a«T„s -(- 1 


) 


(6-69) 


where 


o-u — 1 -f- Kik„fk t ,K lb (6-70) 

If the product Kik nf k pr K, b is very high 
(greater than 50), the response of the pro- 
portional-plus-integral controller is approxi- 
mately 


PA*) (1 -K.) ( 1 ■ 1 \ 

e(s) KiK fb \ T/jS / 


-(6-71) 


The form of the right side of this equation 
explains the name — “proportional-plus- 
integral” controller. 

A lead-compensation effect (proportional- 
plus-derivative) can be achieved if the feed- 
back function of Fig. 6-22 is obtained by 
means of the arrangement of Fig. 6-26. The 
feedback function in this case is given by 



where 


(6-72) 


T d *R d C d (6-73) 

b a i _|_ (6-74) 

A p 

R d = derivative resistance 
C d = capacitance of tank 
A d = area of derivative bellows 
Ap = area of proportional bellows 
K, b = sensitivity of proportional bellows 
The transfer function of this controller is 


Pq(s) (1 — K i ) k n ,k vr / T d s - 1- 1 
e(s) ~ 1 + K x k n ,k p ,K, b I T± g + i 


\a d 

(6-75) 

where 


1 -f- K\lC n flCprKfb 

— i 

1 + ±(K l k nf k pr K fb ) 

0 

(6-76) 



Fig. 6-26 Schematic diagram of proportional plus derivative controller. 


Adapted by permission from Instruments, Volume 26, No. 6, 
June, 1953, from article entitled ‘Dynamic Behavior of Pneumatic 
Devices’, by L. A. Gould and P. E. Smith, Jr. 
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If the product— (K x k nl k pr K lb ) is very high 
b 

(greater than 10), the response of the 
proportional-plus-derivative controller is ap- 
proximately 


P 0 (s) ,, (1 -K,) / T d s + 1 \ 
e(s) K x K fi (^s + lj (6 ' 77) 

If the ratio of the areas ( A d /A p ) is very high 


(greater than 50) , then b > > 1, and the re- 
sponse is given approximately by 


Po(s) __ (l-Ki) 
e(s) K x K ih 


(1 + T d s) 


(6-73) 


The form of the right side of this equation 
explains the term — “proportional-plus- 
derivative” controller. 
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CHAPTER 7 

PERFORMANCE EVALUATION* 

7-1 RELATIONS BETWEEN FREQUENCY RESPONSE 
AND TRANSIENT RESPONSE 


7-1.1 GENERAL 

As stated in Par. 6-5, the relationship 
between transient response and frequency re- 
sponse is somewhat tenuous. Consequently, it 
is often necessary to have explicit knowledge 
of the response in both the time and fre- 
quency domains. This section presents some 
of the important approximations that enable 
the designer to translate between the time- 
and frequency-domain descriptions of per- 
formance. By the use of these approxima- 
tions, a quick evaluation of performance can 
bo made. 

7-1.2 CLOSED-LOOP FREQUENCY RESPONSE 
FROM CLOSED-LOOP TRANSIENT 
RESPONSE 

If the closed-loop transient rcxponsr of a 
system is known from experimental test data, 
there are several methods 12 l22 - 27 - 21(M -'" avail- 
able for determining the frequency response. 

If the step response of the system is non- 
oscillatory (i.e., has no overshoot), the tran- 
sient component of the response can be ob- 
tained by subtracting the step response from 
the final value of the output, i.e., 

r,(t) r.(-&) <■{!) (7-1) 

where <■(-/ ) is the final value of the output, 
c(t) is the step response, and r,(t) is the 
transient component of the response. The 
logarithm of r,(t) is plotted against time on 
semi-log paper. If the response is dominated 
by an exponential component, the resultant 
curve plotted on semi-log paper eventually 


approaches a straight line whose slope cor- 
responds to the magnitude of the dominant 
time constant. That is, if the dominant tran- 
sient component is 

Ae'/r, (7-2) 

then 

log, r (| ( /,) — log, A '/r ( 7 . 3 ) 

An extrapolation of the straight-line asymp- 
tote of log, r, t (/.) back to zero time yields the 
logarithm of the amplitude A of the dominant 
transient component. Thus, the dominant 
transient component is completely determined 
and can be subtracted from r,(t). A plot of the 
logarithm of the difference (c,(/) /•,,(/)] 

versus time t produces a curve which ap- 
proaches a straight-line asymptote whose 
slope corresponds to the time constant of the 
exponential component having the next small- 
er time constant, (extrapolating this curve 
back to zero time yields the logarithm of the 
amplitude of t he secondary component, r , ., (t ) . 
Next, the function |e,(/) c, ( (/) r,„(/)J 

is determined, and the process can be re- 
peated until the limit of measurement accu- 
racy is reached. 

Thal-I.arsen m ’ gives a method for deter- 
mining approximate transfer functions based 
on the approximation of a nonoscillator.v step 
response by the transfer function 


(7-1) 

r '.* 

(* I D (TVs- | 1) (7V | I) 


* flit //■ A. finulrl 
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where T 2 and T 3 are dimensionless time con- 
stants and t 0 is the dead time. 

By choosing the 10%, 40%, and 80% times 
in the step responses of this system for the 
various combinations of its parameters, a 
set of dimensionless curves have been con- 
structed. In using the curves (Figs. 7-1 
through 7-5), the three points correspond- 
ing to the 10%, 40%, and 80% response 
leveb of the measured response are deter- 
mined, and the times corresponding to these 
points are designated t. u U, and t 3 , respec- 
tively. The values of the dimensionless ratio 
(t 3 — ti)/(t 2 — £i) and the time (t 3 — t x ) to- 
gether with curves of Figs. 7-4 and 7-5 will 
enable the designer to determine a set of 
roots that corresponds to a transient passing 
through the three selected points. If a dead 
time £ 0 is present, the ratio (t 3 — £i )/(£•_. — t 0 ) 
will enable the designer to select roots that 
reproduce the first 10% of the transient. 
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Normalized curves yielding time for 
10-percent transient response corresponding to 
combinations of various time constants 


Fig. 7-1 


Example. Let 
£j = 0.97 sec 
t 2 = 2.14 sec 
t 3 — 4.47 sec 


Then, 


— = 3.00 

t 2 — t\ 

(a) Entering Fig. 7-4 at this value (i.e., 
3.00), several curves are crossed allowing the 
choice of various combinations of the dimen- 
sionless or relative time constant T. Choosing 
three of these combinations : 



rfvr I — ij u L_ 
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Normalized curves yielding time for 
40-percent transient response corresponding to 
combinations of various time constants. 


Fig. 7-2 


By permission from Transactions of the AIEE, Volume 74 Part II, 
1965, from article entitled ‘Frequency Response from Experi- 
mental Nonoscillatory Transient-Response Data*, by H. Thal- 
Larsen. 


By permission from Transactions of the AIEE, Volume 74, Part 
II, 1965, from article entitled ‘Frequency Response from Experi- 
mental Nonoscillatory Transient- Response Data’, by H. Thal- 
Larsen. 
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(1) Curve l-T-T: 1,0.275,0.275 

(.2) Curve l-O.l-T: 1, 0.4, 0.135 

(1) 

Curve t 
1.755 

T 

T for T 0.275: 

(2) 

Curve 1 

0,1 

T for T 0.135: 

(3) Curve 1- T: 1, 0.520 


1.790 



(b) Entering Fig. 7-2 with the dimension- 

(3) 

Curve 1 

T 

for T 0.520: 1.890 

less time constants found above, the dimen- 

(c) 

The time 

('a 

- M from the actua 


sionless time (f ;< — MAt is determined : 



transient divided by the dimensionless time 
(t 3 — 1 1 ) 1 1 yields the conversion factor t, by 
which the relative lime constants found in 
the first step must be multiplied to obtain the 



Fig. 7-3 Normalized curves yielding time for 
80-percent transient response corresponding to 
combinations of various time constants. 


DIMENSIONLESS TIME CONSTANT T 
Fig. 7-4\ Normalized curves yielding time-interval 

ratios of the transient response corresponding to 
combinations of various time constants. 


By permission from Transactions of the A l EE, Volume 74. Part 
II. 1955. from article entitled 'Frequency Response from Experi- 
mental Nonoscillatory Transient-Response Data’, by H. Thal- 
Larsen. 


By permission from Transactions of the AIEE, Volume 74, Part 
II. 1955, from article entitled. 'Frequency Response from Experi- 
mental Nonoscillatory Transient- Response Data*, by H. Thal- 
Larsen. 
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actual time constants. Note that Eq. (7-4) 
represents a normalized transfer function 
with dimensionless time constants 1, T 2 , and 
T 3 . The time constants for the original func- 
tion before normalization are tj, z,T 2 , and 
x x T 3 . For the example (t 3 — t x ) = 3.50 sec, 
the three combinations which fit the original 
curve are : 

(1) t, = 1.995 sec; x t T 2 = t i T 3 = 0.549 sec 

(2) t! = 1.955 sec; x x T 2 = 0.782 sec; 
t,T 3 = 0.264 sec 

(3) t, = 1.850 sec; r x T, = 0.963 sec; 

TiT 3 = 0 



Fig. 7-5 Normalized curves yielding the time 


interval between 10 - and 80-percent response of 
the transient corresponding to combinations of 
various time constants- 


uy permission from Transactions of the AIEE, Volume 74, Part 
II, 1965, from article entitled 'Frequency Response from Experi- 
mental Nonoscillatory Transient-Response Data’, by H. Thal- 
Larsen. 


(d) To check for the necessity of a dead- 
time factor, enter Fig. 7-5 with the dimen- 
sionless time constants T from the second 
step to determine t 2 /x x . 

(1) Curve 1 - T- T for T = 0.275; 

1.075 

(2) Curve 1 — 0.4 — T for T = 0.135; 

1.055 

(3) Curve 1 - T for T = 0.520 ; 1.018 

(e) The conversion factor t, found in the 
third step, together with the results of the 
fourth step, permit the calculation of the 
actual time t 2 if no dead time is present. Thus, 
for the three combinations considered, there 
results 


(1) t 2 = 2.142 sec 

(2) t 2 = 2.060 sec 

(3) £•> = 1.885 sec 

(f) The times found in the fifth step when 
subtracted from the measured time t 2 yield 
the dead time t 0 . The actual measured time 
t 2 = 2.14 sec. Therefore, 


(1) t 0 = 2.14 — 2.142 = 0 

(2) t 0 = 2.14 - 2.060 = 0.080 sec 

(3) t 0 = 2.14- 1.885 = 0.255 sec 


(g) By substituting the appropriate values 
from steps (c) and (f) into Eq. (7-4), we 
find that the three transfer functions which 
approximate the response in the 10% to 80% 
interval are 


( 1 ) 


W{s) = 


1 

(1.9958+1) (0.549s+l) 2 


(2) W{s) = 

g- 0 . 080 * 

(1.9558+1) (0.782s+l) (0.264s+l) 


(3) 


W(s) - 


£-0.255* 

(1.85Qs+l) (0.963s+l) 


Chestnut and Mayer (Z7> give graphical 
methods that are useful for determining fre- 
quency response from transient response in 
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any case (oscillatory or nonoscillatory) . To 
find the frequency response associated with 
the nil'll irH/Hium 1 of a system, the time axis 
of the response is divided into equal intervals. 
Then a "staircase” approximation (see Fig. 
7-0) is made to the step response with each 
step occurring at the middle of a given time 
interval. If l„ is the middle of the nth time 
interval and \C„ is the change in the re- 
sponse occurring at then the frequency 
response is given hy 

W(j,„) £ AC (7-5) 

ti I 

This equation can l>e evaluated graphically 
at each frequency by a “vector” summation. 

To find the frequency response correspond- 
ing to the impulse renponxe of a system (the 
impulse being approximated experimentally 
by a short finite pulse), the time scale of the 



|fig. 7 -6\Rectangular approximation to step response. 



Fig. 7-7 Rectangular approximation to impulse 
response. 


rectangular 

impulse response is divided into equal inter- 
vals. Then a rectangular -pulse approxima- 
tion is made to the impulse response ( Fig. 
7-7). If t„ is the center of the nth time inter- 
val, t:„ — the value of the impulse response at 
f„, and At — the length of the time interval, 
then the frequency response is given by 

W(jm) £ (7-fi) 

II I 

This equation can l>e evaluated graphically at 
each frequency by a “vector” summation. 

Seamans et al. ,i!Si!9 ' use a triangular meth- 
od to approximate a given time function 
c(f). This is equivalent to approximating 
the time function by straight-line segments 
and then decomposing the straight-line ap- 
proximation into a series of isosceles triangles 
(Fig. 7-8). Once the transform of a single 
triangular pulse is known, the frequency func- 
tion corresponding to c(() is found 

from 


C ( ji » ) - e 


sin 


,\t 


u>\t 

~ 2 ~ 


Af X E.e / " wA ' 


(7-7) 


where f„ represents the time at the start of 
the first pulse, Af — the time interval be- 
tween pulses, and — the amplitude of the 
nth pulse. 

Guillemin , -’ , • : ’" , suggests that the time func- 
tion be approximated by a sequence of rational 
polynomials in ( (straight lines, parabolas, 



Fig. 7-8 Triangular approximation to time function. 
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cubics, etc.) . The approximate function c* (t) 
is differentiated enough times ( n times) to 
d n 

make c* a sequence of impulses. Actually, 

dt n 

the original function may be differentiated 
before approximating by polynomials so that 
lower-order polynomials can be used. The 
final impulse function is then transformed, 
yielding 


Linvill (15 - 28) has proposed a method for im- 
proving the foregoing approximation proce- 
dure. In this method, an investigation is made 
of the effect of varying the position of the 
approximate poles and zeros on the difference 
between the actual function and the first ap- 
proximation obtained from fitting the asymp- 
totes and their corresponding correction 
curves. For example, if 


CO®) ^2 

1=1 


a k e~ im,k 

0'a>) B 


(7-8) 


where a k is the magnitude of the kth impulse, 
t k — the time of occurrence of the kth impulse, 
and n — the total number of times the orig- 
inal function has been differentiated. - 

If rational approximations are sought for 
an experimentally derived frequency function 
W (ico) , advantage can be taken of the fact 
that the plot of 10 log 10 | W O'w) | vs logo) is 
easily representable by straight-line asymp- 
totes having slopes of ± 10 n dg/dec (n = 0, 
1, 2, . . . ) . By combining the straight-line ap- 
proximation of the magnitude function with 
the first- and second-order response curves 
given in Par. 5-3 (Figs. 5-7 through 5-10), 
curve fitting is possible. The easiest proce- 
dure is to use the magnitude curves to get a 
rough approximation and then to refine the 
approximation with the phase curves. 



Fig. 7-9 Triangle function. 


F (to) =10 logm | G (/to) 
and 


G (s) = 


s- - 2<j\S -f- a, 2 j- (Pi 2 

s- — 2 o 2 s -(- a? ah? 


(7-9) 

(7-10) 


then the change in F( to) resulting from small 
changes of the poles (H-o 2 ±;a) 2 ) and the 
zeros (+ oi ± jto,) is given by 


AF(to) = ^Aa.+^Aco! +-^Aa 2 

3<Ji 9tOi c>o 2 

+ -^Ato 2 (7-11) 
3<d 2 

The steps in the approximation procedure 
are as follows : 

(a) A plot is made of the difference be- 
tween the actual F( to) and the first approxi- 
mation in a frequency region where the first 
approximation is to be improved by changing 
the position of approximate poles and/or zeros 
which occur in this region. 

(b) The variation of the pertinent partial 
derivatives of F(to) with frequency co is de- 
termined in the vicinity of the approximate 
poles and/or zeros. 

(c) The pertinent partial-derivative curves 
are used to approximate AF(u>) in the fre- 
quency region of interest. From this approxi- 
mation, the necessary changes in the positions 
of the approximate poles and/or zeros are 
determined. 

The curves of Figs. 7-10A through 7-1 ON 
can be used to evaluate the necessary partial- 
derivative curves. Note that the phase correc- 
tions can be determined by using the same 
procedure. 
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CO 
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A. P^ENOENCE OF LOGARITHMIC GAIN ON 
MOTION OF A REAL ZERO 
F, - 20 LOG lie..-®,! 



B. DEPENDENCE OF LOGARITHMC GAIN 
ON MOTION OF A REAL ZERO 
F, - 20 LOG |j*.-o,| 


Fig. 7-10 Partial derivatives for Linvill's procedure. (Sheet 1 


From “The Selection of Network Functions to Approximate 
IVescrilw**! Frequency Characteristics’*. by J. G. Linvill, Research 
Laboratory of Electronic*, Technical Report No. 14B, March 14, 
19B0, Massachusetts Institute of Technology. 


of 10) 
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C. DEPENDENCE OF GAIN ON REAL PART OF ZERO (OR POLE) 

F e - 20 LOC |(j«)*_ 2 <,.()«,) + + o?\ 



tu 


D. DEPENDENCE OF CAIN ON REAL PART OF ZERO (OR POLE) 

F . 20 LOG !(j<o) J - 2 o.lji.,) + o c J + c c J | 

Fig. 7-10 Partial derivatives for Lin vi It's procedure. (Sheet 2 of 10) 
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Fig. 7-10 Partial derivatives for LinvilFs procedure. (Sheet 7 of 10) 
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Fig. 7-10 Partial derivatives for Linvill's procedure. (Sheet 9 of 10) 
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7-1.3 RELATIONS BETWEEN CLOSED-LOOP 
TRANSIENT RESPONSE AND CLOSED- 
LOOP POLE-ZERO CONFIGURATION 

It is desirable to be able to describe prop- 
erties of the transient response of a. system 
when one is given the closed-loop pole-zero 
configuration and vice versa. Usually, the de- 
signer is given specifications for some form 
of the transient response of a system. As a re- 
sult, the conversion of the transient-response 
specifications to a desired closed-loop pole- 
zero configuration is a starting point in many 
design procedures [see Par. 6-5 and refer- 
ences* 3 - 5 - 6 ’ 19 2028 *]. Since the usual assumption 
in these design procedures is that the closed- 
loop performance of the system is primarily 
controlled by a dominant pair of complex 
poles (dominant quadratic factor in the de- 
nominator), only the characteristics of an 
underdamped second-order system are pre- 
sented here. 

If the system being examined is a unity- 
feedback system with a pair of complex- 
conjugate poles and no closed-loop zeros, the 
closed-loop transfer function relating output 
to input is 


IF(s) = _^L = 

R(s) s 2 -f 2t,u>„s -f- co. 2 


(7-12) 


The error-to-input transfer function is 


E(s) _ s(s + 2^0,) 

R ( s ) s 2 4- 2i/o„s -f- to„ 2 

The open-loop transfer function is 


(7-13) 


G(s) = OHa? 

E(s) *(* + 2&o.) 

In these equations, 

g>„ = natural frequency 

and 


(7-14) 


% = damping ratio. 


The magnitude and phase of the closed-loop 
frequency response W (/«) are the second- 
order quadratic factor curves presented in 
Par. 5-3. The velocity constant K v of the sys- 
tem is 


The first three error coefficients are 


e„ = 0 

(7-16) 

1 

Cl = 

Kv 

(7-17) 

1 - 4£ 2 

e2 = 

(7-18) 


«v 


The error response curves for a unit-ramp 
input are given in Fig. 7-11. Note the steady- 
state error for a unit-ramp input to this sys- 
tem is given by 


2 ? 


to* 


1 

K, 


(7-19) 


The error response curves for a unit-step 
input are given in Fig. 7-12. The output re- 
sponse can be obtained from these curves by 
subtracting them from unity. The solution 
time or settling time t, of the step response is 
the time for the output to reach 98% of its 
final value or for the error to fall to 2% of its 
initial value. For the second-order system, 


= ~ (7-20) 

£to„ 

The output response curves for a unit-step 
input are plotted in Fig. 7-13. 



Dimensionless transient error-response 
curves of a second-order servomechanism to a 
unit-ramp input. 


Fig. 7-11 



(7-15) 


Adapted with permission from Principles of Servomechanisms, 
by G. S. Brown and D. P. Campbell, Copyright, 1948, John 
Wiley 4 Sons, Inc- 
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Quantitative descriptions of the relation- 
ships between properties of the transient re- 
sponse and the frequency response of a 
second-order system will now be given. The 
resonant frequency of the closed-loop re- 
sponse W (j<o) is 


= <0. VI - 2? (7-21) 

The magnitude of the resonant peak M„ (see 
Fig. 7-14) is given by the relation 


M„ = 


1 

21; VT - V 


(7-22) 


The frequency of damped transient oscilla- 
tion ojrf (damped natural frequency) is 


o) 4 = a) B V 1 — p (7-23) 

The time taken to reach the first peak in the 
otitput response to a unit-step input is 



Fig. 7-13 Transient output-response curves of a 


second-order servomechanism to a unit-step input. 


tm t — 


Jt 

V 1 - ? 


(7-24) 


Adapted with permission from Principle* of Servomechanism a, 
by G. S. Brown and D. P. Campbell, Copyright, 1948, John 
Wiley A Sons, Inc. 




DAMPING RATIO, £ 


Fig. 7-12 Transient error-response curves of a 


second-order servomechanism to a unit-step input. 


Fig. 7-14 Peak magnitude M P versus damping ratio 


t; for a second-order servomechanism. 


Adapted with permission from Principles of Servomechanisms, 
by G. S. Brown and D. P. Campbell, Copyright, 1948, John 
Wiley A Sons, Inc. 


Adapted with permission from Principles of Servomechanisms, 
by G. S. Brown and D. P. Campbell, Copyright, 1948, John 
Wiley A Sons, Inc. 
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The peak overshoot P m in the output response 
to a unit-step input (see Fig. 7-15) is 

P„ = e- (7-25) 

If bandwidth is defined as the frequency a)» 
at which 10 log 10 1 W (ja>) j is down 1.5 dg from 
the zero-frequency value, then 

®* = (Onfl - 2t? + \/2-4C 2 +4C‘] 1/2 

(7-26) 

With the important characteristics of a 
second-order system described, it is possible 
to use these characteristics to aid in establish- 
ing a desired closed-loop pole-zero configura- 
tion from the transient-response specifica- 
tions. 

A few general relations between pole-zero 
configurations and transient-response charac- 
teristics are in order. Most closed-loop re- 
sponse functions of unity-feedback systems, 
W(s), are characterized by a pair of dominant 
complex poles, one or more dipoles (pole and 
zero close together) , one or more finite zeros, 
and poles whose magnitudes are much greater 
(a factor of five or more) than the magnitude 



Overshoot variation with 


By permission from Automatic Feedback Control Syetem Syn- 
theeie, by J. G. Truxal, Copyright, 1956, McGraw-Hill Book 
Company, Inc. 


Fig. 7-15 


of the dominant pair of poles. (3 ’ 6>6 ' 12 - 18 ' I9>28) 
The pertinent relations are as follows : 

(a) The addition of a real zero toW(s) 
tends to increase the overshoot of the output 
response to a unit-step input, decreasing the 
rise time and time delay. 

(b) The addition of a real pole to W(s) 
tends to decrease the overshoot of the output 
response to a unit-step input, increasing the 
rise time and time delay. 

(c) The addition of real poles to W (s) 
whose magnitudes are much larger than the 
magnitude of the dominant pole pair has very 
little effect on the transient response. 

(d) The addition of complex poles to W(s) 
whose magnitudes are much larger than the 
magnitude of the dominant pole pair has very 
little effect on the transient response provided 
the damping ratio of the added poles is not too 
small. 

(e) The addition of a dipole to W(s) has 
very little effect on the step response of the 
system but may have a pronounced effect on 
the steady-state errors of the system. 

(f) The excess of poles over zeros for 
W (s) is equal to or greater than the excess 
of poles over zeros for the fixed-element 
transfer function G r (s). 

(g) Most military applications require 
that W(0) =1. This implies that the open- 
loop transfer functions C(s)/E(s) = G(s) 
have at least one pole at the origin. 

(h) In any system with one open-loop pole 
at the origin, the first three error coefficients 
are 

e 0 = 0 (7-27) 

1 "1 m 1 
e, = -^= 2— -2— (7-28) 

t= 1 Pi i = 1 Zj 

e 2 = -y(-^7+ £ -y- £ ~) 

2 \K V 2 Pj 2 y=i Zj 2 / 

(7-29) 

where —p s is the jth pole of W (s), —z f is 
the jth zero of W(s), and K v is the velocity 
constant of the system. 
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(i) In any system with two open-loop 
poles at the origin, the first three error co- 
efficients are 

e„ = 0 


(7-30) 

*i = 0 (K,— ) 


(7-31) 

e ,_ —( y J— 

_y J_\_ 

1 


" 2 2 / 

i=i z i / 

ST 

co 

i 

i 

* 

i 


where K a is the acceleration constant, — p, 
is the jth pole of IF(s), and — Zj is the jth 
zero of IF(s). 


(j) If the cutoff frequency is defined 
as the frequency at which the phase of the 
closed-loop frequency response is — 90° and 
the buildup time t iu is the time for the output 
response first to cross unity for a step input, 
then 


t hu ~ -2— (7-33) 

(k) If the rise time t r is defined as the 
time required for the output response to a 
unit-step input to go from 10% to 90% of 
its final value and (u b is the bandwidth as de- 
fine? 'immediately above Eq. (7-26), then 
for a response with less than 10% overshoot, 

^ - 0.30 to 0.45 (7-34) 

2 n 

(l) If the delay time t d is defined as the 
time for the output response to a unit step 
to reach 50% of its final value, then 

U « (7-35) 

(m) If the rise time t r is as defined in (k ) , 


2 n 


tr * 


( 2e 2 H — — ) 
\ K v 2 ) 


(7-36) 


where e 2 is the second error coefficient and K v 
is the velocity constant. 


(n) If the settling time (solution time) t, 
is the time for the output response to a unit- 
step input to reach 98% of its final value, 
then 


f, =£ 3 t bu to 5 t bv 


(7-37) 


From the characteristics of the second- 
order system and the general relations (a) 
through (n) of the preceding paragraph, the 
conversion of time-domain specifications to 
a closed-loop pole-zero configuration becomes 
a fairly straightforward matter. Truxal (28) 
presents a very good description of a typical 
procedure. 

Example. The specifications for a servo- 
mechanism are as follows : 


(a) G,(a) = 


K 

s(s + a) 


(b) The bandwidth co b of the closed-loop 
response shall be less than 50 rad/sec, and 
the output response of the system to a unit- 
step input shall have an overshoot less than 
5% of the final value. 


(c) K v 2:50 sec 1 

(d) je s | ^ 0.01 sec 2 


Find a closed-loop pole-zero configuration 
that satisfies these specifications. 

Solution. If the system is initially approxi- 
mated by a second-order response with no 
zeros, Fig. 7-15 shows that £ 2: 0.7 for a peak 
overshoot P ov ^ 5%. For £ = 0.7, Eq. (7-26) 
yields o) 6 = co„. Therefore, «„ ^ 50 rad/sec. 
The dominant pole pair is thus placed at 
s = —35 ± 35/ corresponding to ro, = 49.5 
rad/sec and X, = 0.707. Now using Eq. (7-15) , 
we find that K v = 35 sec- 1 , which is too small a 
value. To increase K v , a dipole will be added. 
The pole of the dipole must not be set at too 
low a frequency or else an excessively long 
tail in the transient will occur. The magni- 
tude of the pole of the dipole will therefore be 
chosen to be one-tenth the real part of the 
dominant poles. This corresponds to a pole at 
—3.5. To determine the location of the zero 
of the dipole, Eq. (7-28) is used. At this 
point, the approximate closed-loop response 
is 


— — a>„- (s -)- Zi) 

IF(s) s £> 

(s 2 + 2£w„s + u>„ 2 ) (s + Pi ) 
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where p l = + 3.5, X, = 0.7, <o„ = 49.5, and z x 
is to be determined. Using Eq. (7-23), 

J_ _ J_ 1 

K v ~ Pi + 


l w„ — j(0„\/l — X 1 Z\ 

or, 

— J_ 

Zj Vi <*>» Kv 

Therefore, z x = 3.40. The desired pole-zero 
configuration for W (s) is given by 

g* 2520 (s -f 3.4) 

(s 2 + 70s + 2450) (s + 3.5) 

The second error coefficient of this system can 
be found from Eq. (7-29). Thus, 


«2 = — — 


11 

f 1 , 

, 1 , 

2 I 

[K v ^ 

pS 


1 


+ ( i—V-J- 


Evaluating this expression, it is found that 
e 2 = 2 X 10-* sec 2 , which is well within speci- 
fications. All the specifications should be 
checked at this point to insure that the sys- 
tem behaves as desired. The example above 
has been carried out far enough to demon- 
strate the basic ideas involved in finding a 
closed-loop pole-zero configuration that satis- 
fies the given specifications. 


7-1.4 RELATIONS BETWEEN OPEN-LOOP 

FREQUENCY RESPONSE AND CLOSED- 
TRANSIENT RESPONSE > .1 2,23,1*) 

Since most of the design techniques dis- 
cussed in Pars. 6-2, 6-3, and 6-4 involve con- 
siderations of the open-loop frequency re- 
sponse C (j<a) /E (jut) - G(jm ) , methods for 
relating the open-loop frequency response to 
the closed-loop transient response will be pre- 
sented here. 

Harris et al. (7 » present an approximate 
technique for determining the error response 
e{t) to a transformable input r(t). If a) c is 
defined as the frequency at which the open- 
loop asymptotes cross 0 dg (asymptote cross- 
over frequency; see Fig. 7-16), this method 


assumes that a> c occurs in a region where the 
slope of the asymptote is —10 dg/dec. In 
general, the shape of the open-loop asymptote 
for frequencies greater than co c has little 
effect on the transient response of the system. 

The reciprocal error-to-input transfer 
function R(s)/E(s) can be found from the 
open-loop response C(s)/E(s) by using the 
relation 


R(s) _ C(s) 
E(s) ~ E(s) 


(7-38) 


Since the open-loop asymptote function 
C(s)/E(s ) is almost always a monotonically 
decreasing function of frequency, the asymp- 
tote crossover frequency o> c divides the fre- 
quency scale into two regions : 


R(s) 

E(s) 

R(s) 

E(s) 


W I O I - 

= 1 for to > > u> c 


(7-39) 

(7-40) 


The procedure for finding e(t) is as follows : 
(a) From [R(s)/E(s)] approximale by using 
all factors of C(s)/E(s) corresponding to 
poles and zeros of C(s)/E(s ) with magnitudes 
(break frequencies) less than u> c . Delete all 
other factors of C ( s)/E(s ) and add a numer- 
ator factor equal to (1 +— ). 

V i oj 


(b) [ E ( s ) /R(s)1 approximale is the reciprocal 
of [E(s)/E(s)] 

approximate • From the transform 
R(s) of the input r(t) and the approximate 
error-to-input transfer function, find the first 



Fig. 7-16\ Typical open-loop asymptote function. 
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approximation to e(t) by performing the in- 
verse Laplace transformation of the function 
\_E(s)/R(s)] apfroxi m a i e X R(s) and plotting 
this time function. 


(c) Find the correction ratio. 


/ \_R(s)/E(s )] approximate 

[ [R(s)/E(s) ] exact 


(7-41) 


s = ) 0 i c 


(d) The ends <o, and <o„ of the —10 dg/dec 
slope region which fixes o) c are called the low- 
er-and upper-corner (or break) frequencies 
of the —10 dg/dec region (see Fig. 7-16) . The 
plot of the first approximation to e(t) found 
in (b) is multiplied by the correction ratio p 
in the time interval 

— < t < — (7-42) 

0)„ (o, 

and the resulting curves are joined smoothly 
in the regions t — l/to u and t = 1/co,. This 
method works best if the —10 dg/dec slope 
region is fairly long (co„/co, as 8) and if the 
closed-loop Af„ is close to unity. 


— — ^ the ratio of to,, the lowest frequency 

® e of oscillation for a step input, to <o c , 
the frequency at which the open- 
loop asymptote crosses 0 db (deci- 
bels). 


U> c tp 


t. the asymptote crossover frequency 
co c times t P , the response time from 
the start of the step function until 


C 

R p 


occurs. 


c o c t, * the asymptote crossover frequency 
(o c times f „ the settling time from 
the start of the step function until 
the output continues to differ from 
the input by less than 5%. 



Chestnut and Mayer <8 - 26) present a series 
of charts that can be used to determine the 
properties of a unity-feedback system from 
the asymptotes of the open-loop frequency 
response. These charts utilize the following 
terminology (see Fig. 7-17) : 





a, RADIANS PER SECOND 


c 

R 

£ 

R 


L 


* M„, the maximum ratio of closed- 
loop frequency response 

* the peak value of the ratio of con- 
trolled variable (output) to refer- 
ence variable (input) for a step in- 
put 


tOm 

0) c 


* the ratio of the frequency co m at 


which — 
R 


occurs to the frequency 

m 


(o c at which the straight-line ap- 
proximation (asymptote) of the 
open-loop response is 0 decibels. 
(Note: 2 decilogs = 1 decibel.) 



Fig. 7-17 Sketches showing nomenclature used to 
describe various characteristics of servomechanism 
performance. 


Reprinted with permission from Servomechanisms and Regu- 
lating System Design, Volume I, by H. Chestnut and R. W. 
Mayer, Copyright, 1961, John Wiley & Sons, Inc. 
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Additional definitions are given in Fig. 7-17. 
The charts correlating the quantities defined 
here are presented in Fig. 7-18 (sheets 1-18) . 
It should be noted that these charts can be 
used either for analysis or for synthesis. 

Biemson (11) presents an excellent method 
for determining the closed-loop poles of a sys- 
tem from the open-loop frequency response. 
If it is assumed that the asymptote crossover 
frequency to,, of the open-loop frequency re- 
sponse occurs in (or near) a frequency region 
where the slope of the asymptote is — 10dg/ 
dec, then the following relations hold if 
|G(/to)| is a monotonically decreasing func- 
tion: 


| G (j<a) | ssl for <o =s (o c (7-43) 

|G(j<o)| >>1 for«> << ( 0 e (low-frequency 
range) (7-44) 

|G(/<o) | <<1 for to >> m c (high-frequency 
range) (7-45) 


The first approximation to the location of the 
poles of the closed-loop transfer function 
C(s)/R ( s ) is obtained from the following : 

(a) The zeros of G(s) whose magnitudes 
are less than w c (low-frequency zeros) 

(b) The poles of G(s) whose magnitudes 
are greater than m c (high-frequency poles) 

(c) A pole at s = —<o c 

For real or complex closed-loop poles which 
are far from a> c in magnitude, the shift from 
the first approximation of these poles to their 
actual location can be calculated by a succes- 
sive-approximation method which converges 
more rapidly the further the poles are from 
o) c . If a closed-loop pole is approximated by a 
low-frequency zero of G(s), then the true lo- 
cation of the closed-loop pole Si can be deter- 
mined by successively evaluating 


(5.)-^ 


( s — s a ) H 
G(s) .=* 

for |s 0 | < <b c , and s 4 =* s„ 


(7-46) 

where n is the order of the open-loop zero, s a is 
the location of the open-loop zero, and 5 0 is the 
shift from the open-loop zero to the closed- 
loop pole, i.e., 5 a = si — Sa- 


if a closed-loop pole is approximated by a 
high-frequency pole of G (s) , then the true lo- 
cation of the closed-loop pole s 2 can be deter- 
mined by evaluating 


(8fc)“ ss — [(s — s s )"G(s)] , = , 

for |s»| > to c , and s 2 = s„ 
(7-47) 

where n is the order of the open-loop pole, s a is 
the location of the open-loop pole, and 8 6 is the 
shift from the open-loop pole to the closed- 
loop pole, i.e., 5» = s 2 — s». 

For closed-loop poles near a graphical 
procedure* 11 * is recommended since the con- 
vergence of the numerical method employing 
Eqs. (7-46) and (7-47) is either slow or nonex- 
istent. The graphical procedure involves plots 
of G (s) for s = — a + ju» (along axes other 
than the imaginary axis) . Because the graph- 
ical procedure tends to be somewhat lengthy, 
it will not be given here. 

Example. The open-loop transfer function 
of a unity-feedback system is given by 


G(s) = 
where 


Kq(s - f - < 1 ) 2 ) ( 8 ( 1 ) 3 ) 
s(s +a>i) 2 (s + to 4 ) 2 


(7-48) 


a>i = 0.04 
o >2 — 0.2 
C03 = 1 
to* = 16 


K 0 is a proportionality constant whose value 
is to be determined. The asymptotes of this 
function are sketched in Fig. 7-19. The cross- 
over frequency m c is chosen as the geometric 
mean of <o 3 and since this particular choice 
tends to produce the lowest closed-loop M„. 
Near co e , the asymptote is given by 


Asymp 



At the crossover frequency, <o c , therefore. 


K b 

w<w 4 2 

or 


= 1 


K 0 = a) c a) 4 2 — y/wsu >4 <o 4 2 = 4o) t 2 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 


response following a step function of input as a function of C 0 i/a) c . (Sheet 1 of 18) 


Reprinted with permission from Servomechanisms and Regu - 
fating System Design, Volume I, by H. Chestnut and R. W. 
Mayer, Copyright, 1961, John Wiley A Sons, Inc. 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of C0r/(0 c . (Sheet 2 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of (Oi/<j) c . ( Sheet 3 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of Wi/o) c . (Sheet 4 of 18) 
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Fig. 7-18 Comparison of sfeady-staie frequency response characteristics and transient 
response following a step function of input as a function of Wi/o) c . (Sheet 5 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of (Oi/qv (Sheet 6 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of ati/<o c . (Sheet 7 of 18) 
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Fig. 7-18 Comparison of steady-stale frequency response characteristics and transient 
response following a step function of input as a function of u> ( / 0 ) c . (Sheet 8 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of U) ( /o) c . (Sheet 9 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of (Sheet 10 of 18) 
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Fig. 7-1 <i Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of a>i/< o c . (Sheet 11 of 18) 
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Fig. 7-18 Comparison of steady -stale frequency response characteristics and transient 
response following a step function of input as a function of co,/<o c . (Sheet 12 of 18) 
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Fig. 7-18 Comparison of sfeady-state frequency response characteristics and transient 
response following a step function of input as a function of (tii/ 0 ) t . (Sheet 13 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of to,/ to c . (Sheet 14 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of a>i/a> c . (Sheet 15 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of <Oi/<a e . (Sheet 16 of 18) 
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Fig. 7-18 Comparison of steady-state frequency response characteristics and transient 
response following a step function of input as a function of (Sheet 17 of 18) 
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Fig. 7-18 Comparison of steady -sfaie frequency response characteristics and transient 
response following a step function of input as a function of Wi/o) c . (Sheet 18 of 18) 
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Inspection of Fig. 7-19 and Eq. (7-48) shows 
that the low-frequency zeros of G(s) occur at 
— <02 and — <o 3 and that the high-frequency 
poles of G(s) consist of a double pole at 
— <o 4 . Therefore, the poles of the first approxi- 
mation to C(s)/R(s) occur at — <o 2 (single- 
order) , — <o 3 (single-order) , and —ox, (double- 
order), plus one pole at — a> c . The zeros of 
C(s)/R(s) are the zeros of G(s), —<02 and 
— <o 3 . As a result, the first approximation to 
C(s)/R(s) is 

C(s) _ <Oc<u« 2 

R(s) (s -f <o c ) (s 4- <o 4 ) 2 

K„ (zeros of G(s) above <o e ) 
(s + (o c ) (poles of G ( s ) above <o c ) 

(7-49) 

The first approximation to E(s) is found to 
be 

E(s) 8 (s + <0|) 2 

R(s ) ~ (s + <o c ) (s + <o 2 ) (s + <*>2) 

1 (poles of G(s) below <a c ) 
— (s + w c ) (zeros of G(s) below <o c ) 

(7-50) 

The approximate factors of l-(-G(s) are 
given by 

1 + G(s) = (s + 0.2) (s + 1) (s + 4) 

(s + 16)* (7-51) 

To evaluate the shifts from the approximate 
factors given in Eq. (7-51), Eqs. (7-46) and 



Fig. 7-19 Sketch of open-loop asymptote function. 


(7-47) are used. The numerical form of 
G(s) is 


4X 16*(s + 0.2 )(s+l) 

s(s + 0.04) 2 (s + 16) 2 


(7-52) 


Since a) c = 4, the numerical method should be 
tried for the factors (s + 0.2), (s -f- 1), and 
(s+16). The shift from the approximate 
pole at s = —0.2 to the true pole is given by 


5 2 = 


(s-f 0-2) 1 
G (s) J *=-o.2 


0.0016 

(7-53) 


Since this quantity is small, the true pole 
lies at 


s - _0.2 + 0.0016 = -0.1984 

For the approximate pole at s = — o> 3 = — 1, 
the shift to the true pole is given by 


8 3 = 


( 8 + 1) 1 

G(s) J^-i 


-0.253 


(7-54, 


This quantity is reasonably large so that a 
second approximation to 5 3 is made by evalu- 
ating the right side of Eq. (7-54) at s = 
(— 1) + (—0.253), instead of at s = — 1, 
yielding 


5 - -(* + 1) 1 
3 G(s) 


= -0.373 


(7-55) 


The shift is still not too well approximated 
since the change from Eq. (7-54) to (7-55) is 
significant. The third approximation to 8 3 is 
obtained by evaluating Eq. (7-55) at s = 
(—1) + (—0.373), instead of at s = —1.253, 
yielding 


8 3 = 


-(8 + 1) 1 

G(s) j 


*=— 1.373 


-0.435 


(7-56) 


Since the original approximate closed-loop 
pole at 8 = —1 was fairly close to the cross- 
over frequency <o e = 4, it is to be expected that 
the process of determining the shift 8 3 will 
converge fairly slowly. The succeeding ap- 
proximations to the value of the pole are as 
follows : 

-1.468, -1.485, -1.496, -1.503, -1.507, 
—1.509, and finally —1.510. 
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For the approximate double-order pole at s = 
—16, the shift is given by 

(8 4 ) 2 as — (s + 16) 2 G(s)l =59.6 

J«=-16 

(7-57) 

or 

8 4 = ±7.7 

The original double-order pole splits in two, 
one pole moving toward co c and the other pole 
moving away from co c . Only the pole moving 
away from to c can be determined by the numer- 
ical method. The second approximation to the 
shift of this pole is s = (—16) + (—7.7) 
= —23.7. The third approximation to the 
shift of this pole is obtained by evaluating Eq. 
(7-57) at s = —23.7, instead of at s = —16, 
yielding 

( 84) 2 as — (a -)- 16) 2 (r(s)] =±6.4 

1 *=- 23.7 

(7-58) 

or s = —22.4 is the third approximation to the 
pole. Keeping track of the negative shift in 
this case, the succeeding values of the pole are 
found to be —22.6 and finally —22.56. 

Thus, three of the five “exact” factors of 
1 + G(s) are (s + 0.1984), (s + 1.51), and 
(s + 22.56) . Dividing these factors out yields 
the remaining complex poles at s = —4.35 
± /3.3. The “exact” close-loop response C/R 
is therefore 


(a) The rise time is approximately l/co cm , 
where the rise time is defined as the time for 
the output response to a unit-step input to 
reach 0.63. 

(b) The peak error for a unit-ramp input 
is approximately 1/gw 

(c) The peak output response for a unit- 
impulse input is approximately ow 

(d) The peak overshoot in the output re- 
sponse to a unit-step input is best determined 
from M„ by means of Figs. 7-14 and 7-15. 

(e) The settling time t s is approximated by 
the settling time of the equivalent second-or- 
der system unless G(s) has low-frequency 
zeros produced by integral networks. 

(f) If a first-order lag network (integral 
network) has been used to compensate the 
system, the peak overshoot of the output re- 
sponse to a unit-step input will be increased. 
If T c is the time constant of the lag network, 
an additional transient term Ae- ,/Tc is added 
to the step response, where A as \/Tjn c and 
o) c is the asymptote crossover frequency. 

(g) If an integral network is added to a 
system, the rate of decay of the error response 
to a unit-ramp input response is determined 
by the time constant T c of the integral net- 
work. This response can be sketched from the 
following considerations : 


C(s ) 1014(s + 0.2)(s+l) 

R(s ) ( s + 0.1984) ( s +1.51) (s + 22.56) (s 2 + 8.69s +30) 


Although the detail with which this example 
has been presented may make the procedure 
seem laborious, actually it is extremely rapid 
even when the rate of convergence of the suc- 
cessive approximations is relatively slow. 
Note, also, that any desirable degree of accu- 
racy can be maintained. 

In other papers <23>25) , Biemson gives a very 
good summary of approximate relations be- 
tween the open-loop frequency response and 
the closed-loop transient response. If co cm is de- 
fined as the frequency at which the magnitude 
of G (/a)) crosses the 0-dg line (magnitude 
crossover frequency) , then 


( 1 ) The response initially rises at the same 
rate as the input. 

(2) The peak of the response is l/<w 

(3) If to,, is the asymptote crossover fre- 
quency, the tail of the response is approxi- 
mately the tail of an exponential with time 
constant T c starting from l/o> c at t =0 and 
falling to 1/K V at t = 00 , where K v is the vel- 
ocity constant. 

( h ) The maximum time delay by which the 
output response to a unit-ramp input lags the 
input ramp is approximately equal to the rise 
time (0.63-value) of the output response to a 
unit-step input. 
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7-2 ERROR COEFFICIENTS'” 23 27 11 12) 


Paragraph 7-1 discusses the performance of 
feedback-control systems in terms of transi- 
ent response and frequency response. Both of 
these views are intimately connected and stem 
from the impulse-response and convolution- 
integral description which forms the basis for 
all performance-evaluation methods. Unfor- 
tunately, it is generally true that the evalua- 
tion of performance by any of the foregoing 
methods is very laborious when the input is 
an arbitrary (but definable) time function. 
The error-coefficient method is a technique 
which aids the designer in such a case. Para- 
graph 3-6 shows that the error response of a 
system to a specified input can be expressed in 
terms of the input, its derivatives, and a set 
of error coefficients derivable from the trans- 
fer function of the system. The expression for 
the error response is 

e(t) — e u r(t) -f- e\ r'(t) -f- e 2 r"(t) -|- . . . 

(7-60) 

where the error coefficients e„, e u e 2 , . . . are 
the coefficients of the Maclaurin series expan- 
sion of the error-to-input transfer function 
E(s)/R(s), i.e., 

„ . — Co + e,s + e 2 s 2 -f- . . . (7-61) 

R(s) 

This expansion is valid everywhere except 
where the input or any of its derivatives are 
discontinuous. For practical purposes, only a 
few terms of the expansion are used to evalu- 
ate the error response. However, the expan- 
sion cannot be used near points of discontinu- 
ity of r, r', r", . . . if accurate results are 
sought. Thus, for example, if a step discontin- 
uity occurs in the input r (t ) , the expansion is 
invalid for a time interval extending from the 
instant t„ at which the step occurs to the time 
(t 0 4- <„), where t, is the settling time of the 
transient error response to the step (time for 
the error transient to fall to 2% of its initial 
value) . Obviously, the step can be ignored if it 
is small compared to the remaining terms of 
the expansion in the interval t 0 < t < (<„ + £,). 


Biernson (23) has suggested that the foregoing 
difficulty can be resolved by examining 
r, r’, r ", . . . for discontinuities and subtract- 
ing these discontinuities from the correspond- 
ing functions. The remaining functions will 
all be continuous, and the expansion can be 
applied over the entire time range of interest. 
Then, the effects of the discontinuities in 
r, r\ r", . . . are added to the response. In this 
procedure, a discontinuity in a function is con- 
sidered to occur if the function rises (or de- 
cays) more abruptly than the corresponding 
transient response to the discontinuity. In 
comparing the rise rate of the two curves, a 
convenient criterion is to compare the times 
for the two curves to reach 63% of the initial 
rise (or decay) of the curves. 

A convenient procedure for determining the 
error coefficients required to satisfy perform- 
ance specifications is the following : 

(a) Given the input r(t) and the maximum 
allowable error e max which can be tolerated at 
any time, determine the derivatives /, r", r”', 
. . . of the input r(t). 

(b) Assume values of the error coefficients 
so that the maximum value of each component 
term in the expansion [Eq. (7-60)] is equal 
to 

(c) Add the curves obtained in (b) to ob- 
tain the first trial value of the error response 
eAt). 

(d) There will be times in which the first 
trial e x (t) will exceed e muJ .. Referring to the 
curves found in (b) , decide which of the func- 
tions r, r', r" have their maxima in regions 
where e 1 (t) exceeds e mai . 

(e) Reduce the assumed values of the error 
coefficients in (b) associated with the func- 
tions found in (d) . 

(f) Add the adjusted curves found in (e) 
to those functions [found in (b)] which have 
not been changed. Determine whether e m „, r is 
now exceeded and, if so, repeat (d) and (e). 
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Once the error coefficients have been speci- 
fied by means of a procedure similar to the 
foregoing, the design of the system can be 
carried out as follows : 

( a ) The system is designed to meet all other 
specifications on transient response and fre- 
quency response such as bandwidth, M„, P ov , 
etc. 

(b) The error coefficients of the system 
designed in (a) are found in terms of the 
system parameters and the gain. 

(c) If any of the error coefficients found in 
(b) exceed their specified values, they may be 
reduced by increasing the system gain, if 
possible, by the introduction of low-frequency 
dipole lead functions in the pole-zero config- 
uration of the open-loop transfer function 
G(s), or by the feedback-compensation tech- 
nique suggested by King. (17 > 

(d) The specifications on transient re- 


sponse and frequency response are rechecked, 
and step (c) is modified if necessary. 

A warning should be added. Whenever at- 
tempts are made to reduce one or more error 
coefficients of a system by the methods sug- 
gested above, it is possible that higher-order 
error coefficients may increase. Therefore, if 
by the addition of a low-frequency lead di- 
pole, an error coefficient can be reduced to 
zero, a check should be made to insure that 
higher coefficients have not been increased 
excessively. In addition, it is generally true 
that low-frequency poles in a transfer func- 
tion tend to increase the settling time of the 
response of the system to steps in the higher 
input-derivative functions. Therefore, if the 
actual input being examined has discontinui- 
ties in one or more of its higher derivatives, 
the effect of the longer settling time in the re- 
sponse to these discontinuities must be deter- 
mined. 


7-3 PERFORMANCE INDICES 0 ' 2 '*' 14 '" "> 


A performance index P is a single number 
which is used as an indirect measure of sys- 
tem performance. Other measures of system 
performance have already been considered, 
such as the various commonly used parame- 
ters M„ bandwidth, rise time, peak overshoot, 
etc. However, these parameters provide only 
a partial description of performance since, in 
a sense, only part of the corresponding re- 
sponse is described by each. To be sure, if 
enough of these “response parameters ” (for 
want of a better term) are known, an accu- 
rate description of the corresponding re- 
sponse is possible. That is, the “response 
parameters” may be considered direct de- 
scriptions of the shape of their associated 
responses. However, since a response func- 
tion is continuous, theoretically an infinite 
number of response parameters are necessary 
to describe the response. To get around the 
use of a multitude of response parameters, a 


performance index may be used. The use of 
performance indices is an attempt to replace 
the functional description of the performance 
of a system through its response parameters 
by a numerical description that rates the 
system performance with a single number. 

Paragraphs 8-1 and 8-2 describe various 
techniques for using performance indices. 
This section merely presents the commonly 
used indices together with the input condi- 
tions for which they apply. Table 7-1 is a 
summary of these indices. In practice, the 
performance index corresponding to the spec- 
ified input is found, and the system is ad- 
justed to optimize (minimize or maximize) 
the index. The indices P u Pz, P 5 , P 6 , P-, and 
P 8 can be used in purely analytical proce- 
dures. However, P 2 and P 4 are not treated 
analytically but rather through the use of 
analog computers. 
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TABLE 7-1 COMMON PERFORMANCE INDICES 


Index 

Input 

Description or Name 

Reference 

P a = j X e dt 

Transient 

Control area 

1,2 * 1 

P 2 = f*\e\ dt 

Transient 

Integral absolute error (IAE) 

9 

P 3 = J' t e dt 

Transient 


1 

P 4 — f 1 1 e | dt 

Transient 

Integral-time-multiplied absolute 
error (ITAE) 

14,16,18 

P 5 = f e 2 3 4 5 dt 

Jo 

Transient 

Integral-square error (ISE) 

9,18,33,34 

P # =f°°te 2 dt 

Transient 



P 7 = P 3 /Pi 2 

Transient 


1 

P 8 =^ 

Stochastic 

Mean-square error (MSE) 

34,35 
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CHAPTER 8 

OPTIMIZATION METHODS FOR TRANSIENT AND 
STOCHASTIC INPUTS* 


8-1 CRITERIA OF PERFORMANCE 


In Par. 7-3 it was indicated that the con- 
ventional measures of performance such as 
rise time, peak overshoot, solution time, M„, 
etc. were merely partial descriptions of the 
frequency response of a system or the shape 
of a particular transient response. As a 
result, an adequate description of system be- 
havior requires a fair number of response or 
performance parameters. To avoid using a 
multiplicity of response parameters (num- 
bers which describe the response such as M„, 
peak overshoot, bandwidth, rise time, etc.) 
attempts have been made to describe system 
behavior in terms of performance indices. A 
performance index is a single number which 
can be used as a criterion of performance. 
The pertinent performance indices used are 
those directly related to system error since 
error is the basic determinant of the “good- 
ness” of a system. The most common per- 
formance indices are those listed in Par. 7-3. 

When performance indices are used in sys- 
tem design, the usual procedure is to mini- 
mize the index if it is a direct measure of 
error. With a given index one also associates 
the specified input to the system. Several ap- 
proaches can be used in carrying out the 
minimization procedure. 

In one approach it may be assumed that all 
but a few of the system parameters are speci- 
fied. Then, the optimization procedure in- 
volves the adjustment of the free parameters 
so as to minimize the performance index. 


*By L. A. Gould 


Such a procedure is called a fixed-configura- 
tion minimization method or technique since 
the form of the system is specified and only 
the numerical values of the free parameters 
are sought. 

In another approach nothing is assumed 
about the configuration of the system. Here 
the entire impulse response of the system is 
varied to minimize the performance index. 
This procedure is called a free-configuration 
minimization method or technique. 

Of the two procedures, the easier one to 
apply and the one more commonly used is the 
fixed-configuration technique since the pro- 
cess of minimization can be carried out by 
differentiating the performance index with 
respect to the free parameters and setting the 
resulting partial derivatives equal to zero. 
The fixed-configuration technique is also easy 
to apply when use is made of an analog com- 
puter. The free-configuration method, on the 
other hand, is less commonly used because it 
can only be applied by the use of the calculus 
of variations since in this case a system func- 
tion (rather than a system parameter) is 
varied to obtain a minimum. 

In practice, the application of optimization 
methods can lead to failure when one is not 
cognizant of the limitations of the mathemati- 
cal model that represents the physical system. 
The optimum system often requires cancella- 
tion of the characteristics of the fixed ele- 
ments of the system, resulting in an unneces- 
sarily wide-band performance and concurrent 
nonlinear operation. To avoid this, con- 
straints may be placed on signal levels or on 
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bandwidth. Constrained optimization brings 
the designer closer to the practical limitations 
of the system and serves to guide system de- 
sign in a realistic way. 

The primary advantages of optimization 
procedures (as contrasted with conventional 
trial-and-error procedures) are twofold. 


First, the designer is able, through optimiza- 
tion, to decide whether a given set of specifi- 
cations is compatible. Second, the designer 
can decide whether a compatible set of speci- 
fications can be satisfied when bounded by 
constraints. 


8-2 OPTIMUM SYNTHESIS OF FIXED-CONFIGURATION 

SYSTEMS 


8-2.1 TRANSIENT INPUTS 

For transient inputs the integral-square 
error criterion (ISE) is commonly used (6 - 7 - 1# > 
to obtain optimum synthesis of a fixed-con- 
figuration system. If discussion is limited to 
unity-feedback systems, where the desired 
output is the input, then the actuating signal 
e(t) is equal to the system error y r (t ) . The 
ISE criterion is then 

/,= r* ¥.*(*) dt (8-1) 


1 r+*°° C(s) ds 
2nj J-j K D(s)D(—s) 


(8-4) 


where C(s) and D(s) are polynomials in s. 


(c) Evaluate the integral in Eq. (8-4). 
Definite integrals of this form have been eval- 
uated in terms of the coefficients of the poly- 
nomials in the integrand. (8 - 15 > A brief table 
of such integrals is presented in Table 8-1 
where the evaluation has been carried out for 
s — /to. At this point, I v is expressed as a func- 
tion of the free parameters p, through p k , i.e., 


The evaluation of the integral in Eq. (8-1) 
is facilitated by the application of Parseval’s 
theorem : 

I x 2 (t) dt = ——r I X(s)X(-s)ds 

J — oo 2 ji/ J—oo 

( 8 - 2 ) 

where X (s) is the Fourier transform of x (<) . 
Thus, Eq. (8-1) can be written 

ly = 4~r r Y e (s)Y e (-s) ds (8-3) 
2n] oo 

The procedure for minimizing the ISE is as 
follows : 

(a) Express the Fourier transform of the 
error as a function of the complex frequency 
s. This function will involve the free param- 
eters of the system as unknown coefficients. 

(b) Express /„ in terms of Y e (s) by means 
of Eq. (8-3). If Y e (s) is rational, the form of 
l y will be 


Iy = Iy(Pl,P2 p k ) (8-5) 

(d) Adjust the free parameters pi, p 2 , . . . 
so as to minimize This can be accomplished 
analytically by solving the k simultaneous 
equations 

= o (i = 1, 2 k) (8-6) 

dPi 

However, it is often better to find the mini- 
mum graphically by working directly with I y . 

Example. A unity-feedback system has the 
fixed-element transfer function 


' s(2> + l)(r m s + l) 

where 
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The compensation G c (s) is a pure gain, i.e., 
G c (s) = K v , the velocity constant 
The input is a step of magnitude N it i.e., 
r«) =N^(t) 

The desired output is the input. The configu- 
ration that describes the problem appears in 
Fig. 8-1. 


where 

Co — 1 d 0 = K v 

c 2 = T/ 2 + T m 2 dr = 1 

c 4 = T, 2 T m 2 <k = T,+ T m 

do = TfT m 

Using I a of Table 8-1 to evaluate the integral 
above, we get 



Fig. 8-1 Configuration for ISE minimization. 


Solution. To find the value of K v that mini- 
mizes the integral-square error /„ we first 
find the error transform Y,(s) . From the con- 
figuration in Fig. 8-1 it is evident that 



Numerically, this becomes 


/ _ N ? [ 5.25 K v + 125 1 
v ~ 2 [ 125 K v - K 2 \ 

Inspection shows that /„ ->• 0 if K v -» oo , but 
this solution is not allowed since the system 
would then be unstable. Differentiating /„ 
with respect to K v and setting dlJdK v = 0 
yields 

K 2 + 47.6 K v - 2980 = 0 
or 

K v = 35.8 or - 83.4 


Y«(s) = E(s) — R(s) -C(s), and 


C(s) = 


G r( S )G/(s) ) 

1 + GAs)G,(s) 


Now, R (s) = — . 

s 


So, by substituting the expressions given 
originally for G c (s) and G f (s) into the equa- 
tion for C (s) we find that the error transform 
is 

Y (s) = N T t T m s 2 (T f -f- T m ) s-f 1 

* T,T m s* + (T f + T m )s 2 + s f K v 

Substituting Y„(s) into Eq. (8-3) and letting 
s — jo), we find that 


The negative value is not allowed so a velocity 
constant K v — 35.8 sec- 1 minimizes the 
integral-square error. The value of the mini- 
mum integral-square error is 

I»min — 0.049 N? 

As a point of interest, for K v = 35.8 sec 1 , the 
value of the peak magnification is 10 logi 0 
M„ = 2.8 dg which is a reasonable value. 

Another optimization criterion is pre- 
sented in a series of papers by Graham and 
Lathrop (3 - 4 - B> in which they have applied the 
integral-time-multiplied-absolute-error crite- 
rion (ITAE) to optimize the performance of 


Ni 2 [c 4 o > 4 -(- c m 2 -(- c 0 ] do> 

2n [ d 3 (/<o) 3 + d 2 (/co) 2 + di (/co) d 0 ] [d 3 ( — j'u>) 3 + d - 2 ( — ;co) - + di ( — ju>) + d 0 ] 
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standard-system forms. However, their pro- 
cedure is limited to step inputs only. The 
ITAE criterion is 

/,„= f +,0 tly e (t)\dt (8-7) 

J — 00 


Although the analytical application of the 
ITAE criterion is practically impossible, the 
performance index can be easily mechanized 
on an analog computer. 

For systems exhibiting zero steady-state 
error for a step input (finite velocity con- 
stant) , the standard form chosen was 

C(s ) 1 

R(s) s n + q n - 1 s n - 1 + . . . + g, s + 1 

( 8 - 8 ) 

The denominator polynomials of the optimum 
systems (that minimize the ITAE for a step 
input) are listed in Table 8-2 for the first 
eight orders. Figure 8-2 shows the step re- 
sponses of the optimum systems, and Fig. 
8-3 shows the frequency responses of these 
systems. 
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Fig. 8-2 Step-function responses of the optimum 


unit-numerator transfer systems, second to 
eighth orders. 


By permission from Traneactione of the AIEE, Volume 72, Part 
II, 1953, from article entitled *Tbe Synthesis of “Optimum" 
Transient Response: Criteria and Standard Forms*, by Dunstan 
Graham and R. C. Lathrop. 


TABLE 8-1 TABLE OF DEFINITE INTEGRALS 


In 


J_ f + " diO 

2 J., D n (j(o) D n (—jm) 


where 


C 2 »-2(«) = C2»-2«0 2 "- 2 + C 2n -i<i) 2n -* + . . . + C2<0 2 + C 0 

A.(/o>) = d n (ja) n + d n .i(j<o ) H - 1 + . . . + djm + d 0 


h — 

2,(1 id q 

r C2^o “f“ ^2^0 

4 2 

2d 2 d l d 0 

j c+didti -f- Codsdo -j- Cod^dz 

43 — 

2d^d{) ((£2^1 — d^do) 

j ( d‘2,d\ — d<jdo)d {i C(i -f~ dididnCj -j- d^d^d^c^ -f~ — d^d\)d^Ca 

2d\d{\(dzd^L\ — d+di* — d^d# 
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Fig. 8-3 Frequency responses of the optimum 


unit-numerator transfer systems . 


By permission from Transactions of the AIEE, Volume 72, Part 
II# 1963, from article entitled ‘The Synthesis of “Optimum” 
Transient Response: Criteria and Standard Forms', by Dunstan 
Graham and R. C. Lathrop. 


For systems exhibiting zero steady-state 
error for a ramp input (infinite velocity con- 
stant, finite acceleration constant), the stand- 
ard form chosen was 

C (s) <7iS + 1 

R ( s ) s n + + . . . + q 2 s 2 + 0,3 + 1 

(8-9) 

The denominator polynomials of the optimum 
systems of this type are listed in Table 8-3 
for the second to sixth orders. The step re- 
sponses of the optimum systems are shown in 
Fig. 8-4. 

Additional matter such as optimum com- 
pensation of various systems and the effect 
of time scaling are also discussed by these 
authors* 4 ’ 5 * with the use of the ITAE criterion 
as the performance index. 


TABIE 8-2 | THE MINIMUM ITAE STANDARD FORMS, ZERO-DISPLACEMENT- 

ERROR SYSTEMS 


S + GJQ 

s 2 + 1.4<t)gS + Wg 2 
S 3 + 1.75<UgS 2 + 2.15(i)g 2 S + OJg 3 
+ 2,l<UgS 3 + 3.4 «o 2 S 2 2.7<*)g 3 S + Cl>q 4 
s 5 + 2.8<i)gS 4 + 5.0<Ug 2 S 3 + 5.5<Ug 3 S 2 + 3.4*>g 4 S + (Ug 5 
s 6 + 3.25wgS 5 + 6.60<U 0 2 S 4 + 8.60<u 0 3 s 3 + 7.45<ag 4 s 2 + 3.95&> 0 5 s + o> 0 6 
s 7 + 4.475o) 0 s 6 + 10.42<u 0 2 s 5 + 15.08w 0 3 s 4 + 15.54<u 0 4 s 3 + 10.64*> 0 5 s 2 + 4.58 g> 0 6 s + o, 0 7 
s 8 + 5.20o) 0 s 7 + 12.80<u 0 2 s 6 + 21.60 <u 0 3 s 5 + 25.75o> 0 4 s 4 + 22.206 j 0 5 s 3 + 13.30« 0 6 s 2 + 5.15o) 0 7 s + « 0 8 


By permission from Transactions of the AIEE, Volume 72, Part 
II, 1963, from article entitled ‘The Synthesis of “Optimum” 
Transient Response: Criteria and Standard Forms’, by Dunstan 
Graham and R. C. Lathrop. 


TABLE 8-3 THE MINIMUM ITAE STANDARD FORMS, ZERO-VELOCITY- 

ERROR SYSTEMS 


S 2 + 3.2tUgS + <Ug 2 
S 3 + 1.75<UgS 2 + 3.25<Ug 2 S + (Ug 3 
s 4 + 2.41<y 0 s 3 + 4.93<a 0 2 s 2 + 5.14&g 3 s + coq 4 
s 3 + 2.19<u 0 s 4 + 6.5 Ow 0 2 s 3 + 6.30<u 0 3 s 2 + 5«24cl>q 4 s + wq 3 
s 6 + 6.12<ugS 5 + 13.42 <u 0 2 s 4 + 17.16<u 0 3 s 3 + 14.14&>g 4 s 2 + 6.76&>g 3 s + <u 0 3 


By permission from Transactions of the AIEE, Volume 72, Part 
I L 1963, from article entitled ‘The Synthesis of “Optimum” 
Transient Response: Criteria and Standard Forms', by Dunstan 
Graham and R. C. Lathrop. 
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where 


%As) = [1- W(a)] [1- W(-s)1 
*„„(«) + IF(s)IF(-s) <E,„(s) 

( 8 - 12 ) 


W(s) = 


G c (s) G r (s) 


(8-13) 


1 + G c (s) G/(s) 

(s) = power spectrum of system error y e 
<b m (s) — power spectrum of data v 


0 nn (s) = power spectrum of noise n 

Since $„„(co) is an even function, the evalua- 
tion of the integral in Eq. (8-11) can be 
carried out by means of the integral table 
(Table 8-1). 

In all other respects, the design procedure 
for minimizing the mean-square error for 
stationary stochastic inputs with a fixed sys- 
tem configuration parallels the procedure for 
transient inputs outlined above. 


Fig. 8-4 1 Step-f unction responses of the optimum 
zero-velocity-error systems, second to sixth orders. 


By permission from Transaction* of the AIEE, Volume 72, Part 
II, 1963, from article entitled ‘The Synthesis of “Optimum" 
Transient Response: Criteria and Standard Forms’, by Duns tan 
Graham and R. C. Lathrop. 


8-2.2 STATIONARY STOCHASTIC 
INPUTS'*' 12 - 1 *' 

The mean-square error (MSE) criterion is 
universally used as a performance index 
when the input is stochastic. The general 
configuration that applies to this minimiza- 
tion problem is shown in Fig. 8-5. 

In this figure, v(t) is the data component 
of the input, and n(t) is the noise component 
of the input. The mean-square error is de- 
fined as 


v?= P" £J #. ! «> <» <8-10) 

On the assumption that the data and the 
noise are uncorrelated, application of the 
formulae given in Par. 3-8 to the configura- 
tion of Fig. 8-5 yields 


Example. For the configuration of Fig. 
8-5, 

G f (s) = 


s(T,s + 1) ( T m s -f- 1) 
G c (s)=K v 

^ n ( 8)=0 

o v 2 v/n 


$vv(s) = 


-sM^-s 2 ) 


^ nn (s)= — (white noise) 
n 



Ve 


2 — 



<I> wl/ (a)) d(» 


( 8 - 11 ) 


Fig. 8-5 Configuration for MSE minimization. 
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T f = 0.01 sec 


where 


T m = 0.04 sec 


C(u) = b 2 u 4 + (1 + b 2 ) u 2 + 1 


a v = 10 milliradian/sec 

v = 0.1 (sec)- 1 


D 4 (ju) = b(ju ) 4 + (1 -f b -f ab) ( ju ) 3 
+ (1 + ® + ob) (ju) 2 
+ (a + K) (ju) + aK 


Y„ = 0.4 (milliradian) 2 —sec 

If we assume that there is no noise initially 
($»» = 0),then 

1 _ W(s) — £ljj£ + 1) + 1) 

T,T m s* + (T,+ T m ) s? + s + K v 

A normalized frequency is chosen such that, 
for s — ju>, T/<o = u. By applying the normali- 
zation theorem of Par. 3-4 (Eq. 3-46) to the 
expression for 1 — IP(s) above, we obtain 


D 4 (—ju) =b(—ju)*+ (1 + 6 + ab) 
(—ju) 3 + (1 -f a + a&) (—ju) 2 
+ (a + K) (—ju) + aK 

Then, using Eq. (8-11), we find the mean 
square error to be 


y 2 = 2ac 2 T, 2 


1 ( r+°° 

2 nlJ-joo D 4 (j', 


c(u) 


(ju) D 4 (—ju) 


du 


Evaluating this expression from I 4 of the 
integral tables (Table 8-1) and substituting 
numerical values, we find that 


1 -W(ju) = 

(1 + ju) (1 + bju) 

ju b (ju) 3 -f- (1 -f b) (ju) 2 + (ju) + K 

where 



K = T,K V 


In addition, the power spectrum of data ex- 
pressed in terms of u is found to be 


$™(m) = 



where 


u 2 (a 2 -f- u 2 ) 


a = TfV = 0.001 

From Eq. (8-12). the power spectrum of sys- 
tem error expressed in terms of u is found to 
be 


r V y e 2 1 A N _ 0.016 K 2 — 3.99 K -f 5.015 

[ a v T,\~ ~ -AK 3 + 5K 2 + 0.005 K 

To determine the minimum value of N it is 
convenient to make a plot of N versus K. 
This avoids a differentiation of N with re- 
spect to K which results in a fourth-degree 
algebraic equation whose roots must then be 
determined. It is evident that using the plot 
to determine the minimum is a simpler tech- 
nique. The minimum from the plot is found to 
occur at K — 1.1 or N = 0.90. Consequently, 
the optimum system has 

K v = 90 sec* 1 

r— r 

[y e 2 J = 0.095 milliradian 

If the noise is considered, the procedure is 
more involved but unchanged in principle. 
The results of the minimization of y e 2 with 
the noise added to the data as follows : 

K v = 7.8 sec- 1 



c(u) 


P 4 (ju) D 4 ( —ju) 


\—r 

[ 3/e 2 J = 2.21 milliradian 
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8-3 OPTIMUM SYNTHESIS OF FREE-CONFIGURATION SYSTEMS 
WITH STATIONARY STOCHASTIC INPUTS “ 7,1 


The design problem for the optimum syn- 
thesis of free-configuration systems with sta- 
tionary stochastic inputs is one of determin- 
ing the closed-loop transfer function 

£^-=JF(s) (8-14) 

R(s) 

that minimizes the mean-square error when 
information is given concerning the data v (t) , 
noise n(t), desired output i(t), and fixed- 
element transfer function G/(s). No infor- 
mation concerning the form of the compen- 
sation G c (s) is needed. Figure 8-6 shows the 
configuration that describes the problem ( G d 
is the ideal element transfer function). 

The solution to this problem is obtained by 
means of the calculus of variations and is in 
the form of an integral equation : 


X dt 3 g f (t 3 ) I dt 4 g,(t 4 ) 

-oo J — oo 

f 

v — < 


dt^O) ( f 2 ) <f>rr(t 1 + ^3 — t 3 — t») 


— f dt 3 g,(t 3 ) <pri (tj -f- 1 3 ) — 0 for t\ ^ 0 

4/ — 00 

(8-15) 

where 

g, ( t ) = impulse response of fixed elements 



Fig. 8-6 Configuration for MSE minimization 


w(t) = impulse response of control sys- 
tem (J:-'[W(s)]) 

<f>rr(t) = autocorrelation function of r(f) 

4>ri(t) — crosscorrelation function between 
r(t ) and t(£) 

If the fixed elements are minimum phase (no 
zeros in right-half s-plane) or are unspecified, 
Eq. (8-15) reduces to the Wiener-Hopf equa- 
tion 


/ oo 

dt^u{t 3 ) 

■00 


<t>rr (tl — £2) — <f>ri ( £l ) — 

0 for £, 2? 0 


(8-16) 

If the autocorrelation functions and the 
impulse response of the fixed elements are 
Fourier transformable, Eqs. (8-15) and 
(8-16) can be solved in terms of transforms 
by a method called spectrum factorization. 
For Eq. (8-15), the optimum system function 
W (s) is given by 


[Han 

IF(s) = lMs)i + 

A +(«) 

where 


(8-17) 


r(s) =2nG,(-s) <!>n(s) 

A(s) =2 jiG,(s) G/(—s) OUs) 

A+(s) A that factor of A (s) which contains 
all the poles and zeros of A(s) 
which lie in the left-hand s-plane 


A-(s) = 


Ms) 

A+(s) 


\im 

LA-(s) j + 


that part of the partial-frac- 
tion expansion of T (s) /A ~(s) 
due to the poles of T (s ) /A-(s) 



which lie 

in the 


plane 


f r(s) l 

T(s) I 

[ T(s) 1 

La-(s) J_ 

A-(s) ! 

lA-(s) J 
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Transformation and factorization of Eq. 
(8-16) yields 

MMfU 

n.i = (8 - 18 > 

$+rr(s) 

where the notation is the same as that defined 
below Eq. (8-17). 

Example. G f (s) is minimum phase, and 

$ ( s ) = 1 2^1 

* n(-s 2 ) (v 2 -® 2 ) 

*..(s) = JCa. 

Jl 

$».(«) =0 

<j„ = 10 milliradian/sec 
v = 0.1 sec -1 

Y» = 0.4 (milliradian) 2 — sec 
i(t) = v(t) 

Normalize the frequency scale by letting 

s 

X = — 

v 

Then, 

d> m — -2"! i 

) Jtv 2 (-X 2 )(l-X 2 ) 

*™(X) = 

x 

Let 

a„ 2 j * 

— = a and v y» = o 

v 2 

Since the data and noise are uncorrelated 

(**. = 0 ), 

*rrtt) =*„a) +*nntt) = 

b_ r C 2 _ X 2 + X« 1 
ic l (— X 2 ) (1 — X 2 ) j 

where 

c 2 = — = -2sL = 25 X 10 4 

6 v 3 y« 

Since the desired output i(t) is the data v(t), 
*h(X) = *„(X) 


Equation (8-18) applies to this problem. To 
find 4>"rr(X) and $+ rr (X) it is necessary to dis- 
tinguish between poles and zeros in the two 
half planes. Since $rr(X) has a double pole on 
the imaginary axis at the origin, the following 
artifice is used. We let 

- X 2 = lim (e - X) (e + X) 

£— »0 

The problem can then be worked with (e — X) 
(e + X) replacing —X 2 . After carrying out the 
pertinent algebraic manipulations, we let e-» 0 . 
This is equivalent to factoring —X 2 into (—X) 
(-(-X) and then associating (—X) with the 
right-half plane (RHP) and (-fX) with the 
left-half plane (LHP). Therefore, the factor- 
ization of 4>„.(X) becomes 

$ r (m + jn + X) (to — jn + X) 1 

l (+X)(1 + X) J 

[ b (m -f- jn — X) (m — jn — X) 1 
« (-*) (1 — X) J 

where 

m = 0.5 \/ 2c -f 1 = 15.82 

n = 0.5 \/ 2c -1 = 15.80 

The factor of 4> r r(X) having all its poles and 
zeros in the right-half plane is 

* m _ 6, (m + jn — X) (m — jn —X) 

- x (— X) (1 — X) 

Therefore, 

<t>n(s) = 

KM 

cf 

( -(-X) (1 X) (m 4- jn — X) (m — jn — X) 

This function has left-half-plane poles at 
X = 0 and X = —1. Expanding in terms of par- 
tial fractions and retaining only those terms 
in the expansion due to LHP poles, we obtain 
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r®H ( x)i 1 1 

c 

1 -j- c “f* 1 

[*- rr M\ + - c l x 

l + X 


or 


1^t]= (V2C + 1-1) 

rr ' 'J-l- 


( L 


~l~ \/2c -f-1 


+ X 


+ X(1 -|- X) 


Since, 


$+ (i) _ ( m + in + X) (m — jw + X) 

rr (+X)(1 + X) 


W(X) = (V2C + 1-1) 


( 1 + 'f ,+1 -n) 

(X 2 + \/2c + 1 X -f c) 


Numerically, since X = 10s and c = 500, the 
optimum response is 


W(s) = 


1 + 0.613s 




+1 


where 


C = l/— + — = 0.707 
F2 4c 

co n = v \/c = 2.24 

The open-loop transfer function correspond- 
ing to the optimum response is 


C(X) 

£<X) 


= G C (X)G,(X) = c 


(l -| 2 _ ---- X ) 

\ 1 + V2C+1 ) 

X(l + X) 


or, numerically, 


The rms error due to the signal acting alone is 


Cis) _ (0.613s +1) 

E(s) s(10s-)-l) 

The mean-square error y e ‘ can then be evalu- 
ated by using Eqs. (8-11) and (8-12) together 
with Table 8-1. The rms error due to noise 
alone is found to be 



1.35 milliradian 


|^J — 0.796 milliradian 

Consequently, the total rms error is 


[».*]■' = (/[»•*].+ [».’], 

I=f 


1.57 milliradian 


8-10 




OPTIMIZATION METHODS 


8-4 LIMITATIONS AND APPLICATION PROBLEMS 


Several difficulties confront the designer 
who carries out the optimization procedure in 
any practical problem. He finds that (1) the 
labor involved becomes excessive, and (2) the 
resulting optimum compensation is both dif- 
ficult to realize and unrealistic. The latter dif- 
ficulty arises because cancellation of the fixed- 
component transfer function is required, re- 
sulting in component saturation and poor 
utilization of hardware. One factor acting in 
favor of the designer using the ISE and MSE 
criteria is that the minima resulting from the 
use of these procedures are broad. Thus, a 
fairly wide deviation of parameters and con- 
figurations can occur without appreciably 
altering the performance index. Hence, the 
labor involved in designing by optimization 
techniques can be reduced greatly by judicious 
engineering approximations. In addition, 
more freedom is available to the designer 
when the minima that arise in an optimization 
problem are broad since he can then satisfy 
additional performance specifications such as 
rise time, peak overshoot, etc. The same can- 
not be said for the ITAE criterion since it is a 
selective criterion producing narrow minima 
that leave little freedom to the designer. 
Therefore, the ITAE criterion is not to be rec- 
ommended if parameter variation is to be ex- 
pected and other performance specifications 
are to be met. 

Techniques for overcoming the second lim- 
itation of optimization procedures have been 
proposed by Newton. <7 - 10) He recommends 
that constraints be placed on the signals that 
are not to saturate. That is, the optimization 
is to be carried out by requiring that the per- 
formance index be minimized while the sig- 
nals that may saturate are kept below a speci- 
fied upper limit. Actually, however, a measure 
of the peak-signal values is used to facilitate 


analysis. In the case of transient inputs, the 
integral-square signal values are to be kept 
below assigned limits. In the case of stochastic 
signals, the rms signal values are to be con- 
strained. It is also possible to combine the two 
types of signals by requiring, for example, 
that the rms error for a stochastic input be 
minimized subject to a constraint on the inte- 
gral-square value of a specified signal for a 
transient input. 

Newton <10) also proposes that constrained 
optimization be carried out by minimizing 
bandwidth since a minimum bandwidth sys- 
tem is highly desirable in any case. Thus, 
bandwidth is minimized subject to a con- 
straint on the allowable error index. 

By employing constrained optimization 
using performance indices that exhibit broad 
minima, the designer can approach a problem 
with a greater degree of certainty of finding 
out whether his specifications are compatible 
and, if compatible, whether they can be met 
in practice. 

The optimization procedures discussed here 
have been limited to transient inputs and sta- 
tionary stochastic inputs. If the input is non- 
stationary, then the optimum system will be- 
come nonstationary or time-variable. If the 
form of the time variation in the input statis- 
tics is known, it is possible to design a system 
which exhibits variable bandwidth. Unfor- 
tunately, there is as yet no general method for 
finding an explicit analytical solution to this 
problem. If the time variation in the input 
statistics is slow compared with the response 
time of the system, then the nonstationary 
problem can be broken down into a series of 
stationary segments. If the input statistics 
vary at a rate that is of the order of the re- 
sponse time of the system, then one cannot 
ignore the nonstationary nature of the prob- 
lem. 
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CHAPTER 9 

SAMPLED -DATA SYSTEMS* 

9-1 GENERAL THEORY 


Linvill states, “A sampled-data control sys- 
tem is one wherein the signal supplied to one 
or more parts of the system is not given con- 
tinuously in time, but is supplied at discrete 
values of the time variable, t. In such a system, 
the part of the system being fed intermittently 
might, for example, have an input signal ap- 
plied to it at t = 0, T, 2T, 3 T , . . . (where T is 
the length of time between samplings) with no 
data at all supplied in the intervals separating 
these sampling instants. A control system 
makes use of sampled data when it is impos- 
sible to supply continuous data to all its 
parts.”f 


(Quoted by permission from Transactions of the 
AIEE, Volume 70, Part II, 1951, from article en- 
titled “Sampled-Data Control Systems Studied 
Through Comparison of Sampling with Amplitude 
Modulation,” by W. K. Linvill. 


If the sampling frequency is high compared 
to the signal frequency and the critical fre- 
quencies of the system, then the fact that the 
data are sampled has little bearing on system 
behavior. Otherwise, the effect of sampling 
may become quite pronounced. 

Figure 9-1 shows the elements of a typical 
sampled-data system. The input r(t) may be 
composed of sampled or continuous data. The 
sampling device periodically samples the actu- 
ating signal e(t) under control of the carrier 
signal supplied to it. The holding circuit is 
used to smooth the sampled output from the 
sampling device, and the smoothed output of 
the holding circuit then drives the output 
member. It is evident that the components and 
signals in the system are combinations of dis- 
crete and continuous elements. Because part 


*By L. A. Gould 


SAMPLING CARRIER 
SIGNAL 



Fig. 9-1 Sampled-data system. 
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of the system operates on sampled data and 
part on continuous data, the analysis of sys- 
tem behavior is not easily carried out by con- 
ventional methods. For that part of the sys- 
tem operating on continuous data, conven- 
tional methods of analysis are best. For that 
part operating on sampled data, the use of 
sequences and linear difference equations is 
best. However, methods have been developed 
which treat sampled-data systems from a uni- 
fied viewpoint and will be presented in this 
chapter. 

A sampled-data system like that in Fig. 9-1 
can be represented by the mathematical mod- 
el shown in Fig. 9-2. The impulse modulator 
is an ideal device that multiplies the actuating 
signal e(t) by the carrier signal A (t). The 
function A (t) represents a periodic train of 
unit impulses occurring at a frequency 
n = 2 n/T radians per second (Fig. 9-3) — 
where Q is called the sampling frequency. The 
equivalent linear filter is so chosen that the 
combined operation of the impulse modulator 
and equivalent linear filter on the actuating 
signal in the model produces the same input to 
the output member as the combined action of 
the sampling device and holding circuit in the 
original system. For example, a system in 
which the actuating signal is sampled every T 
seconds by a device which holds a particular 


sample value at that value until the next sam- 
pling time is called a sampler-clamper. Its ef- 
fect is shown in Fig. 9-4. This type of behavior 
can be exactly represented by the combination 
of an impulse modulator and a filter whose 
transfer function G e (s) is 


In the mathematical model, the output of the 
impulse modulator will be a. train of impulses, 
the magnitude of each being the value of the 
actuating signal at the corresponding sam- 
pling time. Although such a signal does not 
exist in the physical system, it is useful to 
isolate the action of the impulse modulator, 
and combine the equivalent linear filter with 
the output member for the purpose of 
analysis. The impulse modulator is thought of 
as a synchronous switch, controlled by a car- 
rier, which periodically closes the connection 
between the actuating signal and the input to 
the equivalent linear filter (Fig. 9-5) . The sig- 
nal e{t) entering the switch is continuous in 
this picture, but the signal e* (t) leaving the 
switch is discrete (sampled). It is also pos- 
sible for the signal e(t) to be discrete as well, 
in which case the action of the switch has no 
effect if it is synchronized with the discrete in- 
tervals associated with the input. We will 
adopt the convention that an impulse modula- 
tor (or synchronous switch) operates on all 



Fig. 9-2 Model of sampled-daia system. 
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signals entering it (whether continuous, dis- 
crete, or a combination of both) to produce a 
discrete output. Signals that have been sam- 
pled, and are therefore discrete, will be repre- 
sented by starred functions. Thus, the opera- 
tion of an impulse modulator is as represented 
in Fig. 9-6. 

The carrier signal A (t) in a sampled-data 
system is represented by 

A (f) = 2 8 0 (t-nT) (9-2) 

n = — oo 

The Laplace transform of this function is 

A(s) = + f e~” T ' (9-3) 

»=0 

or 

A(s) ~ ~ — »r < 9 - 4 > 

1 — er’ T 

If a signal r(t) is sampled by an impulse mod- 
ulator, the sampled output r* (it) is 

r* (t) = A(t)r(t) (9-5) 


Sott-kTl Mt-fM-DTl 



Fig. 9-3 Train of unit impulses which represents 
the carrier A(f). 


or 


r*(t)= + f r(nT) b 0 (t-nT) (9-6) 

n= — oo 

The Laplace transform R* (s) of a sampled 
signal is 


fl*(s)=-^ 2 R(s + jnCi) (9-7) 

J n= — oo 


where 


m |e-< 

II 

a 

(9-8) 

and 


R(s) =X[r(t)] 

(9-9) 


Another form of the transform of a sampled 
signal is 

R*(s)= 2 r{nT) e-" Ts (9-10) 

n=0 

Note that a starred transform like R * ( s ) rep- 
resents the transform of a starred (sampled) 
time function. Also from Eq. (9-7), starred 
transforms are periodic functions of fre- 
quency, the period being j fi. That is, 

R* (s) —R* (s + jnn) (9-11) 




yjmifjuutsu piuuie 







x*(t) 


Fig. 9-4 Action of sampled-clamper. 


Fig. 9-6 Operation of sampling switch. 
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9-2 THE z TRANSFORM AND THE w TRANSFORM 


9-2.1 THE z TRANSFORM 

Whenever a time function is transformable, 
it can be shown that the transform of the 
function when sampled is a rational function 
of e~ r * ; i.e., 

R*(s) = F(e- T ) (9-12) 

where R*(s) is the transform of the sampled 
function r* (t). If we let 

2 = e~* T (9-13) 

then transforms of sampled-time functions 
are functions of a new complex variable z. The 
z transform of a time function r(t) is then de- 
fined as the Laplace transform R*(s) of r* (t) , 
where r* (t) is the function produced by im- 
pulse modulating r(t), and the z transform 
is obtained by replacing e~’ T by z in R* ( s ) . It 
is conventional to let R*(z) represent the z 
transform of r(t) although, rigorously, one 
should use R* ( —1/7 log e z). 

If the Laplace transform R(s) of a func- 
tion r(t) is known, the z transform R*(z) can 
be found by expanding R (s) in a partial- frac- 
tion expansion and using the formulae given 
below. If 


R(s) = 
then 


R*(z) = 


* K, 

(9-14) 

2d 

=i s + a i 

Y Kk 

(9-15) 

t=i 1 — ze~"t T 


A short table of z transforms and their equiva- 
lent Laplace transforms is given in Table 9-1. 
For more extensive tables see references 5, 
25, and 26. Unfortunately, several authors 
have adopted the relation z = e+ ,T . This nota- 
tion arose from the mathematics of difference 
equations, but it is awkward and physically 
deceiving in the present connection, since 
e+ yT corresponds to ideal prediction. There- 
fore, when using the literature, care must be 
taken to verify which particular notation is 
being used. In reference 5, for example, all the 


expressions for z transforms should have z re- 
placed by 2 -1 to make them correspond to the 
notation adopted in this chapter. 

The introduction of the z transform enables 
one to treat sampled-data systems by all the 
techniques available for continuous-data sys- 
tems since it is evident that the process of sam- 
pling a time function can be represented by a 


TABLE 9-1 

LAPLACE AND z TRANSFORM PAIRS 



Laplace 
Transform : 
F(s) 

2 Transform : 

F* (z) 

1. 

1 

1 

2. 

e~nT» 

2" 

3. 

1 

1 

s 

1 — 2 

4. 

1 

Tz 

s 2 

(1 -zV 

5. 

1 

1 

s a 

1 — 2 e-“ T 

6. 

a 

2(1 - e~ aT ) 

s(s + a) 

(1 - 2 ) (1 - 2 e-*- r ) 

7. 

a 

2 sin aT 

s 2 -fa 2 

1 — 22 cos aT -f 2 2 

8. 

F(s -fa) 

F*(e^ T z) 

9. 

e^ T F(s) 

z F* (z) 

10. 

e a, F(s) 

z-iom F * (2 ) 


1 

1 

11. 

s-fy log a 

1 -f a2 

12. 

s 

1 — 2 cos aT 

s 2 -f a 2 

1 — 2 2 cos aT -f 2 2 

13. 

1 

T<r* T z 

(s-f a) 2 

(1 -ze^ T ) 2 
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Fig. 9-7 Relations between s plane and z plane. 


variable transformation from the s domain to 
the z domain. The z transform is a conformal 
transformation that maps the right half of the 
s plane into the interior of the unit circle of 
the z plane and the left half of the s plane to 
the exterior of the unit circle of the z plane. 
The imaginary axis of the s plane is mapped 
into the unit circle of the z plane, the s-plane 
origin (0 +/0) mapping into the point 
(+1 +/0) in the z plane. These relations are 
shown in Fig. 9-7. Because a z transform is 
periodic (period = j(l), the points (0 -f jkQ) 
(k — 1, 2, 3, . . .) in the s plane also map into 
the point ( +1 +j0) in the z plane as shown in 
Fig. 9-7. Similar relationships are easily visu- 
alized and are treated later in this chapter. 
There is one point which must be emphasized, 
however. Since the z transform of a time func- 
tion represents the Laplace transform of the 
corresponding sampled-time function, infor- 
mation about behavior between sampling in- 
stants is lost and cannot be recovered from in- 
spection of z transforms. However, Barker* 24 * 
has developed a method for determining 
behavior between sampling instants. This 
method is described in Par. 9-5. It should also 
be noted that the z transform is related to the 
Mellin transform which is used to develop the 
theory of transforms and to study problems in 
elasticity. (28 > 


9-2.2 THE Mr TRANSFORM 

Because of the difficulty involved in relating 
some of the properties of sampled-data sys- 
tems to the frequency-domain concepts that 
are most convenient to apply in the study of 
continuous systems, Johnson et al (l4 > have 
suggested a very useful transformation of 
variables that aids greatly in design. If 


1 — iv 
1 -\- w 


(9-16) 


is a bilateral transformation from the z plane 
to the w plane, then 


R*(w) = R* (z) 


i — 

1 +w 


(9-17) 


is defined as the w transform of r(t) . The ad- 
vantage of introducing the w transform be- 
comes evident when an attempt is made to 
evaluate R* ( s ) for s = ja>. Such an evaluation 
requires an infinite “vector” sum, theoretical- 
ly [Eq. (9-7)], or else evaluation of R* 
through the use of e~ >mT = cos u>T -{- j sin wT 
and so it is fairly difficult to obtain in practice. 
The use of the w transform, on the other hand, 
simplifies the determination of the frequency 
response of sampled-data systems. The w 
transform maps the unit circle in the z plane 
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into the imaginary axis in the w plane and re- 
stores some of the analytical advantages that 
were lost through the sampling process. If 

w = u -f- jv (9-18) 

then 

v = tan (9-19) 

gives the relation between the real frequency 
co and the pseudo- frequency v corresponding 


to the imaginary part of w. The real frequency 
co, from Eq. (9-19) , is 

co = — tan- 1 v (9-20) 

T 

The primary advantage of the w transform is 
that the transforms of sampled signals can be 
represented by a rational function of a fre- 
quency variable w that is simply related to the 
frequency co. In the following sections this 
property is brought out clearly. 


9-3 OPERATIONAL METHODS 


9-3.1 GENERAL 

The operational definition of impulse modu- 
lation given in Par. 9-1 simplifies the study of 
sampled-data systems. 

9-3.2 BASIC RELATIONS OF SAMPLED 
FUNCTIONS 

The following basic relations are easy to 
verify. From Fig. 9-8, it is evident that : 

C(s) = G(s)R*(s) (9-21) 



Fig. 9-8 Sampling a smoothed sampled signal. 


C*(s) = G* (s)R* (s) (9-22) 

[fi*(s)]* = R*(s) (9-23) 

From Fig. 9-9, it is evident that : 



C(s) =G(s)R(s) (9-24) 

C*(s) = [G(s)R(s)V (9-25) 

C* (s) +G* (s) R* (s) !! (9-26) 


From Fig. 9-10, it is evident that : 


Fig. 9-9 Sampling a filtered continuous signal. 


E* (s) 1 

R*(s) 1 + G* (s) 

C(s) _ G(s) 

R* (s) ‘ 1 + G*(s) 

C*(s) ' G* (s) 
R* (s) 1 + G* (s) 


(9-27) 

(9-28) 

(9-29) 



The foregoing relations indicate that all the 
techniques of block-diagram algebra can be 
used to manipulate sampled-data-system con- 
figurations except for the added restrictions 


Fig. 9-10 A sampled-data feedback system. 
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that an impulse modulator (a) “stars” all 
signals entering it, and (b) its position in a 
diagram cannot be interchanged with a con- 
tinuous transfer function. Equation (9-26) 
is included to emphasize the fact that the 
starred product of two Laplace transforms is 
not equal to the product of the corresponding 
starred transforms. 

The equations relating to Fig. 9-10 [Eqs. 
(9-27) through (9-29)] introduce some of 
the properties of sampled-data feedback sys- 
tems. In particular, the stability of a sampled- 
data system is related directly to the zeros of 
the following expression : 

1 + G*(s)=0 (9-30) 

If any of the roots of this equation lie in the 
right half of the s plane, the system is un- 
stable. Nyquist’s criterion (Par. 4-3) can be 
applied directly to determine the stability of 
sampled-data systems, except for one modifi- 
cation. Since G* (s) is a periodic function, it 
has an infinite number of poles and zeros, but 
the pole-zero configuration is repeated for 
every multiple of ja. Similarly, the G*(s) 
locus in the s plane is repeated every time s 
changes by jd. Because the G*(s ) plot is 
symmetrical about the real axis in the s plane, 
G* (s) need only be plotted for 0 < j<a < jQ/2 
when s = je>. In practice, the s-plane contour 


and the corresponding G* (s) locus are as 
shown in Fig. 9-11 when the Nyquist cri- 
terion is applied. In terms of the z plane, Eq. 
(9-30) becomes 

1 + G* (z) =0 (9-31) 

The stability of the system is determined by 
plotting G* (z) as z traverses the unit circle. 
If there are any roots of Eq. (9-31) that lie 
inside the unit circle, the system is unstable. 
The difficulty encountered in plotting G* (s) 
or G* (z) from the required variation of s or 
z is removed when the w transform is in- 
troduced. G* (w) is easily handled since it is 
expressible as a rational function of a fre- 
quency variable. 

Example. Consider a simple servomecha- 
nism with block diagram shown in Fig. 9-10. 
The physical device includes a sampler- 
clamper ( See Par. 9-1 ) , a servomotor having 
a one-second time constant, and an ideal am- 
plifier. The transfer function of the continu- 
ous portion [including the filter as in Eq. 
(9-1)] is given by Eq. (9-32). 

G(s)=K I 1 — e ~* ) - , T = lsec. 

\ s J s(s + l) 

(9-32) 



f) 2 

1 

INFINITE STRIP 

. 

0 

T 

1 2 



8. s PLANE 


Fig. 9-1 J Relations between s and G*(s) 


for application of Nyquist criterion. 
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From Eq. (9-7) , we obtain 

i G ' w = 

+ » 1 

n _ g-") v - 

(s -(- jnil) 2 (1 s -)- jnCi) 

(9-33) 

where n = 2n/T = 2n. 

This function is difficult to plot for s = j<n. 
Taking the z transform of Eq. (9-32) , we get 


± G ' M 


z(0.264z + 0.368) , 0 ^ 4) 

(0.368z - 1) (z - 1) 1 ’ 


This function is difficult to plot for z = er > ". 
Letting 


(c) If the z transform of a time function 
r(t ) is given, the value of the time function 
at the sampling instants can be found from 


r*t — r(nT) = 


-5T/ 


R* ( z)z‘~ n dz 

(9-39) 


where the contour integration in the z plane 
is along a path that encloses all the singular 
points of R* (z)z 1 -*. 

(d) Initial-Value Theorem: 

limr(t) = lim (1 -z)R*(z) (9-40) 

£-►0 z - M > 


(e) Final-Value Theorem : If R* (z) has all 
its poles outside the unit circle of the z plane, 


z=— - (9-35) 

1 -t - w 

the w transform of Eq. (9-32) is found to be 


(9-41) 


±G*(w) = (1 


w) (0.632 + 0.104m;) 
(0.632 + 1.368w) (2 w) 

(9-36) 

when w = jv, the function in Eq. (9-36) is 
easily handled by conventional techniques 
since the relation between the w plane and the 
G*(w) plane is the same kind of relation as 
that which exists between the s plane and the 
G(s) plane. If the real frequency w is to be 
considered, then there is an added difficulty 
in that Eq. (9-20) must be used to calibrate 
the frequency locus. The asymptotic and 
gain-phase plane techniques can be used with 
a change only in the relation between v and w. 

9-3.3 ADDITIONAL PROPERTIES OF SAMPLED 
FUNCTIONS 

(a) G* (e~* r ) = 

— f +i G(p)\- -1 dp (9-37) 

(b) If G(s) = , and D(s) has only 

£>(») 

simple poles, 


G*(e- T ) = £ ~ 


,=i B'(s,) 1 — «- r «— -» 


(9-38) 


limr(t) = lim (1 — z)R*( z) 

t-Poo x-+l 

Jr O 

(/) For s = ± = 0, 1, 2, . . .), G* (z) 

Ct 

2 % 


is always real ^ Q = ^ 


(g) The degree of the denominator of 
G*(z) in z always equals the degree of the 
denominator of G(s) in s if G(s) is rational. 

(h) The poles of G*(z) in the strip 


. a 


-]■ 


a 


where s„ is the nth pole of G (s) . 


Im(s) < -(- j — in the s plane are the 
2 2 

poles of G(s) in the s plane. 

(i) Changing the values of the poles of 
G(s) changes the coefficients A(s„)/B'(s n ) 
as well as the terms 1/(1 — ze +r *») in the 
partial-fraction expansion of G*(z) [Eq. 
(9-38)]. 

(j) Insertion of zeros in G(s) changes 
only the coefficients A(s n )/B'(s n ). 

(k) The number of poles of G* (z) at z = 1 
is equal to the number of poles of R(s) at 
8= 0 . 

(l) In terms of the w transform, the ini- 
tial value theorem is 

lim r(t) = lim ( R* (w) (9-42) 

t-»0 w-»l \1 + W/ 

and the final-value theorem is 

limr(t) = lim ( \ R*(w) 

t-»oo «+• \1 -J- wj 


(9-43) 
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9-4 DESIGN TECHNIQUES 


The problem of designing a sampled-data 
system is complicated by the fact that the 
system can contain both discrete and contin- 
uous elements. In addition, direct application 
of z-transform theory merely gives the re- 
sponse at the sampling instants, but the be- 
havior during the sampling instants cannot 
be determined by simple methods. 

The insertion of a sampling device in an 
otherwise continuous system to produce a 
sampled-data system introduces the following 
limitations : 

(a) A greater tendency towards instabil- 
ity results. 

(b) Ripple components arise in the output 
at the sampling frequency and its harmonics. 

(c) The usable bandwidth of the system is 
reduced to a fraction of the sampling fre- 
quency n, the theoretical upper limit being 
0 / 2 . 

To determine the gain necessary to sta- 
bilize the system for a specified M„ in the 
closed-loop frequency response, the introduc- 
tion of the w transform greatly facilitates 
plotting the frequency locus as indicated in 
Par. 9-3. Conventional continuous-system 
techniques can be used. 


The root-locus procedure can be used in a 
conventional manner in the z plane to investi- 
gate the closed-loop pole-zero configuration. 
This procedure differs from that used for 
s-plane loci of continuous systems in that: 
(a) instability implies closed-loop poles in- 
side the unit circle of the z plane (as con- 
trasted to right-half-plane poles in continu- 
ous-system design), and (b) the dominant 
pole (or pole pair) is the pole nearest the 
point (1,0) in the z plane (as contrasted to 
poles nearest the origin in the s plane). 
Otherwise, conventional procedures can be 
used to investigate stability, relative stabil- 
ity, and the effect of compensation. 

Compensation of sampled-data systems 
with continuous networks (conventional lead 
and lag networks) is a difficult design prob- 
lem and is best treated by trial-and-error 
analysis. In many important applications 
discrete networks can be used for compensa- 
tion ; for example, the use of digital compu- 
ters in fire-control systems provides the de- 
signer with an opportunity to use digital 
(discrete) filters in the compensation of the 
control system. Figure 9-12 shows the differ- 
ence between continuous and discrete com- 



A. CONTINUOUS COMPENSATION 



B. DISCRETE COMPENSATION 


Fig. 9-12 Comparison between discrete and continuous compensation. 
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pensation. In Fig. 9-12A, G c (s) is the trans- 
fer function of a continuous network which 
is used to improve the closed-loop behavior; 
G/(s) is the transfer function of the fixed 
elements. In Fig. 9-12B, G c * (s) is the trans- 
fer function of a digital network (digital 
program) used to improve system perform- 
ance. For the case of continuous compensa- 
tion, we have 


E*(s ) 1 

R*(s ) ~ 1+ [G e <«)<?,(*)]* 
C(s) _ G c (s)G f (s) 

R*(s) 1 + [G c (s)G,(s)]* 

For digital compensation, we have 

E*(s) 1 

R*(s) ~ 1 + G,*(s)G c *(s) 


(9-44) 

(9-45) 


(9-46) 


C(a) = G,(S)G*(8) 

R*(») 1 + G,*(s)G c *(s) 

Compensation with a digital network is a 
simpler analytical problem than continuous 
compensation because the effect of the com- 
pensation can be varied without altering the 
fixed-element contribution to the open-loop 
response G f * (s)G c * (s ) . For continuous 
compensation, the open-loop response is 
[G c (s)G/(s)]*, and altering the compensa- 
tion will alter the contribution of the fixed 
elements to the open-loop response. Conven- 
tional continuous system techniques can be 
used for synthesizing digital programs to 
compensate sampled-data systems ; but if con- 
tinuous compensation is desired, a trial-and- 
error analytical procedure is necessary. 


9-5 PERFORMANCE EVALUATION 


The determination of the time response of 
a sampled-data system can be carried out in 
closed form by the use of Eqs. (9-38) and 
(9-39). A simple numerical procedure for 
determining the values of the output at the 
sampling instants can be obtained by expand- 
ing the z transform of the output in a power 
series in z. Since z corresponds to a time 
delay of one sampling instant, the coefficients 
of the power-series expansion of a z trans- 
form are the values of the corresponding 
time function at the sampling instants, as 
can be seen from an examination of Eq. 
(9-10) . The expansion is easily performed by 
dividing the numerator by the denominator 
since the z transform is a rational function. 

Example. 

Assume that the z transform of the output 
is given by : 


C* (z) = 


0.186 (z 2 + 1.392) 

(1 - z) [0.554z 2 - 1.108z + 1] 


Dividing the numerator by the denominator, 
the power series expansion of C* (z) is found 
to be 

C*(z) = (.26) z + (.76)z 2 + (1.17)z 3 
+ (1.36) z 4 + (1.33)z 5 + (1.20)z 6 
+ (1.07)z 7 + (.99)z 8 + (.96)z* + . . . 

The coefficients of this expansion are the 
sampled values of c(t), and the instant of 
occurrence is determined from the power of 
z in the appropriate term. The function is 
plotted in Fig. 9-13. 

An alternate method for finding the time 
response of a system is based on a difference- 
equation representation. Assume that 

C*(s) _ op + a x er> T + a 2 <r 2>r + . . . 

R* (s) “ b 0 + M-' r + b 2 er 2,T + ... 

(9-48) 
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0 2 4 6 8 10 12 


Fig. 9 - 1 j] Sampled-time function. 


Cross-multiplying, inverse transforming, and 
solving for c(n7), we obtain 

c(nT) = [a„r(nT) + a x r[{n — 1 )7] 

+ ...-&,c[(»-l)7] 
-h,c[(w-2)7] (9-49) 

This is a general recurrence formula which 
enables one to calculate the present value 
c(nT) of the output in terms of a weighted 
sum of the present and past values of the 
input r(t) and the past values of the output. 
The calculation is best carried out in tabular 
form. 

Example. Assume that the closed-loop trans- 
fer function of a sampled-data servomecha- 
nism is 

C*(z) _ 1.5 z 

R* (z) ~ l + 0.5z 

If r(t) is a unit step, the tabular evaluation 
of c(nT) can be carried out as follows. Cross- 
multiplying, we get 

C* + 0.5 er* T C* = 1.5 e~* T R* 

Inverse transforming, we obtain 

c(nT) +.05 c[(n —1)7] 

= 1.5r[ (w — 1) 7] 


or 


c(nT) = 1.5 r[ (n — 1) 7 1 ] 

— 0.5c [ (w — 1) T] 


when r(nT) is a unit step, and where the sys- 
tem has been at rest so that c (— T) is zero, the 
calculation of c ( nT ) can be carried out in tab- 
ular form as follows : 


n 

1.5r 

[(«— 1)7] 

-0.5c 
[ (n — 1)7] 

c(nT) 

0 

0 

0 


1 

1.5 

0 

0 

2 

1.5 

-0.75 

1.5 

3 

1.5 

-0.375 

0.75 

4 

1.5 

-0.562 

1.125 

5 

1.5 

-0.469 

0.938 

6 

1.5 

-0.516 

1.031 

7 

1.5 

-0.492 

0.984 

8 

1.5 

-0.504 

1.008 

9 

1.5 

-0.498 

0.996 

1.002 


The values in the last column are plotted in 
Fig. 9-14. In general, it is necessary to know 
the value of c(nT) for values of n correspond- 
ing to time prior to the beginning of the tran- 
sient. If the system is of kth order, it is neces- 
sary to know c ( nT ) for k prior to the samples. 
This corresponds to the need for knowing the 
initial conditions in any transient problem. 




Fig. 9-1 4\ Step response of sampled-data system. 
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Since the z transform does not give the 
value of the output between sampling instants, 
Lago and Truxal (10) have suggested a method 
which enables one to determine the output at 
submultiples of the sampling period T. A fic- 
titious impulse modulator is placed immedi- 
ately after the actual one (Fig. 9-15) . The fic- 
titious sampler has a sampling period which 
is an integral submultiple of T ; i.e., 

r = — (9-50) 

n 

As a result, we can write 


c* (*) = rr G '* < 2 > < 9 ~ 51 > 

1 + G*(z") 

where G'* (z) and C’* (z) are z transforms of 
g(t) and c(t) with respect to the period T, 
and R*(z”) and G*(z") are z transforms of 
r(t) and g(t) with respect to the period T but 
with z replaced by z*. 

An extension of the method above is given by 
Barker. <24) In this extended method, the out- 
put at any time between sampling instants can 
be found. If we refer to Fig. 9-16, it can be 
seen that the artificial delay produces a signal 
c’ (t ) which one can sample in order to observe 
the values which will occur between the values 
of c*(t). We find that 

C* (z,m) = R* ( 2 ) 0-52) 

where G* ( z,m ) is a modified z transform. 
G* ( z,m ) is evaluated by assuming that g(t) 
is sampled at t = (ra + to — 1)T instead of at 
t — nT. A brief table of modified z transforms 
is listed in Table 9-2. A more extensive table is 
given by Barker. <24 > The use of Eq. (9-52) 
enables one to scan the output by varying to 
between zero and unity. Thus, the variation of 
the output between sampling instants is ob- 
served, and a study of the ripple can be made. 



Fig. 9-15 Determination of c(t) between sampling 


instants by sampling at n Cl rad/ sec. 



Fig. 9-16 Determination of c(t) between sampling 


instants through the use of an artificial delay. 


The error coefficients of a sampled-data sys- 
tem may be obtained from the expression 


1 ( d* r E* (s) ll (9-53) 

n\\ds n U*(s)iLo 


Since E* ( s)/R * (s) is a rational function in z, 
where z = e~" T , we can expand it in a Taylor 
series (in z) about the point z = 1 (s = 0). 
Then, by using the infinite series expansion of 
e-* T and rearranging terms, we can easily 
obtain the Taylor series expansion of 
E* ( s ) /R* (s) in terms of s at s = 0 : 


E*(z) 

R*(z) 


= a 0 + a,(z — 1) + Oiiz — l) 2 


+ a s (z — l) 3 + . . . 


(9-54) 
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or 


E*(s) 
R*(s ) 


=ao-T( ai )s+ 2^(02 +|y)s 2 


-T»(a s + o 2 + |i ? ) S « + ... (9-55) 

The techniques described in this section can 
be used to obtain the transient response, the 
ripple, and the error coefficients of a sampled- 
data system. Using trial-and-error procedures 
and the conventional continuous-system de- 
sign techniques, the evaluation of a given sys- 
tem in terms of a set of performance specifica- 
tions is a straightforward matter. 


TABLE 9-2 MODIFIED z TRANSFORMS 


F(s) 

F* ( z,m ) 

1 

0 

1 

z 

s 

1 — z 

1 

Tz 2 -f- mz 

s 2 

(1-z) 2 

1 

zer amT 

s + a 

1 — zer aT 
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CHAPTER 10 

NONLINEAR SYSTEMS* 


10-1 INTRODUCTION 


All of the techniques of system analysis 
discussed in previous chapters are restricted 
in their application to linear systems. This 
restriction imposes two limitations on design. 
First, components must be of high quality if 
they are to operate in a linear manner when 
amplitudes and frequencies of signals vary 
widely. Second, the linearity restriction limits 
the realizable system characteristics, the 
types of systems, and the tasks that can be 
accomplished. 

Nonlinearities are generally of two types : 


incidental and intentional. Incidental nonlin- 
earities are secondary effects which limit per- 
formance in otherwise linear systems. Exam- 
ples of phenomena that introduce incidental 
nonlinearities include backlash, saturation, 
dead zone, hysteresis, and coulomb friction. 
On the other hand, intentional nonlinearities 
are those introduced purposely to improve the 
characteristics of systems or to alter them in 
specified ways. The contactor (on-off or relay) 
servo is the most extreme example of such an 
intentionally nonlinear system. 


10-2 DESCRIBING FUNCTION PROCEDURES <7 ' , ' ,2 ' ,3 ' ls ' ,, ' ,, ' 21 ' 22 ' 3, ' 35 ' 34 ' 42 ' 50 ' 51 ' s2) 


One problem to be analyzed in an investiga- 
tion of nonlinear system behavior is that con- 
cerned with the question of stability. A 
method of studying this problem utilizes the 
describing-function procedure. The applica- 
tion of the describing-function procedure en- 
ables the designer to predict whether or not 
a closed-loop system containing a nonlinear 
element will be stable. A system is said to be 
stable if, after a sudden input or disturbance, 
it eventually comes to rest. In some systems 
the existence of a stable oscillation is accept- 
able provided the amplitude of the oscillation 
is small. A typical case is a relay control sys- 
tem where a small amplitude oscillation may 
be acceptable if the cost of eliminating the 


*By L. A. Gould 


oscillation is too high. A system is said to be 
unstable if a finite input or disturbance to the 
system results in an output oscillation that 
tends to grow without bound. 

The describing-function method is based on 
three assumptions : 

(a) There is only one nonlinear element in 
the system. If there are more than one, that 
part of the system including all nonlinearities 
is treated as a single nonlinear component. 

(b) The characteristics of the nonlinear 
element are independent of time. They depend 
only on the present value and past history of 
the input to the element. 

(c) If the input to the nonlinear element is 
sinusoidal, only the fundamental sinusoidal 
component of the output of the element con- 
tributes to the input of this element. 
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The last assumption is the heart of the 
method. It is applicable when the amplitude 
of the harmonics generated by the nonlinear- 
ity decreases and when the elements that fol- 
low the nonlinearity have low-pass character- 
istics. 

Referring to Fig. 10-1, the method of anal- 
ysis is as follows. The input x(t) to the non- 
linear element N is assumed to be sinusoidal 
with amplitude X and frequency to. The output 
2/(0 will be periodic (but nonsinusoidal) with 
the same frequency to. A Fourier analysis of 
the output waveform is made and all frequen- 
cies except the fundamental are ignored. The 
amplitude Yi of the fundamental will, in gen- 
eral, be a function of X and to, as will be the 
phase angle of the fundamental relative to the 
input. The describing function of the non- 
linear element is defined as a complex num- 
ber whose magnitude is Y ,/X, the ratio of the 
amplitude of the fundamental component of 
the output to the amplitude of the input, and 
whose angle is the phase angle of the funda- 


mental component of the output relative to the 
phase angle of the input. The describing func- 
tion is usually denoted by N(X, co). Symbol- 
ically, if 

x(t) — X sin cot (10-1) 

then 


2/(0 = F] sin (cot -f </>,) -j- Y<,2 sin 
(cot -f- </>o) -}- Y33 sin (cot <f> 3 -J- . . . 


and 


( 10 - 2 ) 


N(X, co) = 

A 

XN(X, co) = </>, 


(10-3) 

(10-4) 


The describing functions of several impor- 
tant nonlinearities will now be presented. 
Figure 10-2 shows the input-output character- 
istic of a contactor with inactive zone A (dead 
zone) and hysteresis h. The amplitude and 
phase curves of the describing function N of 


OUTPUT Y 




Fig. 10-1 Nonlinear feedback control system. 


Fig. 1 0-2 Dimensionless representation of contactor 
characteristics (case involving both inactive 
zone and hysteresis). 


Adapted by permission from Transactions of the AIEE, Volume 
69, Part I, I960, from article entitled ‘A Frequency Response 
Method for Analyzing: and Synthesizing: Contactor Servomecha- 
nisms’, by R. J. Kochenburger. 
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this contactor as functions of the input ampli- 
tude X appear in Fig. 10-3. Figure 10-4 shows 
the input-output characteristics of a nonlinear 
element containing both dead zone D and sat- 
uration S. No phase shift is associated with 
this element since, in general, phase shift will 
not occur for a single- valued nonlinearity. The 
describing function for no saturation (S—> oo ) 
is presented in Fig. 10-5. The describing 
function for no dead zone (D = 0) is present- 
ed in Fig. 10-6. Describing functions for vari- 
ous combinations of dead zone and saturation 


appear in Fig. 10-7. Figure 10-8 shows the in- 
put-output characteristic of a nonlinear ele- 
ment characterized by hysteresis (backlash or 
free play) . The describing function for this 
nonlinearity is presented in Fig. 10-9. Other 
describing functions for more complex non- 
linearities can be derived for the particular 
case being considered. Additional describing 
functions are given in the literature. (18>I9>22) 

The procedure for using the describing 
function to predict the nature of the stability 
of a nonlinear system follows. Referring to 



o -5 1.0 1.5 2.0 2.5 ao 

A. AMPLITUDE RELATIONSHIP 



B. PHASE RELATIONSHIP 


Fig. 10-3 P/of of the describing function N (simple contactor with hysteresis ratio h/A). 


Adapted by permission from Transactions of the AIEE, Volume 
69, Part I, 1950, from article entitled ‘A Frequency Response 
Method for Analyzing and Synthesizing Contactor Servomecha- 
nisms’, by R. J. Kochenburger. 
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X. 

s 


Fig. 10-6 Describing function for saturation. 


Fig. 10-4. Nonlinear characteristic with dead zone 
and saturation. 


Adapted by permission from Automatic Feedback Control Sys- 
tem Synthesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill 
Book Company, Inc. 


By permission from Automatic Feedback Control System Syn- 
thesi^\ by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 



_X 

D 


Fig. 10-5 Describing 


function for dead zone. 



X 

D 


Fig. 10-7 Describing function for saturation and 
dead zone. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 


Adapted by permission from Automatic Feedback Control Sys- 
tem Synthesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill 
Book Company, Inc. 

Fig. 10-10, the linear and nonlinear portions 
of the system are separated into two parts; 
the describing function N applies to one part, 
and the response of the linear elements G to 
the other. The gain-phase plane is employed 
for plotting the negative reciprocal ( — 1 /N) 
of the describing function. The response 
G ( j<a) of the linear elements is also plotted on 


the same plane. If the — l/N locus and the 
G(ju>) locus do not intersect, the system is 
stable and does not oscillate. If the — l/N 
locus and the G(/od) locus do intersect (two 
types of intersections can occur) , the system 
may or may not be oscillatory. The describing 
function for a contactor with hysteresis and 
dead zone is sketched in Fig. 10-11 wherein 
the types of intersections of the —l/N locus 
with a G (fio) locus are shown. The parameter 
along the —l/N locus is the amplitude X of 
the assumed sinusoidal input to the nonlinear 


10-4 


(A) MAGNITUDE IN| 


THEORY 


whn 



Fig. 10-8 Hylferesis nonlinearity. 





Fig. 10-10 Simplified nonlinear system. 




Fig. 10-9 Describing function for hysteresis-type 
nonlinear element. 


Adapted by permission from Transaction s of the AIEE, Volume 
72. Part II, 1963, from article entitled 'Describing Function 
Method of Servomechanism Analysis Applied to Most Commonly 
Encountered Nonlinearities’, by H. D. Grief. 


Fig. 10-11 Stability determination with 


describing function. 


element. Three cases illustrating the types of 
intersection of the G(jt o) locus with the 
— 1/N locus are shown in Fig. 10-11. 

Case 1. The G (jot) locus does not intersect 
the — 1/N locus. The system is stable and no 
oscillation occurs. 

Case 2. The G(jm ) locus intersects the 
— 1/N locus at two points A and B. Point A is 
called a divergent equilibrium point since 
sustained oscillations cannot be maintained at 
the frequency a>. 4 and amplitude X A associated 
with A. The existence of a divergent equili- 
brium can be determined by treating the 
— 1/N locus as one treats the —1 + jO point 
in the study of the stability of linear systems. 
If the amplitude X associated with point A de- 
creases slightly, the G (jut) locus will be lo- 
cated in a stable position with respect to the 
—1/N point, and oscillations will tend to die 
out. If the amplitude X tends to increase from 
X A , the G(j(») locus encloses the —1/N point 
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(corresponding to instability) , and the ampli- 
tude of oscillation will tend to increase. Thus, 
oscillation cannot be maintained at A. How- 
ever, point B is a point of convergent equilib- 
rium, as can be determined by letting the 
amplitude X both increase and decrease rela- 
tive to X„. In each case, the tendency will be 
for the amplitude of the oscillation to head 
back to point B. Thus, the convergent equilib- 
rium point B determines an amplitude X B 
(read off the —1/N locus) and a frequency 
o) fl [read off the G(jco) locus] at which a sus- 
tained oscillation occurs. 

Case 3. The G(j<a) locus intersects the 
—1/N locus at point C. This is a convergent 
equilibrium point, as can be determined by 
letting the amplitude X increase or decrease 
relative to the amplitude X c associated with 
the intersection C. In each case, the amplitude 
of oscillation will tend to return to X c . 

The describing-function method thus pre- 
dicts the stability of nonlinear systems, as 
described above. If intersections occur be- 
tween the —1/N locus and the G(j(v) locus, 
the amplitude and frequency of convergent 
oscillations can be predicted to an accuracy 
that is determined by the assumptions inher- 
ent in the method. Techniques for estimating 
the accuracy of the results are given in ref- 
erejnCes 15 and 52. 

The describing-function procedure breaks 
down if the two loci (—1/N and G) approach 
each other without intersecting, are tangent, 
or intersect at a small angle. In these situa- 
tions one cannot be certain as to whether or 
not oscillations exist. 

In general, the accuracy of the describing- 
function method increases as the cutoff rate 
of the linear element (following the nonlinear 
element) increases. The accuracy may de- 
crease if the linear element exhibits a sharp 
resonance. 

The describing-function procedure is use- 
ful in predicting the closed-loop frequency re- 
sponse of a system containing an incidental 
nonlinearity when no oscillation can occur. 
Thereby, peculiarities in measured charac- 
teristics can be explained, and quantitative 


estimates of nonlinear effects can be made. By 
treating the —1/N locus as the equivalent of 
the — 1 + ;0 point of conventional linear anal- 
ysis, the degree of stability of a system con- 
taining a nonlinear element may be estimated. 
Instead of aligning the (— 180°, Odg) point of 
the Nichols chart with the (—180°, 0 dg) 
point of the G (yco) locus in order to determine 
M p , as is done when a linear element is pres- 
ent, the (—180°, 0 dg) point of the Nichols 
chart is aligned with a point chosen on the 
—1/N locus of the nonlinear element for a 
given amplitude X of the input to the element, 
when a nonlinear element is present. The tan- 
gency of the G locus (plotted on the same co- 
ordinates as the —1/N locus) to an M contour 
of the Nichols chart will then be an indication 
of the degree of stability associated with the 
chosen amplitude X. Moving the (—180°, 0 
dg) point of the Nichols chart along the —1/N 
locus is equivalent to changing the amplitude 
X of the input to the nonlinear element. By 
this means, the variation of the degree of 
stability (as measured by M p ) can be deter- 
mined as a function of the amplitude of the 
input to the nonlinear element. The relation 
between the amplitude X (input to nonlinear 
element) and the reference-input amplitude 
R can be determined for each M p value from 
the following relations (see Fig. 10-1). 


\R\ = Iffl |X| (10-5) 

M p 

where <d p is the frequency associated with the 
point of M p tangency for each value of X 
along the —1/N locus. 

These methods can be extended to deter- 
mine the entire frequency response of a sys- 
tem by noting the intersections of other M 
contours with the G locus at each value of X 
and using the following relations to deter- 
mine the input amplitude (or amplitudes) R 
associated with each value of X : 


C(jo>) 


Gi ( j>o)N G 2 (;'o>) 

R (;'«) 


1 + Gi(ju>)N Gi(ju)) 


( 10 - 6 ) 


X(ji») 

1 

C(/o>) 

R (jut) 

- |NG,.Oa>)| 

R(jo>) 


(10-7) 
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Example. A relay (contactor) servomech- 
anism employs a relay with a ratio of hyster- 
esis h to dead zone A of 0.5. The describing 
function of the relay is plotted in Fig. 10-12 
as a function of the normalized input ampli- 
tude a, where a = X/A. The linear element 
Gi (/to) is a pure gain K (see Fig. 10-1) . The 
linear element Go(jm) is represented by the 
relation 


/o>(0.05/o> + 1) 

The block diagram of the system is shown in 
Fig. 10-13. The response GiG> of the linear 
elements is plotted in Fig. 10-12 with K/A — 
20 as curve (B). No intersection occurs, and 
so the system is stable. If the gain factor K 
is increased by 8.5 dg (a factor of 7.1), curve 
(A) is obtained. Now, an intersection occurs 
for a — 0.9 and co = 55 rad/sec. This intersec- 
tion is a convergent equilibrium point, and 
the system will therefore oscillate at 55 rad/ 
sec with an error amplitude E = 0.00635 
since 



Fig. 10-12 Contactor servomechanism study. 


Inl- 


and 


[K/A] 


K/A = 142 

For the stable case, curve ( B ) of Fig. 10-12 
and Eq. (10-5) are used to determine the 
variation of M p with the magnitude \R\ of the 
sinusoidal input. The results are plotted in 
Fig. 10-14. 



Fig. 10-13 Contactor servomechanism. 



0 0.006 0.0)0 0.016 o.oeo 


mi 


Fig. 1 0-14 Degree of stability variation with input 


amplitude for contactor servomechanism. 
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1 0-3 PHASE-PLANE pROCEDURES <2 ' 3 ' 4 ' s ' 6 ' i3,24,25 ' 26 ' 27 ' 30 ' 34 ' 3 ’' 40 ' 4MMM7 ' 48 ' sl ' 5J ' 53) 


The main limitation of the describing- 
function procedure is that it cannot predict 
the response of stable nonlinear systems to 
inputs that are not sinusoidal. In contrast, the 
phase-plane method is an attempt to describe 
the response of nonlinear systems to specific 
transient inputs. In this method, attention is 
focused on the differential equations that 
describe the system, and the behavior of the 
system is studied by plotting velocity versus 
displacement with time as a parameter. This 
velocity-displacement plane is called the phase 
plane. Only second-order systems can be 
handled in the phase plane although attempts 
have been made to treat higher-order systems 
by a phase-space representation. ( 34.4°.46.47.48, 5 3 ) 

Phase-plane analysis is concerned with the 
characteristics of the differential equation 

x -)- a(x,x)x + b(x,x)x = 0 (10-8) 

The phase-plane portrait of the system is a 
plot of the velocity a; as a function of the dis- 
placement x, the plot being a family of curves 
depending on the initial conditions x(0) and 
a;(0). Once the initial conditions have been 
specified, the behavior of the system is deter- 
mined completely by the curve in the phase 
plane corresponding to the given initial con- 
ditions. Thus, the phase-plane approach is 
most useful in determining the response of a 
system to a step input. Since a step input does 
not always occur in practice, the application 
of the phase-plane technique is severely re- 
stricted when the response to other types of 
inputs is sought. 

As an example, consider a second-order 
linear system whose characteristic equation 
is 

x -f- 2^a)„ x -f- w„ 2 x ■=. 0 ( 10-9) 

If the velocity x is treated as a new variable 
y, then, by eliminating the dependence of the 
above equation on time, there results 

^ -\-2Xyn„ + <o„ 2 - = 0 (10-10) 

dx y 


Equation (10-10) is a first-order equation 
for y as a function of x and has a family of 
solutions depending on the initial values y( 0) 
and z(0). Each solution is called a phase 
trajectory, and the totality of solutions is the 
phase-plane portrait of the system. The phase 
trajectories for Eq. (10-10) are shown in 
Fig. 10-15 for £ = 0.5. In this figure, if the 
initial conditions correspond to the point A 0 , 
then the motion of the system is completely 
described by the trajectory A^A-iA^A^AiA^A^ 
with time increasing in the direction of the 
arrows. 

In a more general case, it may be very diffi- 
cult to solve the equation that describes the 
trajectories. A graphical procedure involving 
the determination of the isoclines (lines of 
equal slope) is then possible. (4) Referring to 
Eq. (10-8) , the slope of the phase trajectories 
is found to be 

? = -a{x,y) - b (x,y) — (10-11) 

dx y 

By setting the right side of this equation 
equal to a constant, a curve connecting points 
of equal slope is determined. The isoclines 
thus obtained are plotted in the phase plane, 
and the slopes of the various phase trajec- 
tories can be drawn directly on the isoclines. 
If a large number of isoclines are drawn, the 
phase trajectories can be accurately deter- 
mined. 

Once the phase portrait of a system has 
been constructed, the behavior of the system 
can be investigated. If the response of the 
system for a given set of initial conditions is 
sought, the corresponding phase trajectory 
determines the response. The variation of 
time t along the trajectory can be ascertained 
from the relation 

t=C—dx (10-12) 

J y 

The nature of the stability of the system 
can be determined by an investigation of the 
singular points of the system. If the behavior 
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of a second-order system can be described by 
the two first-order equations 

x = P(x,y) (10-13) 

V — Q(x,y) (10-14) 

the points at which x — 0 and y = 0 are called 
the singular points of the system and repre- 
sent equilibrium states of the system. If the 
trajectories approach a singular point, the 
system is stable; whereas, if they diverge 
from the singular point, the system may be 
unstable. To investigate the nature of the 
equilibrium at a singular point, a Taylor 
series expansion of the functions P(x,y) and 
Q(x,y) is made about the point, and all but 


the first-order terms in expansion are neg- 
lected. Thus, the singular points are deter- 
mined from the solutions of the equations 

P(x,y) = 0 (10-15) 

Q(x,y)= 0 (10-16) 

The linearized forms of Eqs. (10-13) and 
(10-14) at the singular point x — a and y — b 
become 

x = a t (x — a) + a-.(y — b) (10-17) 

y — b,(x — a) 4- b- 2 (y — b) (10-18) 

where a,, a>, b ,, and b> are coefficients of the 
expansion. Six types of singular points can 
occur : 



Fig. 10-15 Phase portrait of linear second-order system with X, — 0.5. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 
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(a) Stable node (Fig. 10-16) 

(«! + &,)< 0 (10-19) 

(ai + bn ) 2 > 4(aib-. — a 2 bx) (10-20) 

(b) Unstable node (Fig. 10-17) 

(a, +h 2 )>0 (10-21) 

(a l + b 2 ) 2 >4(a 1 b 2 -a 2 b l ) (10-22) 

(c) Stable focus (Fig. 10-18) 

(a, + b 2 ) < 0 (10-23) 

(a, + b 2 ) 2 < 4(a,6 2 - a 2 b x ) (10-24) 

(d) Unstable focus (Fig. 10-19) 

(a. + h 2 )> 0 (10-25) 

(«i + b 2 )- < 4(ai6 2 — a 2 i>i) (10-26) 

(e) Center (Fig. 10-20) 

( ai + ft 2 )=0 (10-27) 

(a,b 2 - a 2 b x ) > 0 (10-28) 

(f) Saddle point { Fig. 10-21) 

(a, + &»)=<> (10-29) 

(a x b 2 — a 2 b x ) < 0 (10-30) 

The relations among the various singular 


points and the Taylor series coefficients given 
by Eqs. (10-19) through (10-30) are sum- 
marized in Fig. 10-22. 



Fig. 10-16 Portrait in the vicinity of a stable node. 



Fig. 10-17 Portrait in the vicinity of an 
unstable node. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 



Fig. 10-18 Portrait in the vicinity of a 
stable focus. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal Copyright, 1955, McGraw-Hill Book 
Company, Inc. 
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Fig. 10-19 Portrait in the vicinity of an 
unstable focus. 



Fig. 10-21 Portrait in the neighborhood of a 
saddle point. 


By permission from Automatic Feedback Control System Syn- 
theeie, by J. G. Truxal, Copyright, 1965, McGrsw-Hill Book 
Company, Inc. 


Adapted by permission from Automatic Feedback Control Sye- 
tem Synthesis, by J. G. Truxal, Copyright, 1956, McGraw-Hill 
Book Company, Inc. 



Fig. 10-20 Portrait in the vicinity of a center. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1956, McGraw-Hill Book 
Company, Inc. 


In the case of feedback control systems, the 
problem is simplified because Eq. (10-13) can 
be replaced by 

x = y (10-31) 

and the Taylor series coefficients ai and a 2 
become 

« 1 = 0 (10-32) 

oa = 1 (10-33) 


In addition to the determination of the 
singular points, a complete description of the 
stability of a system in the phase plane re- 
quires a determination of the limit cycles of 
the system. A limit cycle is an isolated closed 
path in the phase portrait which corresponds 
to a system oscillation of fixed amplitude and 
period. A limit cycle is stable or unstable 
depending upon whether the paths in the 
neighborhood converge toward the limit cycle 
or diverge away from it. Thus, there arise 
two general types of self-excitation of non- 
linear systems. Soft excitation occurs when a 
limit cycle encloses an unstable singular point 
(Fig. 10-23) ; hard excitation occurs when a 
limit cycle encloses a stable limit cycle or a 
stable singular point (Fig. 10-24). There is 
no definite method available for determining 
the limit cycles of a system or even if a limit 
cycle exists. The only approach is to deter- 
mine the convergent and divergent properties 
of the phase trajectories. Thus, if all trajec- 
tories are converging outside a circle C x 
(centered at the origin) and diverging inside 
a smaller circle C 2 (centered at the origin) , 
then a stable limit cycle must exist between 
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Fig. 10-22 Types of singularities. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1965, McGraw-Hill Book 
Company, Inc. 



Fig. 10-23 Portrait with soft self-excitation. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 



Fig. 10-24 Portrait with hard self-excitation. 


By permission from Automatic Feedback Control System Syn- 
thesis, by J. G. Truxal, Copyright, 1955, McGraw-Hill Book 
Company, Inc. 

the two circles. In particular, an examination 
of the time rate of change of the distance r 
from the origin for small and large values of 
x and y can determine the divergent or con- 
vergent properties of the phase trajectories. 
Several other conditions for the existence of 
limit cycles have been determined. <3) Some of 
these conditions are the following : 

(a) No limit cycle exists in any region 
within which 

bP bQ 

bx by 

does not change sign. 

(b) Within any limit cycle the number of 
nodes, foci, and centers must exceed the num- 
ber of saddle points by one. 

(c) If a trajectory stays inside a finite 
region and does not approach a singular 
point, then the trajectory must be a limit 
cycle or approach a limit cycle asymptoti- 
cally. 

Knowing the trajectories, the singular 
points, and the limit cycles of a system, the 
behavior of the system is completely deter- 
mined when the initial conditions are speci- 
fied. The determination of the trajectories 
and the singular points is a straightforward 
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procedure; the determination of the limit 
cycles, however, is more difficult. The com- 
plete phase portrait can then be used to deter- 


mine the nature of system stability, and the 
response of the system (if stable) is readily 
ascertained. 


10-4 LIMITATIONS, COMPENSATION, AND OTHER METHODS 


As discussed previously, the describing- 
function procedure is primarily effective in 
determining the existence of limit cycles and 
predicting the amplitudes and frequencies 
associated with stable limit cycles. To a lesser 
degree the describing-function procedure can 
be used to estimate qualitatively the degree 
of stability of stable nonlinear systems. In 
addition, the describing-function method can 
be used to determine the frequency response 
of nonlinear systems therefore, it is helpful 
in explaining anomalous experimental results. 

The phase-plane procedure is useful in 
determining the exact nature of the stability 
of nonlinear systems in situations where the 
describing function method is inapplicable. 
In addition, the time response of a nonlinear 
system can be determined expeditiously 
through the use of the phase-plane so that a 
more quantitative estimate of the degree of 
stability of a system can be obtained. 

Unfortunately, neither the phase plane nor 
the describing function can be used to deter- 
mine the response of a nonlinear system to 
inputs other than simple steps or sinusoids. 
Since these elementary inputs rarely occur 
in practice, the utility of the two methods is 
severely restricted. 

When the input to a system is arbitrarily 
defined, it is necessary to use either numeri- 
cal computation < 54 - S6>66) or, more conveniently, 
analog or digital computers. The analog com- 
puter is an especially powerful aid in the 
study of nonlinear systems. 

Some specific remarks are in order regard- 
ing the stabilization and compensation of 
nonlinear systems. If the describing-function 
method is applicable, stabilization can be ac- 
complished by reshaping the response G (jot) 


of the linear element with conventional linear 
functions to eliminate intersections between 
the describing function and G (jm) . A non- 
linear compensation function may be added 
to reshape the original describing function. 
If the added nonlinearity is separated from 
the original one by a low-pass filter, the de- 
scribing functions of the two nonlinearities 
can be multiplied directly to obtain the com- 
posite describing function of the nonlinearly 
compensated system. If the compensating 
nonlinearity immediately precedes or follows 
the original nonlinearity with no separation 
by filtering action, a new describing function 
must be determined by combining the input- 
output characteristics of the two nonlinear- 
ities. In the latter case, the effect of the added 
nonlinearity on the original describing-func- 
tion locus is much more difficult to visualize. 

A great deal of effort has been devoted to 
the study of “optimum” nonlinear systems. 
The basic assumption in these studies <5 ' n - 2324 - 
26 . 27 , 30 , 34 , 41 , 44 . 46 , 48 ) j s that & system having a 
transient response (to a step input ) that 
settles in a minimum period of time and has 
a minimum overshoot is an “optimum” sys- 
tem. The limitation of such “optimization” 
methods is due primarily to the fact that a 
nonlinear system will behave differently for 
different inputs. As a result, a system that 
has been “optimized” for a given step input 
may behave poorly for other step inputs of 
different magnitude, and it is likely that it 
will not behave in an optimum manner in 
response to other types of inputs. 

In conclusion, it should be said that the 
problems of stabilization, compensation, and 
optimization of nonlinear systems have, as 
yet, not been adequately treated. 
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PREFACE 

The Engineering Design Handbook Series of the Army 
Materiel Command is a coordinated series of handbooks 
containing basic information and fundamental data useful 
in the design and development of Army materiel and sys- 
tems. The handbooks are authoritative reference books of 
practical information and quantitative facts helpful in the 
design and development of Army materiel so that it will 
meet the tactical and the technical needs of the Armed 
Forces. The present handbook is one of a series on Servo- 
mechanisms . 

Section 2 of the handbook contains Chapters 11 and 12, 
which describe those servomechanism components used 
as sensing elements and signal converters. Chapter 11 
covers various sensing elements such as potentiometers, 
rotary transformers, linear variable differential trans- 
formers, tachometer generators, gyroscopes and analog- 
to-digital converters. Chapter 12 covers three types of 
signal converters: modulators, demodulators and digital - 
to-analog converters. 

For information on other servomechanism compon- 
ents and on feedback control theory and system design, 
see one of the following applicable sections of this hand- 
book: 

AMCP 706-136 Section 1 Theory (Chapters 1-10) 

AMCP 706-138 Section 3 Amplification (Chapter 13) 

AMCP 706-139 Section 4 Power Elements and System 
Design (Chapters 14-20) 

An index for the material in all four sections is placed 
at the end of Section 4. 

Elements of the U. S. Army Materiel Command having 
need for handbooks may submit requisitions or official 
requests directly to Publications and Reproduction Agency, 
Letterkenny Army Depot, Chamber sburg, Pennsylvania 
17201. Contractors should submit such requisitions or 
requests to their contracting officers. 

Comments and suggestions on this handbook are wel- 
come and should be addressed to Army Research Office- 
Durham, Box CM, Duke Station, Durham, North Carolina 
27706. 
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CHAPTER 11 

SENSING ELEMENTS 

11-1 INTRODUCTION * 


This chapter deals with those devices that 
measure or sense the input or output of a 
servomechanism and express it in electrical 
form. The more common types of sensing ele- 
ments used in ordnance applications convert 
motion, either translational or rotational, 
into a corresponding electrical representa- 
tion. They are part of a class of devices called 
transducers, the function of a transducer 
being to receive information from some 
source and to express that information in a 
different form for use by another operating 
component . 

The variety of sensing elements that have 


been developed is very large. No attempt is 
made here, however, to list or discuss all of 
them. Rather, the selection is restricted to 
those that find wide use in ordnance applica- 
tions. 

In the remainder of this chapter, emphasis 
is placed on discussing the characteristics 
and limitations of the various sensing ele- 
ments considered. The aim is to provide the 
servo designer with sufficient information to 
select a suitable type of sensing element for 
a given application and to match it properly 
to the rest of the system utilizing the servo. 


11-2 POTENTIOMETERS * 


11-2.1 DESCRIPTION AND BASIC THEORY 
1 1 -2.2 Definition 

A potentiometer is a resistor with a sliding 
contact. The electrical resistance between the 
slider and either end point of the total resist- 
ance element is a predetermined function of 
the distance of the slider from the end point 
so that the potentiometer converts slider po- 
sition into electrical resistance. 

Figure 11-1 shows the electrical represen- 
tation of a potentiometer. The arrow indi- 
cates the movable slider ; A and B are the end 
points of the total resistance element across 
which the excitation voltage is applied ; C 
and D are the end points of that portion of 
the total resistance element across which the 


variable output voltage is taken. In an actual 
potentiometer, one terminal suffices for end 
points B and D combined. 



*By A.K. Susskind 


Fig. 11-1 Electrical representation of a 


potentiometer. 
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1 1-2.3 Types of Potentiometers 

There are two basic types of potentiom- 
eters : (1) rotary and translatory. The majority 
of potentiometers produced today are in- 
tended for applications where the slider mo- 
tion is rotary. The basic rotary type can be 
broken down into two subtypes: the single- 
turn potentiometer and the multiturn poten- 
tiometer. 

Single-turn potentiometers are designed 
for slider-travel limits of a full revolution or 
less (e.g., 300°). Multiturn potentiometers 
are designed for slider-travel limits of several 
revolutions (e.g., some multiturn potentiom- 
eters are now being made with as many as 
60 revolutions between stops) . 


p (6) = change in resistance per unit angu- 
lar displacement as a function of 
slider angle 6 (in units consistent 
with those chosen for 6) 

The total winding resistance R, c can be 
written 

R w = f } ""* P (e) de (n-2) 

Jo 

where is the slider angle that represents 
the angular displacement of the slider from 
the zero end of the potentiometer to the other 
end. 

If P (6) is a constant, k u then 
R(6)=k l 0 (11-3) 

and 


1 1-2.4 Principle of Operation 

The basic performance equation for a 
single-turn or multiturn potentiometer can 
be written* 1 * 

R(9) = £ p(e) de (ii-i) 

where 

0 = slider angle (i.e., the angular dis- 

placement of the slider with respect 
to the zero end of the potentiom- 
eter) 

R(6) — resistance between the slider and 
the zero end of the potentiometer 
(i.e., the resistance between points 
C and D in Fig. 11-2) 


R w — kiBnax (11*4) 

When p(fl) is constant, the potentiometer 
is known as a linear potentiometer. If P (6) is 
not constant, the potentiometer is said to 
be nonlinear. The form of Eqs. (11-1) and 
(11-2) indicates that the resistivity function 
p{6) of a potentiometer must be the deriva- 
tive of the desired resistance function; i.e., 


P (8) = JRW. 


(11-5) 


When an excitation voltage e ex of fixed 
amplitude is applied across the potentiometer, 
the output voltage e 0ll , measured between the 
zero end of the potentiometer and the slider is 
a function of slider position ; i.e., 



Fig. 11-2 


Wire-wound element and slider. 


<W = e« (11-6) 

•ft to 

The relationships for a translatory poten- 
tiometer that correspond to Eqs. (11-1) 
through (11-6) can be written directly as 
follows : 


R(x) 

= f P (x) dx 

Jo 

(11-7) 

R,c = 

1 p(x) dx 

Jo 

(11-8) 

R(x) 

— kn x 1 

(11-9) 

Rw = 

[ for P (x) 

= constant = fe 2 

kn X max J 

(11-10) 
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p(x) = -~W (11-11) 

ax 

e 0 ut = e ex -5M. (11-12) 

R w 

where 

x = slider displacement (i.e., the linear 
distance of the slider from the zero 
end of the potentiometer) 

R(x) = resistance between the slider and 
the zero end of the potentiometer 

p(x) = change in resistance per unit 
linear displacement as a function 
of slider displacement x (in units 
consistent with those chosen for x) 

%ma;v distance represented by slider dis- 
placement from the zero end of the 
potentiometer to the other end 

Ko = constant value of P ( x ) 

11-2.5 Use 

An important application of potentiome- 
ters in servos is as an electromechanical 
transducer for converting a mechanical dis- 
placement into a corresponding voltage sig- 
nal. A potentiometer is one of the simplest 
means of accomplishing this function. If a 
direct or alternating excitation voltage of 
fixed amplitude is connected across the po- 
tentiometer, the output voltage (measured 
between the slider and the zero-end terminal) 
is a function of slider position and is given 
by either Eq. (11-6) or whichever is applica- 
ble. It follows that only when a linear po- 
tentiometer is used will the output be a linear 
function of slider position. Since a linear 
sensing element is required in most servo- 
mechanisms, linear potentiometers are nearly 
always used and the required tolerance in 
R(6) is so close that only precision potenti- 
ometers are employed 

Nonlinear potentiometers are used pri- 
marily in computing circuits. For example, 
by making 

P (e) - cose (ii-i3) 


the resistance R(0) [see Eq. (11-1)] becomes 

R(e) — f cos 6 do = sin 6 (11-14) 

J o 

Hence, this particular nonlinear potentiome- 
ter can be used to express electrically the sine 
of the slider position. 

1 1 -2.6 Construction Features 

A potentiometer consists of three main 
parts : the resistance element ; the slider ; and 
the housing. The housing holds the other two 
parts in proper relationship to each other 
and also serves as a mount for the complete 
unit. In rotary-motion units, a shaft for me- 
chanical coupling to the slider is brought out 
through the housing; in linear-motion units, 
a rod is brought out. 

Resistance elements of four types are used 
in precision potentiometers for servomecha- 
nism applications: wire wound; slide wire; 
film; and conductive plastic. Film elements 
(made of carbon or metal) have not yet been 
developed as fully as wired-wound and slide- 
wire elements. At the present time, most 
commercially available precision potentiom- 
eters contain wire-wound resistance elements. 

Wire-wound elements are made by wrap- 
ping an insulated resistance wire helically 
around either an insulating card or an in- 
sulated metallic rod that, for rotary units, is 
then bent into a circular shape. The wire in- 
sulation is removed along the path that the 
slider contacts. When moving, the slider suc- 
cessively contacts each turn of the winding 
as shown in Fig. 11-2. In the position shown, 
the slider is in contact with two turns of the 
resistance element. As the slider moves to the 
right, it leaves the first turn and makes con- 
tact with only the second until further mo- 
tion brings it into contact with both the 
second and third. The resistance between the 
slider and one end point of the resistance 
element therefore varies in discrete steps, as 
does the output voltage when a fixed voltage 
is applied across the entire element. The size 
of the voltage steps is of the order of e,. r/n, 
where n is the number of turns of the resist- 
ance wire. The exact size of the steps varies 
with slider position and structural details. 
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Because of these voltage steps, the use of a 
wire-wound potentiometer as an output sens- 
ing element in a servomechanism leads to 
small oscillations around the particular step 
that most nearly corresponds to the servo- 
mechanism command. The more turns the 
element has, the smaller the amplitude of 
the oscillations. Hence, in selecting a po- 
tentiometer, care must be taken to assure 
that the size of the resistance steps is small 
enough to result in oscillations of negligible 
amplitude, or compensation can be added to 
the servomechanism in the form of coulomb 
friction at the output shaft. Gottling (18 > has 
shown that for a simple positional servo- 
mechanism consisting of an amplifier and 
motor, with voltage feedback from the out- 
put shaft obtained by means of a wire-wound 
potentiometer, the output will settle on the 
wire step where the voltage is nearest to the 
input if the coulomb friction, q, is in ac- 
cordance with the following criterion 

<7 ^ \-X — XK„K hi (11-15) 

2 n 

where 

K„ = amplifier gain 

K m = stalled motor torque per unit control- 
phase voltage 

For a given potentiometer diameter, the 
smaller the wire diameter, the larger the 
total resistance and the greater the number 
of turns. The greater the number of turns, 
the smaller the individual voltage steps and 
the smaller the travel of the slider arm over 
which the output voltage is constant. Hence, 
the number of wire turns also determines 
the accuracy to which a desired voltage can 
be achieved. 

At the present time, the smallest practical 
wire diameter used is 0.9 mil. In typical com- 
mercial units presently available, the maxi- 
mum case diameter is a few inches and the 
maximum number of wire turns per shaft 
revolution is approximately 5000, so that the 
upper limit in resolution, obtained in the 
highest-resistance units, is approximately 
one part in 10,000 per revolution. Where a 
circuit design calls for a low impedance level 


and the inherently poor resolution of a low- 
resistance potentiometer cannot be tolerated, 
one can use a high-resistance, good-resolution 
potentiometer and shunt it across the input 
terminals with a fixed low resistance. This 
arrangement provides a low impedance level 
at the input terminals, without sacrificing 
the desired resolution. 

The stepped nature of the resistance func- 
tion is the most serious disadvantage of wire- 
wound elements. It is overcome in the carbon, 
metal, and conductive-plastic film elements, 
which represent a nearly smooth, unbroken 
surface to the slider and exhibit voltage steps 
smaller than those of a high-resistance, wire- 
wound element by a factor of several tens. 
At present, however, only a small variety of 
film units are commercially available and 
these are not yet as stable under extreme 
environmental conditions as are wire-wound 
elements. (Another form of a smooth resist- 
ance element is the composition type. How- 
ever, its resistivity function cannot be suffi- 
ciently well controlled in manufacture to per- 
mit its use as a sensing element for servo- 
mechanisms.) 

While very good resolution can be obtained 
with potentiometers of the slide-wire type, 
these units have relatively low total winding 
resistance. This can result in excessive load- 
ing of the electrical source. The total resist- 
ance of the element is limited by the size of 
the potentiometer. Typical single-turn units 
have a total resistance of a few hundred ohms ; 
typical multiturn units have a total resistance 
of a few thousand ohms. 

11-2.7 LINEAR POTENTIOMETERS 
1 1-2.8 Types of Linearity 

The characteristic of greatest interest in a 
linear potentiometer is the degree of linear- 
ity ; i.e., the closeness with which the output 
voltage or resistance is a linear function of 
slider position. The inherent stepped nature 
of the output of a wire-wound potentiometer 
yields a linearity deviation that is one half 
the size of the maximum step. Manufactur- 
ing tolerances add further deviations from 
perfect linearity. 
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Figure 11-3 shows a typical plot of per- 
cent output voltage as a function of percent 
slider position, with percent deviation from 
linearity (D)E 0Ut /E ei exaggerated. The maxi- 
mum percent deviation of the actual curve 
from the ideal curve is called terminal linear- 
ity. Terminal linearities as low as 0.01 per- 
cent have been achieved, but linearities of 
0.1 to 0.5 percent are more common in most 
commercial units. 

A different measure of potentiometer per- 
formance commonly used is independent lin- 
earity, which is defined by the Radio, Elec- 
tronic and Television Manufacturers’ Associ- 
ation (RETMA) as “the deviation when the 
slope and position of a straight reference 
line are chosen to make the maximum devia- 
tions a minimum over the actual effective 
travel or any specified portion thereof.” The 
straight reference line used does not coincide 
with the line corresponding to ideal perform- 
ance. The independent linearity figure is 
smaller than the terminal linearity figure. 



PERCENT SLIDER POSITION 
100 OR — i— x 100 

■« x a« 

NOTE: THIS PLOT APPUES TO THE SITUATION IN WHICH 
THE EXCITATION VOLTAGE IS APPLIED DIRECTLY 
TO THE TWO TERMINALS OF THE RESISTANCE 
ELEMENT, SO THAT E, .. = E 

(owt)mox fc oa 


The best straight line for the actual char- 
acteristics previously shown is drawn in 
Fig. 11-4, which also shows that the maxi- 
mum deviation now occurs at a different 
slider position and is smaller than that in 
Fig. 11-3. Note that the best straight line 
does not pass through the origin nor does it 
intersect the actual performance curve at 
the 100-percent point. The best straight line 
can be made to coincide with the required 
straight line by trimming techniques, so that 
the actual performance deviation from an 
ideal straight line will differ by only the 
independent linearity figure. Trimming is ac- 
complished by referring the slider voltage 
not to the voltage applied across the resist- 
ance element but to a value that corresponds 
to DE in Fig. 11-4. 

A typical trimming circuit is shown in 
Fig. 11-5. The upper and lower trimmer po- 
tentiometers are center-tapped and the volt- 
age between the two center taps is taken as 
the reference. The sliders on the two trim- 
mer potentiometers are adjusted so that 
when the slider of the precision potentiome- 
ter is at each end, the percentage output volt- 
age differs from the best straight line by m 
and n, respectively, of Fig. 11-4. 



Fig. 11-3 Potentiometer linearity performance 
compared with ideal performance. 


Fig. 11-4 Potentiometer linearity performance 
compared with the best straight line. 
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Fig. 1 1 -5 Potentiometer with a typical trimming 


circuit. 


ing, assuming an ideal linear potentiometer, 
is'-*) 

Rout — 

E (R,/R w )[R(e)/R w ] 

" R,/R, c + R(0 )/R k [1 - R(6)/R a ] 

(11-16) 

where 

Ri = load resistance 
R(0)~ resistance between the slider and 
the zero end of the potentiometer 
R v — total winding resistance of the po- 
tentiometer 

A plot of the ratio of the output voltage to 
the excitation voltage is given in Fig. 11-6 as 
a function of the ratio R(6)/R, c for various 
values of the ratio Ri/R w . 

There are several methods of reducing the 
error due to loading. One means, applicable 
to servomechanisms deriving the input signal 
from a potentiometer, is to use identical po- 
tentiometers for both the input and the output 
and to load both by the same amount. 


Another definition of linearity that is 
sometimes used is zero-based linearity. This 
is defined by the RETMA as “the deviation 
from a straight reference line through zero 
applied voltage as the starting end point, 
with its slope chosen to make the maximum 
deviation minimum over the theoretical ef- 
fective travel or any portion thereof.” The 
addition of a trimming circuit at the upper 
end of the potentiometer can cause the actual 
performance to differ from a straight line by 
no more than the zero-based linearity. 

1 1-2.9 Effect of Load Impedance 

In a circuit application, the linearity of 
the output voltage is a function not only of 
the potentiometer linearity itself, but also 
of the load resistance that is connected to 
the slider. The larger the load resistance with 
respect to the total potentiometer resistance, 
the smaller the deviation of the output volt- 
age from the potentiometer linearity curve. 
The output voltage in the presence of load- 



O 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

R(ffl/R„ 


Fig. 11-6 Effect of loading on potentiometer 
output. 


Adapted by permission from Electronic Instruments, MIT Radi- 
ation Laboratory Series, Vol. 21; edited by I. A. Greenwood, Jr., 
J. V. Holdman, Jr., and p. MacRae, Jr.; Copyright 1948; 
McGraw-Hill Book Company. Inc. 
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A second method consists of adding a series 
resistor R s as shown in Fig. 11-7. Nettleton 
and Dole (3) have shown that for Ri>> R w (bv 
at least a factor of 10) the output voltage cf 
the uncompensated circuit has the following 
maximum error, expressed as a percent of 
the maximum output voltage : 

f 100/2„ 

percent maximum error = 

11/2, -f/2*, 

(11-17) 

When R, with a value of 0.28 R w is added, 
however, the maximum error expressed as a 
percent of the maximum output voltage is 

t . 17.86/2*, 

percent maximum error = — - 

H 9/2, + 2 R k 

(11-18) 

A reduction in the loading error in the ratio 
of about four- or five-to-one can thus be ac- 
complished. However, in order to achieve a 
desired output voltage for R(6) — R v , the 
supply voltage for the compensated case must 
be made higher than in the uncompensated 
case. For R, — 0.28 R K , the supply voltage 
must be 28 percent higher than the desired 
output voltage for R(8) = /2„. 

A third method of load compensation con- 
sists of using a tapped potentiometer and a 
parallel resistor R p as shown in Fig. 11-8. 
Gilbert* 4 * has shown that when R p is 0.31/2, 
and the tap is located so that tap resistance 


SERIES RESISTANCE 
R . 



Fig. 1 1-7 Load compensation by the addition 


of a series resistor. 



Fig. 11-8 Load compensation by the addition of 


a potentiometer tap and a parallel resistor. 


R, is 0.74 R w , the maximum deviation from 
linearity between the end points of the po- 
tentiometer is approximately 

(D)E„, = 0.02^E„ (11-19) 

til 

for R, > > /2„. (by at least a factor of 10) . The 
maximum deviation without tap compensa- 
tion is over seven times greater. 

Table 11-1 (4) shows the results of combin- 
ing series and tap compensation. The devia- 
tion of the output voltage from linearity, 
(D)E„„,/E (out) max , is the deviation voltage 
divided by the voltage across the precision 
potentiometer when the slider is at its maxi- 
mum displacement. This table is applicable 
for Ri greater than /2„ by a factor of at least 
10 . 

Table 11-2 gives this deviation from linear- 
ity between end points when an optimum tap 
point and a parallel resistor are used. 

11-2.10 NONLINEAR POTENTIOMETERS 

Nonlinear potentiometers of two types are 
manufactured. In the first type, the resistiv- 
ity p(8) varies almost smoothly, so that R(8) 
is a nearly smooth function. This type is re- 
stricted to functions where p(0) need not 
vary by a factor of more than 5 over the 
length of the element. The other type of non- 
linear potentiometer approximates the re- 
quired function R(0) by a series of straight 
lines, p(0) therefore varying in steps. Larger 
variations in p(0) can be achieved with this 
type than with the smooth type of unit. 
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TABLE 11-1 


LOAD COMPENSATION BY THE 
ADDITION OF BOTH SERIES AND 
PARALLEL RESISTORSf 


R, 

R, 

R, 

( D ) E„„ t 

R w 

R, 

R w 

E tout) max 

0.10 

0.338 

0.77 

0.017 

(R,/R.) 

0.25 

0.255 

0.86 

0.022 

(R,/R„) 


t 


Adapted by permission from Control Engineering, Volume 2, 
No. 2, February, 1966, from article entitled ‘Here’s a Shortcut 
in Compensating: Pot Loading: Errors’, by J. Gilbert. 


TABLE 11-2 LOAD COMPENSATION BY THE 


ADDITION OF A PARALLEL RESISTOR 



R, 

R, 

(D)E o,t 


R„ 

Ri 

E tout) max 

1 

0.73 

0.281 

0.025 

2 

0.73 

0.304 

0.011 

3 

0.73 

0.315 

0.0067 

5 

0.735 

0.312 

0.0038 

10 

0.74 

0.305 

0.002 

0.019 

over 10 

0.74 

0.311 

(R,/R*) 


Adapted by permission from Control Engineering, Volume 2, 
No. 2, February, 1966, from article entitled ‘Here’s a Shortcut 
in Compensating: Pot Loading Errors’, by J. Gilbert, 


The term conformity is used to describe 
the degree to which the nonlinear potentiom- 
eter approximates the desired nonlinear 
function. Independent conformity is the 
maximum percentage deviation, with respect 
to the excitation voltage, of the actual electri- 
cal output at any point from the best speci- 
fied function curve drawn through the out- 


put versus rotation data. Terminal conform- 
ity is the maximum percentage deviation, 
with respect to the excitation voltage, of the 
actual electrical output at any point from 
the specified function curve drawn through 
the end points. By use of trimmer potentiom- 
eters similar to those discussed under linear 
potentiometers, the performance of a non- 
linear potentiometer can be made to coincide 
with its independent conformity. 

Nonlinear as well as linear potentiometers 
are subject to loading errors, and compensa- 
tion for nonlinear units is accomplished by 
the same circuits as those discussed under 
linear potentiometers. For example, Gilbert' 5 * 
shows that where parallel compensation only 
is used, the tap should be located at 74 per- 
cent of total winding resistance R» and paral- 
lel resistor R„ (connected between the tap 
and the upper end of the total winding re- 
sistance) should be 31 percent of load re- 
sistance R,. However, since nonlinear poten- 
tiometers very often must be made up speci- 
ally for a specific application, the custom 
design can take into account the effect of a 
specified load and compensate for it in the 
element construction. 

A tapped linear potentiometer can be used 
to approximate nonlinear functions by the 
addition of shunting resistors. This techni- 
que is described as follows : 

“The first step in the design of a shunting 
circuit is to draw the required nonlinear func- 
tion as shown in Fig. 11-9. A series of con- 
nected straight lines are next drawn to best 
represent the function. If the tapped poten- 
tiometer has already been constructed, the 
straight lines must join at angular points cor- 
responding to the tap points. If the tapped 
potentiometer is to be custom-designed for 
the particular nonlinear application, the best 
straight-line approximation can be drawn and 
the tap points placed at the resulting points 
of intersection. It is usually necessary to 
space the taps closely in the region of maxi- 
mum function curvature. 

“An important characteristic of the func- 
tion of Fig. 11-9 is that the slope does not 
change its algebraic sign throughout the en- 
tire function. The curve commences with a 
positive slope and continues positive through- 
out the remainder of the function. 
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TOTAL FUNCTION 




Fig. 11-10 Resistance and shaft angle increments 


for straight-line approximations to nonlinear 
function — 3 regions of unchanging slope design. 


Fig. 11-9 Straight-line approximation of smooth 


nonlinear function — no change in slope sign. 


Reprinted by permission from the Potentiometer Handbook, 1956, 
Technology Instrument Corp. 


Reprinted by permission from the Potentiometer Handbook . 1956, 
Technology Instrument Corp. 


“In contrast, the nonlinear function of Fig. 
11-10 changes its slope sign twice and thus 
has three separate regions of unchanging 
slope sign. Also indicated on Fig. 11-10 are 
the resistance increments A R and shaft angle 
increments A 6 defined by the straight-line ap- 
proximation to the curve. These resistance 
and angle increments are used in the calcu- 
lation of shunt resistance values. 

“The next step is to draw a resistance dia- 
gram corresponding to the function diagram 
of Fig. 11-10. In the graphical representation 
of Fig. 11-1 1A, it can be seen that the poten- 
tiometer resistance element follows exactly 
the straight-line approximation of Fig. 11-10. 
A shunt resistance R , is connected across each 
of the three segments of the potentiometer 
resistance element. End resistors R r are re- 
quired at each end of the winding to provide 
the necessary low-end and high-end voltages. 
At the points where there is reversal in the 
algebraic sign of the function, ‘pull-in’ re- 
sistors R p are used. The resistance diagram 
can now be redrawn into the more conven- 
tional circuit of Fig. 11-1 IB. 


"In the calculation of resistors R„ R r , and 
R p , it is helpful to break the complex network 
problem into problems of a simpler form. This 
is done by drawing a separate resistance 
branch for each region of unchanging slope 
sign. This results in the three resistance 
branches of Fig. 11-12. The network division 
is performed simply by replacing each pull-in 
resistor R p with a pair of shunt resistors of 
value 2R P . This form of network division re- 
sults in equal branch currents i» flowing in 
each of the separate resistance branches. 
Since the same excitation voltage appears 
across all three branches, the total resistance 
of each branch, R b , must be the same. 

“This latter condition facilitates the design 
of a potentiometer shunting network which 
will have a final resistance, measured between 
the excitation terminals, of a predetermined 
value. If the desired resistance of the final 
shunted potentiometer is called R if it can be 
seen that the branch resistance R t is simply 
Rs — Bx Rt, where B is the number of re- 
sistance branches corresponding to the num- 
ber of regions of unchanging slope sign. This 
relation means simply that each resistance 
branch of Fig. 11-12 must have a total resist- 
ance 3 times greater than the desired resist- 
ance of the final shunted potentiometer. 
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POTENTIOMETER 



A. RESISTANCE DIAGRAM B. CIRCUIT DIAGRAM 


Fig. 


11-11 Resistance diagram and resultant circuit diagram for the tapped 
nonlinear function of Fig. 11-10. 


Reprinted by permission from the Potentiometer Handbook, 1956, 
Technology Instrument Corp. 


“To achieve a desired value resistance R it 
it is essential that the winding resistance of 
the potentiometer to be shunted be greater 
than a certain minimum value. This results 
from the fact that shunt resistors can only 
reduce the net resistance, and the potentiom- 
eter winding resistance must be chosen high 
enough to allow for this reduction effect. 

“The minimum allowable winding resist- 
ance R ir(m i„) can be determined from the 
straight-line segment having the greatest 
slope (AR/A6) The equation relating these 
variables is 

R,r<mi») — (■—-) X B X Rd (H-20) 

It is necessary only to choose the potentiom- 
eter having a winding resistance R w that is 
greater than this defined minimum value. 

“The steps required in the design of a po- 
tentiometer shunting network can be sum- 
marized as follows : 

(a) Plot the desired function %R (or 
%V) versus %0. These percentages are com- 
monly expressed in decimal form with values 
ranging from 0 to 1.0. 

(b) Approximate the desired function with 
connected straight lines, joined at selected 
tap points or at tap points predetermined by 
the potentiometer construction. 


(c) Determine the number of regions of 
the function having unchanging slope sign. 
This defines the number of resistance 
branches B (Fig. 11-12). For functions such 
as that of Fig. 11-9, B simply equals unity. 

(d) Draw a resistance diagram (Fig. 
11-11) and define the AR and A 6 increments. 
Label the required shunt resistors R„ the end 
resistors R„ and the pull-in resistors R f . 

(e) Select the desired resistance R d for the 
final shunted potentiometer. 



Equivalent resistance diagram showing 
a resistance branch for each region of 
unchanging slope sign. 


Fig. 11-12 


Reprinted by permission from the Potentiometer Handbook, 19 56, 
Technology Instrument Corp. 
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(f) Determine the value of slope of the 
straight-line segment having the maximum 
slope. 

(g) Calculate the minimum allowable 
value of potentiometer winding resistance 
R lclm f„, that is capable of producing the de- 
sired function with the specified final resist- 
ance R d [see Eq. (11-19)]. 

(h) Select a tapped potentiometer having 
a winding resistance greater than this mini- 
mum value, R k > R K , 

(i) Calculate the required end, pull-in, and 
shunt resistors from the relations 


R, - ARcX B X Rd 

R _ \R P X B X Ri 
” 2 

J 1 

R. ~~ A R.XBX Ri 


( 11 - 21 ) 

( 11 - 22 ) 


A e a R, t 


(11-23) 


^Quoted by permission from the Potentiometer Hand- 
book, 1956, Technology Instrument Corp. 


large voltage drop does not result in currents 
greater than the potentiometer rating. Thus, 
the output-voltage scale is determined pri- 
marily by the greatest function slope required 
and the current rating of the potentiometer. 



Nonlinear functions can also be approxi- 
mated by loading the slider and adding series 
resistors to a linear potentiometer. Some typi- 
cal configurations and the corresponding 
transfer functions are given in Table 11-3. 

Another method of generating nonlinear 
functions through the use of tapped linear 
potentiometers is based on clamping the taps 
at the voltage levels that the desired function 
has at these points. This is illustrated in Fig. 
11-13, which shows the resultant straight-line 
approximation of the desired function. It is 
best to derive the clamping voltages from a 
very low impedance bleeder as shown, for not 
only does this eliminate the need for many 
separate bias voltages, but it permits adjust- 
ment of the tap voltages when the slider load 
resistance is connected. If the load resistance 
is low, the resultant voltage segments be- 
tween tap points will be concave and can be 
made to coincide with the desired function 
more closely by increasing the tap voltages. 
If the function slope between taps is steep, 
care must be exercised that the resultant 


fig. 11-13 Tapped potentiometer for generating 
a nonlinear function. 


11-2.11 APPLICATION FACTORS 
11-2.12 Noise 

There are two types of noise voltages, usu- 
ally not exceeding a few hundred microvolts, 
that appear at the output of a potentiometer : 
active and passive. The former is due to the 
motion of the slider over the resistance ele- 
ment. The latter is due primarily to the fluc- 
tuating contact resistance between the slider 
and the resistance element and may be re- 
duced by increasing the pressure of the slider 
against the element. However, this will 
shorten the life of the potentiometer and in- 
crease the driving torque. 

Total noise is expressed as an equivalent 
noise resistance ENR , which is measured as 
shown in Fig. 11-14. This figure, together 
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TABLE 11-3 


APPROXIMATION OF NONLINEAR FUNCTIONS THROUGH 
SLIDER LOADING AND SERIES RESISTORS 
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with the following explanation, is taken from 
Altieri : (0> 

“A source of constant current is placed 
across one arm of the potentiometer and the 
slider. The slider and the other arm of the 
potentiometer are joined to a voltage-measur- 
ing circuit having a high input impedance. 
Owing to the high impedance of the voltage 
output circuit, the entire source current i, 
flows through the left-hand portion of the 
potentiometer and through the slider. 

“If the source current is zero, the noise 
voltage measured at the circuit output can be 
attributed entirely to the active noise poten- 
tial at the slider contact. When the source 
current is applied, a voltage drop appears 
across any passive resistance which may 
exist at the slider point of contact. This pas- 
sive noise voltage adds directly to the active 
noise voltage. 

“The total voltage output of the circuit is 
the sum of active and passive residual noise 
components. Although the two types of noise 
are of quite different nature (one is a gen- 
erated voltage and the other is a passive re- 
sistance) it is helpful to express both active 
and passive noise components as ohmic re- 
sistances. The total of these resistances is 
called the equivalent noise resistance and is 
defined as the total residual noise voltage 
divided by the source current (Fig. 11-14). 



I WV 


EM* - ItflS . 4*. + 

'i 1 > 


Fig. I 1-14 Circuit for measuring equivalent 


noise resistance, ENR. 


By permission from Instrument*. Volume 26. No. 11, November. 
1953. from article entitled 'Residua] Potentiometer Noise', by 
J. R. Altieri. 


“The equivalent passive noise resistance 
appears directly as resistance R p . The equiva- 
lent active noise resistance, however, is the 
ratio of the active noise voltage (e tt ) to the 
source current (i,) . In standardization of 
equivalent-noise-resistance measurements, 
the source current has been arbitrarily set 
at 1 milliampere flowing from the contact to 
the winding, and the standard rate of slider 
rotation has been chosen to be 4 rpm.”* 


‘Quoted by permission from Instruments Vol. 26, No. 
11, November, 1953, from article entitled “Causes 
and Measurement of Residual Potentiometer Noise” 
by J. R. Altieri. 


1 1 -2.1 3 Power Rating 

The power rating of a potentiometer states 
the maximum recommended power that it can 
dissipate continuously and still satisfy all per- 
formance specifications. This power rating is 
usually specified at a given ambient tempera- 
ture. Above this temperature, the power rat- 
ing must be derated. For example, in the in- 
stance of potentiometers for which the power 
rating is given at 40°C, it is customary to ap- 
ply a linear derating curve with zero dissipa- 
tion at approximately 85°C. 

If a potentiometer is used as a rheostat, the 
maximum permissible power dissipation must 
also be derated. Typical derating curves are 
given in Figs. 11-15 and 11-16. Because of the 
better heat-conducting characteristics of 
metal, the derating curve for a metal-base po- 
tentiometer is not as severe as for a bakelite- 
base potentiometer. 

The power ratings of potentiometers suit- 
able as sensing elements range from 0.1 to 
10 watts. Small units (a fraction of an inch in 
diameter) have power ratings in the lower 
end of the range and large units (several 
inches in diameter) have power ratings in the 
upper end of the range. 

11-2.14 Environmental Effects 

While most potentiometers are intended 
for use at temperatures no greater than 40°C, 
units are now available that can withstand 
temperatures as high as 200°C. In selecting a 
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OPERATING TEMPERA HIRE 80°C OR LOWER 
AMBIENT TEMPERATURE 2S°C 
X WATTS - (-0.8 & + 114 0 - 49) ,/J 4- (0.48 fl - 5.8) 
WHERE 6 IS* ROTATION 


Fig. 11-15 Wattage derating curve for rheostat- 


connected metal-base potentiometers. 


Reprinted by permission from the Potentiometer Handbook, 1956, 
Technology Instrument Corp. 


potentiometer, care must be taken to select 
one that can withstand the highest expected 
temperature, which is a function of the am- 
bient temperature as well as the presence of 
any nearby heat sources. It must be remem- 
bered that temperature affects the total ele- 
ment resistance. From a knowledge of the 
temperature coefficient of the element and 
the expected operating temperature (which is 
a function of the ambient temperature, the 
presence of heat sources, and the power dis- 
sipation in the potentiometer) , the resultant 
element resistance can be computed. 

Humidity, fungus, salt spray, and altitude 
are also factors that must be taken into con- 
sideration when selecting a potentiometer. 
Potentiometer components can be protected 
against the effects of these factors to various 
degrees, with hermetically sealed units offer- 
ing the greatest protection. 

Acceleration is another environmental fac- 
tor that affects the choice of a potentiometer. 
Units have been designed to withstand accel- 
eration as high as 10 g’s for frequencies up to 
500 cps. 



PERCENT SHAFT ROTATION 

OPERATING TEMPERATURE 80°C OR LOWER 
AMBIENT TEMPERATURE 25°C 


Fig. 11-16 Wattage derating curve for rheostat- 


connected bakelite-base potentiometers. 


Reprinted by permission from the Potentiometer Handbook, 1956, 
Technology Instrument Corp. 


11-2.15 Life 

The life of a potentiometer depends upon 
the condition of its use. It does not follow 
that the less the slider rotates the longer the 
life, for slider motion helps keep the surface 
between slider and resistance element free of 
oxide and dirt particles. Well-made potenti- 
ometers have been cycled continuously sev- 
eral million times, and many manufacturers 
now rate the life of their units at one million 
cycles. 

11-2.16 Mechanical Loading 

The torque load of the slider on the driv- 
ing shaft varies with individual designs and 
ranges from several thousandths of an ounce- 
inch to several ounce-inches. Most units re- 
quire about one ounce-inch of starting torque 
and half that amount for running torque. 
Moment of inertia figures also vary greatly 
for different designs and range from less than 
a thousandth of a gram-square centimeter to 
several hundred gram-square centimeters. 
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Most designs result in a slider-assembly in- 
ertia of several tens of gram-square centime- 
ters. 

11-2.17 Lubrication 

In some designs, it has been found desir- 
able to immerse the wire-wound resistance 
element in a light mineral oil. The flushing 


action of the oil reduces electrical noise, dis- 
perses wear products which otherwise would 
tend to lodge between the wire turns, and in- 
creases life because of its lubricating action. 
An example of lubricated potentiometers can 
be found in the NIKE AJAX Instruction 
Manual, Vol. VI, Chapter II. 


11-3 ROTARY TRANSFORMERS * 


11-3.1 GENERAL DESCRIPTION 

A rotary transformer is a device in which 
the coupling between a set of stator coils and 
a set of rotor poles (not necessarily wound) 
can be varied by a rotation of either the rotor 
shaft, the stator assembly, or both. Such a de- 
vice may be used for the following pur- 
poses* 191 : 

(a) To transmit angular information to 
remote points. 

(b) To modulate an electrical signal with 
mechanical information. 

(c) To demodulate an electrical signal and 
furnish the output information in electrical 
or mechanical form. 

11 -3.2 GENERAL CLASSIFICATIONS 

Rotary transformers are classified by many 
different methods according to system, appli- 
cation, construction, basic principles of oper- 
ation, or manufacturers’ trade names. 

1 1-3.3 Use In Positional Systems 

In system work, a common use for rotary 
transformers is the transfer of positional in- 
formation from one point to another ; e.g., in 
a positional servo where an output shaft po- 
sition is required to be compared with an in- 
put shaft position. For this purpose, two or 


*By A. Kutko 


more rotary transformers are used in a sub- 
system or in conjunction with the servo sys- 
tem. In such cases, one or more of the devices 
may be used to receive, modulate, or transmit 
data while another may be used to produce a 
torque that is a function of the input received 
from the data-handling units. For the present 
discussion, the torques produced by rotary 
transformers will be considered to be in the 
order of a few inch-ounces because, in a strict 
sense, rotary transformers are small-torque 
devices. 

1 1-3.4 Miscellaneous System Uses 

Rotary transformers are also used in sys- 
tems that require modulation of electrical 
waveforms, resolution of vectors into com- 
ponents, and vector combining processes. In 
general, such uses are concerned only with 
data-handling operations. 

1 1 -3.5 General Functional Classification 

Considering the above, rotary transformers 
may be classified according to their use in 
systems, such as : data-handling units ; and 
torque-producing units. The category into 
which a unit falls depends upon the load re- 
quirements. If the required torque output is 
furnished by the device handling the data, 
the device is classified as a data-handling 
unit. On the other hand, if the required 
torque output exceeds the capacity of the 
data-handling device, a torque-producing unit 
must be used. 
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1 1 -3.6 General Unit Classification 

Other general classifications of rotary 
transformers involve their construction, basic 
principles of operation, or a combination of 
these categories. This method is used to des- 
ignate the general type of rotary transform- 
ers discussed in the following sections; i.e., 
synchros, induction resolvers, induction po- 
tentiometers, toroid-wound rotary transform- 
ers, and microsyns. Further classifications of 
these general types are pointed out as they 
occur. 

11-3.7 SYNCHROS 

Synchros are rotary transformers that, 
with minor changes in basic design, may be 
used for either data-handling or torque-pro- 
ducing functions. Most synchros have a con- 
figuration similar to that of a conventional 
3-phase alternator of fractional horsepower 
size. The form of the rotor and the arrange- 
ment of the rotor winding identify the type 
of synchro and its function. 

11-3.8 Stator Construction 

In general, the synchro stator is a cylindri- 
cal slotted and laminated structure with three 
windings arranged in the slots at 120° spatial 
displacement from each other. In most units, 
the slots are skewed one slot pitch to avoid 
“slot lock” and resulting angular errors. 
Units that do not have skewed stator lamina- 
tions are constructed with skewed rotor lam- 
inations. 

The stator windings are not 3-phase in the 
usual sense because all induced voltages are 
in time phase. They can be either Y-con- 
nected or delta-connected (Fig. 11-17) and 
serve as the secondary winding of the syn- 
chro. Stator connections are usually brought 
out as three leads and labelled S u S >, and S,. 

11-3.9 Rotor Construction 

Rotors of standard synchros are of two- 
pole construction, the most common type be- 
ing the salient-pole rotor used in transmitter 
or repeater units. The rotor is a slotted and 
laminated structure of the “dumbbell” or 
“H” type. The structure is mounted on a 
shaft that turns on ball bearings. It carries a 


machine-wound single-phase spool winding 
that serves as the primary winding of the 
synchro. Connections are made to the prim- 
ary winding through two slip rings and 
brushes that have full excitation voltage 
impressed upon them at all times. Rotor lead 
connections are usually labelled R x and R 2 . 

11-3.10 Synchro Supply 

All standard synchros are designed to op- 
erate from one of the following supplies : (a) 
26 volts at 400 cps, (b) 115 volts at 400 cps, 
or (c) 115 volts at 60 cps. 

11-3.11 Nomenclature 

Military Specification MIL-S-20708 de- 
scribes the method of classification to be used 
for standard synchros of new design. The 
type designation of a standard synchro iden- 
tifies its voltage, size, function, supply fre- 
quency, and modification as follows : 

(a) Both 26-volt and 115-volt synchros are 
classified in the same manner, except that the 
type designation of 26-volt synchros is pre- 
fixed by “26V” 

(b) The first two digits indicate the maxi- 
mum diameter in tenths of an inch. If the 
diameter is not a whole number of tenths, 
the next higher tenth is used. 

(c) The succeeding group of letters indi- 
cates the function in accordance with the fol- 
lowing : 


First Letter 

Function 

C 

Control 

T 

Torque 

Succeeding 

Letters 

Function 

D Differential 


R Receiver 

T Transformer 

X Transmitter 

B Rotatable Stator Winding 

When two synchros are enclosed within the 
same housing, the type designation indicates 
both units, e.g., 37 TR-TR6a. 
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(d) The succeeding digit indicates the fre- 
quency of the power supply in accordance 
with the following: 

Number Supply Frequency ( cps ) 

6 60 
4 400 

o° 


l 



(e) The lower-case letter “a” following 
the frequency digit indicates the original is- 
sue of a standard synchro type. The first 
modification that affects the external mechan- 
ical dimensions or the electrical character- 
istics of the basic type is indicated by the 
letter “b”, succeeding modifications being in- 
dicated by “c”, “d”, etc. 





COUNTER- 

CLOCKWISE 



C. RMS STATOR VOLTAGES VS ROTOR ANGLE 


Fig. 11-17 Electrical characteristics of a typical synchro. 
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As an illustration of the interpretation of 
the type designation, an 18CDX4b synchro is 
the first modification of a 115-volt, 400-cycle, 
control differential transmitter whose largest 
diameter is between 1.71 and 1.80 inches. If 
it were a 26-volt synchro, its designation 
would be 26V-18CDX4b. 

1 1-3.12 Other Methods of Nomenclature 

The various services formerly used individ- 
ual methods of nomenclature which will still 
be encountered in old designs. The Army 
method of nomenclature is much like the sys- 
tem described in the previous paragraph, 
while the Navy method for 115-volt 60-cps 
synchros differs greatly. The latter synchros 
have a code designation such as 5 HCT Mark 
2 Mod 3B, which identifies the approximate 
size, special design features, function, type 
designation, and manufacturer as follows : 

(a) The first digit indicates a size group 
in the following table : 


Size 

Approx 

Wt 

(lb) 

Approx 

Length 

(in.) 

Approx 

Dia 

(in.) 

1 

2 

3.9 - 4.2 

2.25 

3 

3 

5.2 - 5.51 

3.1 

5 

5 

6.0 - 6.8 

3.39 - 3.625 

6 

8 

6.4 - 7.5 

4.5 

7 

18 

8.9 - 9.2 

5.75 


Other synchros such as Army units or types 
with trade names are often referred to as 
“Size 1” etc., if they approximate the corres- 
ponding Navy type. 

(b) One or more modifying letters follow- 
ing the first digit indicate that the unit in- 
cludes special fittings as follows: 

B — bearing-mounted 
F — flange-mounted ; this letter is omitted 
if letters other than “H” and “S” oc- 
cur in a receiver type designation 
H — special bearings and brushes for high- 
speed operation (1200 rpm for 1500 
hours) 


N — nozzle-mounted 

S — special unit; i.e., synchro does not 
conform to standard specifications 
and therefore is not interchangeable 
with other units having the same des- 
ignation but different “Mod” number 

(c) One or more letters following the spe- 
cial-fitting letters indicate the function of the 
unit from Table 11-4. 

(d) The Mark number signifies the design 
of the particular unit being specified. 

(e) The Mod number designates the manu- 
facturer as assigned by the Bureau of Ord- 
nance. 

1 1 -3. 1 3 T ransmitter Characteristics 

The transmitter generates and transmits 
signal voltages with a magnitude correspond- 
ing to the angular position of the rotor. Con- 
sider the rotor (or primary) winding to be 
supplied with a single-phase a-c excitation 
current. This excitation sets up a flux that 
varies sinusoidally with the excitation fre- 
quency and links each of the three stator (or 
secondary) windings. The extent of the link- 
age depends upon the angular position of the 
rotor, the distribution (120° spatial displace- 
ment) of the stator windings, and the con- 
figuration of the rotor and stator pole faces. 
For a given unit, therefore, the magnitude of 
the single-phase voltage induced in each of 
the stator windings is a function of the angu- 
lar position of the rotor. 

A plot of the induced stator voltages for 
different rotor positions is shown in Fig. 
11-17. The curves in this plot apply to either 
Y-connected or delta-connected transmitters. 
This result makes it difficult to tell whether 
the stator of a given machine is Y-connected 
or delta-connected because either type of con- 
nection yields exactly the same stator volt- 
ages for each position of the rotor. 

It follows from the above that, for a given 
distribution and polarity of the stator volt- 
ages, there is but one corresponding rotor po- 
sition. Conversely, for a given position of the 
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TABLE 11-4 


FUNCTIONAL CLASSIFICATION OF SYNCHROS 


Functional Designation 

Symbol 

Function 

Synchro transmitter 

X 

Generates and transmits electrical signal correspond- 
ing to the angular position of the mechanically driven 
rotor of the unit. 

Synchro receiver 

R 

Produces a torque through the turning of the rotor 
shaft as a function of an electrical input signal re- 
ceived from the transmitter. 

Synchro control 
transformer 

CT 

Produces an electrical output signal having a magni- 
tude proportional to the angle of rotation of the unit 
rotor with respect to the magnetic field set up by the 
unit stator. Indirectly, the output signal is a sine func- 
tion of the angle between the rotor shaft position and 
the shaft position of the transmitter that generates 
the transformer input. 

Synchro differential 
transmitter 

DT 

Modifies a received signal and transmits an electrical 
signal corresponding to the sum or difference of the 
impressed and modifying signals. The modifying 
signal is proportional to the angle of rotation of the 
mechanically driven rotor shaft. 

Synchro differential 
receiver 

DR 

i 

Produces a mechanical output signal when the rotor 
shaft of the unit turns in accordance with the sum or 
difference of electrical signals received from two 
sources. 


rotor, there is but one stator voltage condi- 
tion. The electrical zero position for Y-con- 
nected and delta-connected stators is shown 
in Fig. 11-17. 

11-3.14 Receiver Characteristics 

A receiver has the same electrical configur- 
ation as a transmitter but the unit output is 
an angular position of the rotor correspond- 
ing to an electrical signal input. The rotor 
winding of the receiver is excited from the 
same single-phase a-c source as the transmit- 
ter rotor, and the receiver stator terminals 
are connected to corresponding terminals of 
the transmitter (Fig. 11-18). Assume for the 
moment that the rotor winding of the re- 
ceiver is open and that voltages are induced 


in the stator windings of the transmitter. 
These voltages are applied to the stator wind- 
ings of the receiver and the resulting current 
flow sets up a magnetic flux in the receiver 
air gap. Moreover, because the transmitter 
and the receiver windings have the same con- 
figuration and voltages, the orientation of 
the magnetic field in the receiver is identical 
with that in the transmitter. Now assume 
that the receiver rotor winding is switched to 
the same a-c excitation source that supplies 
the transmitter rotor. This operation sets up 
a second polarized field in the receiver air gap. 
As the second field tends to align itself with 
the magnetic field induced by currents in the 
stator windings, the rotor turns until the two 
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fields are aligned. The receiver rotor, there- 
fore, is forced to take up an angular position 
corresponding to the position of the trans- 
mitter rotor. 

A distinguishing feature of a receiver is an 
oscillation damper in the form of a flywheel 
that is free to rotate relative to the rotor 
shaft within limit stops set about 45° apart. 
The flywheel has approximately the same mo- 
ment of inertia as the rotor. A friction coup- 
ling between the rotor shaft and the flywheel 
serves to dissipate energy when the rotor os- 
cillates as it does when coming into a posi- 
tion of alignment. The added inertia fur- 
ished by the oscillation damper also pre- 
vents the rotor from “running away” when 
it is forced to follow the transmitter rotor 
in a continual process. Without the oscilla- 
tion damper, “running away” would occur at 
high angular velocities when the torque be- 
comes large enough to overcome the “align- 
ing” torque and thereby prevents the trans- 
mitter from maintaining control. 


Receivers excited from a 60-cps source can 
be used as transmitters but the converse is 
not true. In general, receivers designed for 
400-cps application have little tendency to run 
away and therefore are not provided with 
dampers. 

11-3.15 T ransf ormer Characteristics 

A transformer is used with a transmitter to 
indicate the difference between the angu- 
iar positions of the shafts of each unit. The 
electrical connections for this purpose are 
shown in Fig. 11-19. The synchro capacitors 
included in this figure are discussed in Par. 
11-3.18. 

The stator windings of a transformer are 
similar to those of a transmitter except that 
each winding of the transformer has more 
turns of wire and therefore a higher impe- 
dance. This characteristic reduces the excita- 
tion current drawn from the system by the 
addition of the transformer. A transformer 
rotor differs from a transmitter rotor in that 


TRANSMITTER 


RECEIVER 


I i r 1 



Fig. 11-18 Electrical connections for transmitter-receiver system. 
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it has a cylindrical instead of a salient-pole 
shape and a single high-impedance winding 
with a large number of turns of fine wire. 
The cylindrical rotor provides for a constant 
input impedance regardless of the rotor an- 
gular position. The high impedance of the 
rotor winding provides for a higher and more 
useful output-voltage gradient 

In a transmitter-transformer system, the 
transmitter stator voltages cause excitation 
currents to flow in the transformer stator 
windings. These currents produce a flux cor- 
responding to the angular position of the 
transmitter rotor. The voltage induced by the 
flux in the transformer rotor has a magni- 
tude that depends upon the position of the 
transformer rotor with respect to the flux and 
therefore with respect to the position of the 
transformer rotor. It follows that the induced 
voltage is at a maximum when the transfor- 
mer rotor is in a position to link the maximum 
flux. Hence, a 90° displacement of the rotor 


from its maximum position places the rotor 
coil across the flux and the induced voltage 
is zero. The latter position (often called the 
“null” position) is the normal condition of 
transformer operation. 

From the above, the transformer output 
voltage is a function of the error angle be- 
tween the relative rotor positions of the trans- 
mitter and the transformer. Moreover, by 
transformer design, the magnitude of the out- 
put voltage is proportional to the sine of this 
error angle. 

The impedances of the stator and rotor 
windings of a transformer are considerably 
higher than those of an equivalent-sized 
transmitter or receiver. Hence, a transformer 
should never be used to feed a low-impedance 
load. Because the output of a transformer 
is normally connected to an amplifier with 
high input impedance, the rotor current and 
therefore the developed torque are negligible. 


TRANSMITTER TRANSFORMER 



Fig. 1 1 -19 Electrical connections for transmitter-transformer system. 
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11*3.16 Differential Transmitter 
Characteristics 

A differential transmitter is commonly used 
as a component of a differential synchro sys- 
tem. Such a system is used when it is desired 
to have the angular position of an output 
shaft equal the sum or difference of the angu- 
lar positions of two input shafts. 

A differential transmitter has a stator iden- 
tical with that of a transmitter or receiver 
but the rotor is cylindrical instead of salient- 
pole and has three windings spaced 120° apart 
like the stator. The turns ratio between the 
rotor and stator windings is approximately 
1:1. Three slip rings and brushes are used 
for connections to the rotor windings (Fig. 
11-20). Both Y-connections and delta-connec- 
tions may be used. Normally, the differential 
transmitter is an intermediate unit connected 
between the output of a transmitter and the 
input of a receiver or a transformer. By this 
arrangement, the differential transmitter re- 
ceives an electrical signal corresponding to 
the angular position of the transmitter rotor, 
modifies this electrical signal by an amount 
corresponding to its own rotor position, and 
transmits the modified electrical signal to the 
stator of the receiver or the transformer. This 
electrical input tc the receiver creates a mag- 
netic field having ar. orientation that is either 
the sum or difference of the rotor angles (or 
inputs) of the transmitter and the differential 
transmitter. 

The output signal of the differential trans- 
mitter system equals the sum or difference of 
the two input signals depending upon the fol- 
lowing: 

(a) The relative directions of rotation of 
the transmitter rotor and the differential 
transmitter rotor. 

(b) The electrical connections between the 
transmitter and the differential transmitter. 

(c) The electrical connections between the 
differential transmitter and the receiver or 
transformer. 

Different relative directions of rotation can 
be obtained by interchanging pairs of the in- 
put and the output leads of the differential 
transmitter. An arrangement of leads as 


shown in Fig. 11-20 is called a symmetrical 
connection. The receiver angle for the sym- 
metrical connection, and changes thereto, 
equals the sum or difference of the two in- 
put angles as follows: 

(a) Symmetrical connection (Fig. 11-20) : 
receiver angle = transmitter angle 

— differential transmitter angle 

(b) Two input and output leads inter- 
changed: (e.g., transmitter Sj and S 3 to dif- 
ferential transmitter S 3 and S u respectively, 
and differential transmitter and R s to re- 
ceiver S 3 and S u respectively) 

receiver angle = transmitter angle 
+ differential transmitter angle 

(c) Two input leads interchanged : (e.g., 
transmitter S, and S 3 to differential transmit- 
ter S 3 and Si, respectively) 

receiver angle = — (transmitter angle 
-f differential transmitter angle) 

(d) Two output leads interchanged : (e.g., 
differential transmitter R , and R 3 to receiver 
S 3 and Si, respectively) 

receiver angle = differential transmitter 
angle — transmitter angle 

When the rotor windings of the differential 
transmitter in Fig. 11-20 are connected to a 
transformer instead of a receiver, the trans- 
former output voltage is a measure of the er- 
ror angle between the transformer rotor an- 
gle and the combined rotor angle of the 
transmitter and differential transmitter that 
positions the transformer flux. 

11*3.17 Differential Receiver Characteristics 

Differential synchro systems also employ a 
differential receiver as an intermediate unit 
between two transmitters (see Fig. 11-21). 
The construction of a differential receiver is 
similar to that of a differential transmitter 
except that the differential receiver, as an or- 
dinary receiver, has an oscillation damper. In 
a differential receiver system, the stator of 
the differential receiver is connected to the 
stator of one of the associated transmitters 
and its rotor is connected to the stator of the 
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Fig. 1 1-20 Electrical connections for a differential transmitter system. 
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Fig. 11-21 Electrical connections for a differential receiver system. 
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other transmitter. The differential receiver 
therefore has two electrical inputs and its 
shaft output is the mechanical output of the 
system. 

The voltages applied to the stator and to 
the rotor of the differential receiver depend 
upon the rotor positions of the supplying 
transmitters. It follows that two magnetic 
fields are created in the gap of the differential 
receiver, one depending upon the rotor posi- 
tion of one transmitter and the other depend- 
ing upon the rotor position of the other trans- 
mitter. Hence, if the rotor of the differential 
receiver is free to turn, it assumes a position 
in which the flux vectors of both magnetic 
fields are aligned. In this position, the rotor 
angle of a differential receiver connected as 
in Fig. 11-21 equals the rotor angle of the 
left transmitter minus the rotor angle of the 
right transmitter. Reversing pairs of connec- 
tions at the differential receiver changes the 
relative directions of motion on the two trans- 
mitter shafts as previously described for the 
differential transmitter. 

1 1 -3. 1 8 Synchro Capacitors 

Synchro capacitors are used with trans- 
formers, differential transmitters, and differ- 
ential receivers to neutralize the lagging com- 
ponent of the magnetizing current drawn 
from the transmitters supplying the stators of 
the units concerned. For this purpose, three 
matched capacitors are delta-connected as 
shown in Figs. 11-19 to 11-21. The leading 
current drawn by the capacitors at almost zero 
power factor neutralizes the lagging compo- 
nent of the magnetizing current and thus re- 
duces the total current drawn from the trans- 
mitter. To ensure proper operation, the capaci- 
tance of the three legs of the capacitor must be 
balanced to within 1 percent but the absolute 
value of the legs may vary over ± 10 percent. 
For maximum effectiveness, the leads con- 
necting the capacitor bank to its associated 
transformer or differential unit should be as 
short as possible. 

1 1-3.19 Dual-Speed Synchro Systems 

To provide synchro systems with a greater 
over-all accuracy, it is possible to gear up the 


transmitter input shafts from their driving 
devices and to gear down the shaft output of 
the associated receiver or transformer by the 
same ratio. Such gearing reduces the effect of 
the synchro no-load errors by a factor equal 
to the gear ratio. Load errors are reduced even 
more because the torque at the load shaft 
causes less torque on the receiver and a 
smaller error at the receiver shaft. However, 
the friction and backlash of the gears intro- 
duce errors ; and a geared system is not com- 
pletely sef-synchronous because it is possible 
for the receiver to “slip a pole” and find a 
synchronous position other than the correct 
one. 

Consider a 36-speed system where one revo- 
lution of the driving shaft turns the trans- 
mitter rotor through 36 revolutions, and 36 
revolutions of the transformer or receiver 
shaft correspond to 1 revolution of the 
system output shaft. In such a system, there 
are 35 incorrect positions of the input-output 
relationship for one correct position. To ob- 
tain accuracy without such false indications, 
it is common practice to add a duplicate sys- 
tem of synchros operating at a low ratio (usu- 
ally 1:1). The combination of the 36 speed 
and the 1-speed systems is referred to as a 
dual-speed system. Incorrect alignment of the 
36-speed system is prevented because, when 
the error is large, the 1 -speed system has con- 
trol and reduces the error to a small value. 
The 36-speed system then takes control and 
maintains its inherent high accuracy. 

The use of speed in connection with the 
system as a whole should not be confuse 
with the gear ratio; e.g., an n-speed synchro 
is one that turns n times for one turn of the 
actuating device. Common speeds are 1, 2, 
10, 18, and 36. Note also that, in a dual-speed 
system, all elements in the system must be 
duplicated. For example, in Fig. 11-21, two 
pairs of transmitters and also two differential 
receivers would be required. 

1 1 -3.20 Zeroing 

For correspondence between the angular 
indications at the transmitting and receiving 
ends of a synchro system, it is necessary to 
orient the units at each end with respect to 
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each other. For this purpose, a definite rela- 
tive position of the rotor with respect to the 
stator has been designated as the “electrical 
zero” position for all standard synchro units. 
This position is the relative angular position 
of the rotor and the stator that results in a 
minimum, or null, output voltage. The pro- 
cess of rotating the stator or rotor with re- 
spect to one another to obtain the “electrical 
zero” point is called zeroing. 

To facilitate the zeroing of synchros, the 
units are constructed with standardized flan- 
ges concentric with the shaft. In some syn- 
chros, the flanges are located on the head end 
of the frame; in others, near the center. In 
either case, the synchros are mounted and held 
in place by a ring retainer or by dogs act- 
ing on the flange. Thus, by loosening the ring 
or the dogs, the stator may be rotated until 
the synchro output corresponds to the zero 
shaft position. When this procedure is fol- 
lowed for all synchros in a system, the system 
will operate properly. 

In Fig. 11-17, it is shown that the voltage 
between stator terminals S, and S 3 is zero at 
zero rotor angle. However, this one condition 
is not sufficient to specify “electrical zero” be- 
cause the S, — voltage is also zero at a 
180° rotor angle. For zeroing purposes, there- 
fore, use is made of the fact that the effective 
voltages of the stator and rotor windings are 
in the same direction at “electrical zero.” 

1 1-3.21 Zeroing a Transmitter (or Receiver) 

The zeroing of a transmitter or receiver 
may be accomplished with the connections 
shown in Fig. 11-22. A supply of rated volt- 
age and frequency is used. In determining the 
approximate zero, the shaft must be free to 
rotate when power is applied to prevent dam- 
age to the synchro. 

Using the connections shown in Fig. 11- 
22A, the rotor will turn by itself to an ap- 
proximate zero position. An accurate zero is 
then obtained with the stator terminals open 
and the voltmeter connected across Sj and S 3 
(Fig. 11-22B) . With this arrangement, the ro- 
tor or stator is turned slowly until the volt- 
age Si — S 3 is a minimum. 



A. APPROXIMATE ZERO 



B. EXACT ZERO 


Fig. 11-22 Connections for zeroing a transmitter 
or receiver. 


1 1-3.22 Zeroing a Control Transformer 

An approximate zero position of a control 
transformer is obtained with the connections 
shown in Fig. 11-23A. Approximate zero is 
the position obtained by rotating the rotor or 
stator until the voltage reading is a minimum. 
Then, using the connections of Fig. 11-23B, a 
fine adjustment to a zero voltage reading will 
provide an accurate zero setting. 

1 1-3.23 Zeroing a Differential Synchro Unit 

Using the connections shown in Fig. 11- 
24A, the rotor of a differential synchro unit 
will turn by itself to an approximate zero po- 
sition. For an accurate zero determination, 
connect the unit as shown in Fig. 11-24B and 
adjust until the voltage across Ri and R 3 is 
zero. 
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B. EXACT ZERO 


Fig. 11-23 Connections for zeroing a control 
transformer. 


11-3.24 Torque Relationships 

Many synchro applications are based on a 
continuous and accurate alignment between 
the transmitter and receiver shafts. For this 
purpose, the receiver must generate a torque 
to provide shaft motion and acceleration be- 
cause the receiver plus the load connected to 
it always have some friction and inertia. This 
fact makes perfect alignment impossible be- 
cause no torque is developed when the two 
rotor positions coincide. 

The torque or rotor current as a function 
of the displacement angle is shown in Fig. 
11-25. Note that the rotor current varies with 
angular displacement and has its minimum or 
null point at zero displacement. Note also 
that the torque is approximately a sinusoidal 


function of the angle between the transmitter 
and receiver shafts. The maximum torque oc- 
curs at 90° and this torque determines the 
maximum load that can be handled by the re- 
ceiver. For accuracy, the receiver should be 
operated at light loads and over small contin- 
uous angular displacements (e.g., not exceed- 
ing 20°) so that momentary overloads will 
not pull the motor out of step. Operation at 
light loads also prevents overheating of the 
units. 

11-3.25 Torque gradient. The torque gradient 
of a synchro is defined as the slope of the 
torque curve at the point of zero displacement 
(Fig. 11-25). This gradient is expressed in 
inch-ounces per degree of rotor displacement. 
Because an increase in the torque gradient 
gives a proportional decrease in the static 
error, it is desirable that the receiver have a 
large torque gradient. 

11-3.26 Performance prediction. At times, it 
is helpful to predict the performance of a syn- 
chro system in which the receiver is connected 
to a transmitter of different size and construc- 
tion. The method used for such a prediction is 
based on the following known operating char- 
acteristics : 

(a) The unbalanced stator voltages of a 
standard transmitter or receiver are the same 
regardless of the size of the units. 

(b) The only electrical characteristic that 
varies with the size of a synchro is the in- 
ternal impedance of the stator windings. 

(c) When two standard synchros of the 
same size are connected together, the inter- 
nal impedance determines the amount of cur- 
rent flowing and thereby the torque pro- 
duced. 

(d) The torque produced by the synchros 
in (c) can also be determined by measuring 
the torque gradient of the receiver. A torque 
gradient obtained in this manner is called 
the unit torque gradient and is inversely pro- 
portional to the internal impedance of the 
stator windings. 

In view of the above, consider a receiver 
driven by a transmitter having a unit torque 
gradient equal to R times that of the receiver. 
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Fig. 11-24 Connections for zeroing a differential synchro unit. 


Then the actual receiver torque gradient will 
be 2R/(1 + R) times the receiver unit torque 
gradient. Consider now that a large transmit- 
ter is used to drive a number ( N ) of small 
receivers connected in parallel, each having 
an equal load. Under these conditions, each 
receiver will develop an actual torque grad- 
ient of 2 R/(N + R) times its unit torque 
gradient. This relationship does not apply 
when the receivers are loaded unequally or in 
systems using differential units or control 
transformers. 



Fig. 11-25 Torque and rotor current as a 


function of displacement angle. 
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1 1-3.27 Synchro Accuracy 

Under static conditions, all synchros and 
synchro systems are subject to errors created 
by unavoidable imperfections in design, man- 
ufacture, or operation. Torque-producing syn- 
chros are also subject to dynamic errors in- 
troduced while overcoming friction and iner- 
tia. For specified operating conditions, the 
maximum total error of typical data-hand- 
ling synchros (transmitters, differential 
transmitter, and control transformers) cor- 
responds to an angle in the order of 10 minutes 
of arc. For torque-producing synchros (re- 
ceivers and differential receivers) the maxi- 
mum total error is in the order of 1.5°. These 
maximum error values may be increased or 
decreased slightly depending upon the design 
of the unit, its manufacture, and its arrange- 
ment in a system. 

As mentioned previously, perfect alignment 
between the transmitter and receiver shafts 
at the null point is an impossibility. This case 
is an example of an unavoidable design im- 
perfection. An example showing how synchro 
accuracy can be improved by proper design is 
explained in Par. 11-3.18 on synchro capaci- 
tors. Manufacturing imperfections that pro- 
duce static errors are as follows : 

(a) Irregularities of the stator bore 

(b) Rotor eccentricity 

(c) A nonuniform air gap resulting from 
slot openings around the stator periphery. 

The above imperfections introduce electrical 
errors as shown in Fig. 11-26. Another source 
of static error is electrical noise. 

11-3.28 Static errors. Static errors tend to 
increase the null voltage. The amount of null 
voltage that can be tolerated depends upon the 
amplifier gain and the ability of the amplifier 
to distinguish between the quadrature and the 
in-phase signal. The maximum fundamental 
component of null voltage in typical synchros 
is 30 millivolts. Depending upon the type of 
synchro, service specifications usually restrict 
the value of null voltage to a range of 40 to 60 
rms millivolts. 

Because an increase in torque gradient 
gives an approximately proportional decrease 



Fig. 1 1 -26 Sources of error in a synchro unit. 


in static error, the error of a transmitter-re- 
ceiver system can be predicted by the method 
used previously for determining the actual 
torque gradient of a receiver. The static error 
of a transmitter-control transformer system 
may be predicted approximately from the no- 
load electrical errors of the individual units. 
If the units are connected so that their shafts 
turn in the same direction, the no-load elec- 
trical error of the system equals the electrical 
error of the control transformer minus the 
electrical error of the transmitter. Hence, sys- 
tem accuracy improves if the no-load electri- 
cal error curves of both units follow approxi- 
mately similar variations of the shaft posi- 
tion. 

The above methods cannot be used to de- 
termine the over-all error of a system employ- 
ing a differential synchro because the electri- 
cal error of such a unit is a function of the 
rotor positions of other units connected to it 
In general, the over-all error of a differential 
synchro system is the sum of the errors of the 
individual units.* 22 * 

11-3.29 Dynamic errors. The dynamic erroi 
of a receiver and differential receiver is the 
angle by which the receiver shaft lags behind 
the transmitter shaft during a slow rotation 
of the transmitter shaft. The chief sources of 
this type of error are the friction of the re 
ceiver bearings and brushes and the inertia ol 
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Next Page 


the receiver rotor and load. Another type of 
dynamic is called a speed error because it is a 
function of the synchro operating speed. The 
speed error is explained by examining the 
voltage induced in the stator windings of a 
transmitter. This voltage is the result of a 
time rate of change of the flux set up by the 
currents in the rotor winding. The stator flux 
<p a linked by a stator coil, the axis of which is 
inclined to the rotor axis at an angle 6, may 
may be expressed as 

<j>„ = KE cos w£ sin 6 (11-24) 

where 

E — applied rotor voltage 

K = winding and frequency constant for 
he synchro 

w = 2ji / = radian frequency of the voltage 
applied to the rotor 


Thus, the voltage induced in a stator coil of N 
turns is 

e = N — £- = NKE cos wt cos 9 — 
dt dt 

— NKEu> sin wt sin 9 (11-25) 

The desired induced voltage is in the form 
e = K' sin 8 sin wt (11-26) 

Identification of the constant K' in Eq. (11-26) 
with the factor —NKEw in Eq. (11-25) shows 

dd 

that the term NKE cos wt cos 9 — in Eq. 

dt 

(11-25) is an additional or error voltage. 
This error voltage is present only while the 
rotor of the transmitter is rotating, since it is 
dd 

proportional to — . If the transmitter is 
dt 

driven at constant speed, — is a constant, 

dt 


TABLE 11 -5 1 LIMITS OF TOLERANCES FOR MILITARY SYNCHROS 
(115 VOLTS, 60 CPS) 


Type of Synchro 

Transmitter 

Receiver 


1 G 

3 G 

5 G 

6 G 

7 HG 

1 HF 

3 F 

5 F 

Size 

or 

or 

or 

or 

or 


3 HF 

5 HF 


1 HG 

3 HG 

5 HG 

6 HG 

7 HG 

1 F 

3 B 

5 B 

Static accuracy 









max error 

18 

18 

18 

18 

18 

90(1 F) 

36 (3F, 3B) 

36 (5F, 5B) 

(minutes) 






150(1 HF) 

60(3 HF) 

45(5 HF) 

Torque gradient 









min (oz-in./deg) 

0.06 

0.25 

0.40 

1.2 

3.4 

0.06 

0.25 

0.40 

Secondary peak- 
voltage limits 









min (volts) 

88.2 

88.2 

88.2 

88.2 

88.2 

88.2 

88.2 

88.2 

max (volts) 

91.8 

91.8 

91.8 

91.8 

91.8 

91.8 

91.8 

91.8 

Primary current 









max (amp) 

0.30 

0.40 

0.60 

1.3 

3.0 

0.30 

0.40 

0.60 

Primary power 









max (watts) 

4.8 

5.5 

7.0 

15.0 

22.0 

4.8 

5.5 

7.0 

Secondary load 
current 









max (amp) 

0.04 

0.20 

0.35 

0.70 

1.50 

0.04 

0.20 

0.35 

Temperature rise 









max (°C) 

50 

50 

50 

50 

50 

50 

50 

50 
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CHAPTER 12 

SIGNAL CONVERTERS* 

12-1 INTRODUCTION 


12-1.1 TYPES 


Three types of signal converters are dis- 
cussed in this chapter: modulators, which 
superimpose a signal on a carrier ; demodula- 
tors, which recover the signal that has been 
superimposed on a carrier; and digital-to- 
analog converters, which express a number in 
electrical form as a proportionate voltage or 
as a shaft rotation. 

12-1.2 Modulators 

Modulators are used in servomechanisms 
in which the error signal is a direct voltage, 
but the output member, such as a 2-phase 
motor, will respond only to a-c signals. The 
modulator converts the d-c signal to ac. An- 
other use for modulators in servomechanisms 
is the case where it is undesirable to employ 
d-c amplification of the d-c error signal be- 
cause of drift problems in such an amplifier. 
Here, to avoid the drift problems, the signal 
is first modulated, then amplified by an a-c 
amplifier, which is drift free; the amplifier 
output is then demodulated to recover the d-c 
signal for application to the output member. 

12-1.3 Demodulators 

Demodulators are used in servomechanisms 
in which the error signal is an a-c voltage 
(such as the output of a synchro control 
transformer) and the output member re- 
sponds only to d-c signals (e.g., an ampli- 
dyne). 
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C. MODULATOR OUTPUT 


Fig. 12-1 


Modulator waveforms. 


* By A. K. Susskind 
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12-1.4 Form of Modulation 

The form of modulation used in servo- 
mechanisms is called suppressed-carrier mod- 
ulation. This means that the output of the 
modulator contains frequency components 
which are the sum and difference of the car- 
rier and the signal frequencies, but contains 
no frequency component equal to the carrier 
frequency. Figure 12-1A shows an error sig- 
nal and Fig. 12-1C shows the corresponding 
output of a suppressed-carrier modulator. 
The modulated signal is zero when the error 
signal is zero, and the phase of the carrier 
sinusoids reverses when the sign of the error 
signal reverses. Therefore, demodulators used 


in servomechanisms must have zero output 
when the input is zero, and the polarity of 
the demodulator d-c output must be deter- 
mined by the phase of the input sinusoids, 
with respect to the carrier. Because of this 
requirement, the demodulators are called 
phase-sensitive detectors. Since the input to 
the demodulator contains only frequency 
terms which are the sum and difference of 
the carrier and modulating frequencies, the 
demodulator must be separately supplied 
with a signal at the carrier frequency (carrier 
reinsertion). Commonly used modulators are 
described in Par. 12-2. Paragraph 12-3 dis- 
cusses demodulators. 


12-2 MODULATORS 


12-2.1 CHOPPER MODULATORS 

Choppers are electromechanical modula- 
tors and, because of their simplicity and high 
zero stability (very nearly zero output when 
the signal to be modulated is zero), find wide 
application in servomechanisms. 

12-2.2 Description 

The essential elements of an electrome- 
chanical chopper are shown schematically in 
Fig. 12-2. A source of periodic voltage, usu- 
ally sinusoidal, is connected to the drive coil. 
The resultant magnetic field causes the reed 
to vibrate between the upper and lower con- 
tacts at a frequency equal to that of the driv- 


ing voltage. When V, the voltage to be mod- 
ulated, is connected as shown in Fig. 12-3, 
the square-wave output waveform has the 
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same period as the driving voltage, and the 
magnitude of each of the positive and nega- 
tive rectangles of the waveform equals V. 
The duration of the intervals when there is 
zero output is a function of the time spent 
by the reed in moving from one contact to 
the other. If d denotes the fraction of each 
half-cycle during which the output is zero, 
then the output voltage e 0 is given by 


e„(t) — 


*V " 1 

a 2m - 1 


cos | d-^-(2m — 1)| sin [<o(2m — 1)£] 

( 12 - 1 ) 

where zero time reference is taken midway 
between the occurrence of -f-F and -F at 
the output. This series contains only odd 
harmonics of the driving-voltage frequency 
(fundamental, third, fifth, etc.) ; therefore, it 
is not difficult to filter the chopper output to 
isolate the desired fundamental-frequency 
component. 


12-2.3 Characteristics 

Figure 12-4 shows the chopper output 
waveform with the driving voltage superim- 
posed. (In Fig. 12-4, the waveform of the 
output voltage is somewhat idealized. After 
initial closure, a contact usually bounces once 
or twice, so that the output waveform con- 
tains a few gaps at the leading edge of each 
rectangle.) The duration of each rectangle is 
called the dweU-time, which varies with dif- 
ferent designs, but is typically 150°. 


PHASE 

SHIFT 



Fig. 12-4 Relationship between driving voltage 
and chopper output. 


12-2.4 Phase shift <f>. Of particular interest 
to the user is the phase shift <f> between the 
driving voltage and the modulator output. 
An example is the application in which the 
chopper is used to modulate a d-c error sig- 
nal which is then amplified and used to drive 
a 2-phase motor. The motor responds only 
to signals that are 90° out of phase with the 
motor reference- winding voltage, which fre- 
quently is also used to drive the chopper. 
Hence, the over-all phase shift of the chop- 
per and the amplifier must be adjusted to 90°. 
For this reason, the phase-shift character- 
istics of the chopper must be known. 

Chopper phase shift <f> is defined as the 
number of degrees of the driving voltage by 
which the mid-point between contact make- 
and-break lags the peak of the driving volt- 
age. The lag is due to the inductive nature of 
the driving coil and also to the mechanical 
constants of the reed. The lag angle may be 
adjusted by inserting a phase-shifting device 
such as a capacitor, resistor, or a parallel 
combination of both, in the drive-coil circuit. 
When these components are used, the input- 
voltage amplitude must be adjusted so that 
the rated coil voltage is applied to the coil. 
The phase angle is a function of tempera- 
ture, drive-voltage amplitude, and drive-volt- 
age frequency. Where these parameters are 
expected to vary in an application, the chop- 
per manufacturer should be consulted for 
quantitative information about the effects of 
these variations. The phase angle can be sub- 
stantially stabilized against changes in the 
drive-voltage frequency by the addition of a 
resistor in series with the drive coil. 

12-2.5 Drive-voltage frequency. Commercially 
available electromechanical choppers are de- 
signed for drive-voltage frequencies ranging 
up to several thousand cps. However, most 
units are designed for 60- or 400-cps opera- 
tion. 

12-2.6 Drive voltage. The most commonly 
specified drive-coil voltage is 6.3 volts, but 
models with somewhat higher ratings are 
also made. Typical drive-coil power require- 
ments range from 0.5 to 1 watt. 
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12-2.7 Contact rating. The useful life of a 
chopper is affected most by the contact rating. 
Most chopper failures are caused by contact 
wear, pitting, and sticking or the development 
of contact resistance. These failures can be 
reduced by strict adherence to the maximum 
contact ratings which, in typical commercial 
units, are a few volts and a few milliamperes. 
Since useful life depends upon how far chop- 
per characteristics can deteriorate before the 
servomechanism fails, the number of hours 
of satisfactory operation will vary with the 
application. It is generally true, however, that 
where rated-performance limits are not ex- 
ceeded, several thousand hours of life can be 
expected. 

12-2.8 Chopper noise. Noise generated by an 
electromechanical chopper varies with the de- 
sign of the unit, the impedance of the circuit 
connected to the output, and the bandwidth 
of the measuring equipment. Since the band- 
width of a servomechanism is small, chopper 
noise is usually not troublesome, and can be 
kept low by connecting the output of the 
chopper to a circuit of moderately low im- 
pedance. One design, for example, has a 
rated noise level of 50 microvolts peak-to- 
peak when connected to a 2200-ohm load, 
but this level jumps to 1.5 millivolts when 
connected to a 1-megohm load. These figures 
are for a bandwidth of 0.2 to 1000 cps, which 
is wider than that of a servomechanism. 

12-2.9 Temperature effects. Choppers are 
rugged devices that will operate satisfactorily 
over a considerable range of temperatures. 
While temperature does affect phase lag, 
choppers will operate satisfactorily over a 
temperature range which, for some designs, is 
as wide as —55° to -f-200°C. Hermetically 
sealed models are available which are rated 
for operation at altitudes as high as 50,000 
feet and in a high-humidity environment. 
The ruggedness of choppers is illustrated by 
the vibration rating of one design, which is 
30 g’s for frequencies between 5 and 500 
cps. 

12-2.10 Packaging 

Most choppers are housed in cylindrical 


cans, one to two inches in diameter, and one 
to four inches long. 

12-2.11 Practical Circuits 

Figures 12-5 through 12-8 show practical 
connection circuits of chopper contacts, and 
the corresponding output waveforms. All 
waveforms have a period 1//, where / is the 
frequency of the drive-coil excitation voltage. 
The circuit of Fig. 12-5 is more suitable than 
that of Fig. 12-6 when the source impedance 
of V is high. The circuit of Fig. 12-7 pro- 
duces a push-pull output and is therefore 
useful when a double-ended signal is desired. 
Figure 12-8 shows a circuit in which the 
peak-to-peak output voltage is the difference 
between the two input signals. This circuit 
may therefore be used to modulate the error 
signal in a servomechanism when e t m repre- 
sents the command and e, s -, represents the 
response. 

12-2.12 MAGNETIC MODULATORS! 1 ' 2 ) 

A magnetic modulator converts the d-c 
signal to a modulated a-c signal with a car- 
rier frequency twice that of the modulator 
excitation voltage. The output of the mag- 
netic modulator is phase-sensitive to the po- 
larity of the d-c signal, permitting demodula- 
tion of the amplified signal by a phase-sensi- 
tive detector and restoration of the original 
polarity at the output of the amplifier. 

12-2.13 Principle of Operation 

The basic circuit of a magnetic modulator 
is shown in Fig. 12-9. The circuit consists of 
two wound ferromagnetic, high-permeability 
cores, which are closely matched for mag- 
netic characteristics, each carrying a signal 
winding, an excitation winding, and an out- 
put, or load, winding. The load windings are 
connected in opposite polarity sense with re- 
spect to the excitation windings so that, with 
no signal current, the load-winding voltages 
e t and e 2 are identical but opposite in phase, 
thereby cancelling to produce zero load volt- 
age. When a control current is applied from 
the signal source, the control current pro- 
duces asymmetry in the operation of the two 
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Fig. 12-5 


Half- wave connection. 
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Fig. 12-7 Push-pull half-wave connection. 
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cores, and a voltage is produced in the load 
winding at twice the frequency of the excita- 
tion source and proportional to the magni- 
tude of the control signal. 

An understanding of the manner in which 
this second-harmonic output is produced can 
be gained by referring to the hysteresis loop 
of the core material (see Fig. 12-10). The 
signal current can be assumed to produce a 
displacement of the initial flux operating 
point of the core material, from point 1 to 
the points on the hysteresis loops for the 
corresponding cores. As a cycle starts, core 1 
is operating in a region of low permeability, 
whereas core 2 is operating in a region of 
high permeability. Hence, the applied line 
voltage e, appears principally across core 2, 
and the load-winding voltage e> (as shown in 
Fig. 12-11) is larger in magnitude than load- 
winding voltage e x at that time in the cycle. 
As the cycle progresses, and the operating 
points of the core material move toward posi- 
tive saturation, core 2 encounters a region of 
low permeability near the knee of the satura- 
tion curve, while core 1 is now in a region of 
high permeability. Voltages e, and e 2 are now 
reversed in relative amplitude. When the sum 
of voltages e, and e 2 is taken as a load voltage 


e L (as shown in Fig. 12-11), the net result is 
a second-harmonic component. If the direc- 
tion of the signal current is reversed, then 
the cores interchange positions on the hyster- 
esis loops, and the second-harmonic load volt- 
age reverses in phase. This feature of the 
magnetic modulator makes is possible to re- 
store the polarity of the original d-c signal by 
means of a phase-sensitive detector. 


B 



control signal. 
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Fig. 12-11 Secondary voltage for i r = l r 
condition. 


12*2.14 Operating Circuits 

There are two categories of operating cir- 
cuits employing the magnetic modulator : one 
category is very similar to that shown in Fig. 
12-9, in which the signal and load windings 
are separated; in the second category, the 
d-c signal and the load are connected to a 
common winding, each core having only two 
windings — an excitation winding and a sig- 
nal-load winding. 

12-2.15 Sensitivity 

For maximum magnetic-modulator sensi- 
tivity, the control-winding impedance is usu- 
ally matched to the impedance of the signal 
source, and the load-winding impedance is 
usually matched to the load impedance, al- 
though this may not be true with high-im- 
pedance load circuits, such as grid circuits of 
vacuum-tube amplifiers. It is possible to se- 
cure individual load-impedance and signal- 
impedance matching with the circuit in which 
the control and load windings are separated. 
However, the common-winding circuit will 
result in greater sensitivity and, thus, may be 
more desirable in certain applications. 

1 2-2. 1 6 Harmonic Attenuation 

One feature found in almost all magnetic 
modulators is a capacitor for tuning the load 
to the second-harmonic frequency, so that 
odd harmonics and extraneous noise are at- 
tenuated. 


12-2.17 Performance and Application of 
Magnetic Modulators 

The control characteristics of a typical, 
commercially available magnetic modulator 
are shown in Fig. 12-12. This modulator op- 
erates with an excitation voltage of 5 volts in 
the 300- to 500-cps frequency range. The 
weight of the unit is approximately 3 ounces. 
The range of linear output, approximately 5 
volts rms, is obtained with about 100 micro- 
amperes of signal into a resistance of 1000 
ohms, which is equivalent to a signal power 
of 10-® watt. The limitation on minimum sig- 
nal power required to operate a magnetic 
modulator is set by the inherent Barkhausen 
noise, which is in the order of 10 19 watt per 
cycle of bandwidth. Some workers (3) have re- 
ported the design of magnetic modulators in 
which the zero error can be reduced to 
5 X 10~ 17 watt input, with a random varia- 
tion of 3 X 10 18 watt over a two-hour period. 
Two possible hindrances to building extremely 
sensitive magnetic modulators are: the har- 
monic level of the oscillator that supplies the 
excitation power ; and the mismatch, or mag- 
netic asymmetry, in the two cores. 

12-2.18 Core Material 

Raising the excitation frequency results in 
higher gain and a reduced time constant for 
the magnetic modulator, but it may also result 
in excessive core loss. However, the excitation 
voltage should saturate the core material to 
realize optimum performance. Therefore, a 
suitable core material must have a high maxi- 
mum permeability and low core loss. A good 
core material that is not too susceptible to 
mechanical shock is 4-79 Mo-Permalloy. 

12-2.19 ELECTRONIC MODULATORS (4) 

Circuit schematics of electronic modulators 
commonly used in servomechanisms are 
shown in Figs. 12-13 through 12-16. 

12-2.20 Operation 

In all of these circuits, except Fig. 12-16, 
the principle of operation is the same and is 
similar to chopper operation. Nonlinear ele- 
ments, either diodes or triodes, are used as 
switches to connect the d-c signal V to the 
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Fig. 12-12 Control characteristics of commercial magnetic modulator. 
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Fig. 12-15 Triode modulator. 



output during one half-cycle of the sinusoi- 
dal carrier voltage e. During the other half- 
cycle of e, the output is connected to ground. 
Therefore, the output waveform is a rectan- 
gle of amplitude V, with a duration of half a 
period of the carrier and with a repetition 
rate equal to the modulating frequency. Re- 
sistors R i are connected in series with all 
diodes to limit the diode current when the 


diodes conduct. The value of R i should be 
much less than that of R L , a typical value 
being 1000 ohms. 

In Fig. 12-13, the rectangle occurs (i.e., the 
diodes conduct and connect V to the output) 
when the upper end of the transformer sec- 
ondary is positive. During the other half- 
cycle, the output is at ground potential. In 
Fig. 12-14, the output is connected to ground 
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when the upper end of the transformer sec- 
ondary is positive, and the rectangle occurs 
during the other half-cycle of the carrier. In 
a variation of this circuit, a second d-c signal 
is connected to the center tap of the trans- 
former. The output signal then has a peak- 
to-peak amplitude that is the difference be- 
tween the two d-c signals, and the modified 
circuit can therefore be used as a combina- 
tion error (difference) detector and modula- 
tor. In the back-to-back triode circuit of Fig. 
12-15, a very large carrier signal is applied 
to the grids, making one of the two triodes 
conduct during approximately the entire posi- 
tive half -cycle of the carrier signal. The left 
tube conducts during the positive half-cycle 
if V is positive and the right tube conducts if 
V is negative. The grid signal is so large that 
the tube drop is very small during conduc- 
tion and, therefore, the output is nearly at 
ground potential during conduction. In or- 
der for this to occur, R> and R,. must be 
large (e.g., 500,000 ohms). The circuit is 
used only when large signals, in the order of 
100 volts, are to be modulated. 

12-2.21 Bridge modulator. Figure 12-16 dif- 
fers from the other configurations in that 
two rectangles of opposite polarity are gen- 
erated during each cycle of the carrier. When 
the carrier polarity is such that point A is 
positive with respect to point B, V appears 
across the output transformer with one po- 
larity; if A is negative with respect to B, V 
appears across the output transformer with 
opposite polarity. 

12-2.22 Typical curve. In the diode circuits, 
the statement that the rectangles have a dura- 
tion of half a period of the modulating sig- 
nal is based on the assumption that the peak 
amplitude of e is large compared with V. 
Where e is small compared with V, satura- 
tion occurs. A typical curve is given in Fig. 
12-17, showing the rms value of the output 
voltage as a function of the magnitude of V 
for a fixed amplitude of e. The knee in the 
curve shows the occurrence of saturation, 



Fig. 1 2-17 Modulator rms output as a function of 


amplitude of V for fixed amplitude of e. 


which must be avoided if the output is to be 
proportional to V. 

12-2.23 Stability. In all of the diode circuits 
shown, zero stability (zero input voltage) de- 
pends upon the balance between the diodes. 
For example, in Fig. 12-13, assuming that V 
is zero, the output will be at zero potential 
during the half-cycle of the carrier when the 
upper end of the transformer secondary is 
positive, but only if the drop is equal in both 
diodes and their associated resistors R x . 
Therefore, zero stability is determined by 
how nearly identical are the two diodes. For 
good zero stability, the diodes must be iden- 
tical, not only when the circuit is first ad- 
justed, but also throughout the aging process 
of the diodes. The diodes need not be vacuum 
tubes; they can be semiconductor devices, 
such as germanium or silicon diodes. When 
semiconductor diodes are used, it must be 
remembered that they have measurable re- 
verse current. It is important that the diodes 
be matched in their forward as well as re- 
verse characteristics. In general, zero stability 
of vacuum-tube modulators is not as good 
as that of chopper modulators. Therefore, 
chopper modulators are preferred for high- 
precision applications. 
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12-3 ELECTRONIC DEMODULATORS'”’ 


12-3.1 DIODE DEMODULATORS 

Figure 12-18 shows the schematic of a di- 
ode circuit frequently used in servomecha- 
nisms for demodulating suppressed-carrier 
signals ; i.e., signals in the form 

e IS = A sin o),t sin (a r t (12-2) 

where 

to, = angular frequency of modulated sig- 
nal (e.g., error signal) 

to,. = angular frequency of carrier 

This signal is connected to the primary of the 
center-tapped transformer. A signal corre- 
sponding to the carrier 

e c = B sin <o r t (12-3) 

is connected to the other transformer. The 
secondary voltages corresponding to e, N and e c 
are, respectively 

e, = Vi sin <a,t sin u> r t (12-4) 

e-j = V-, sin t o r t (12-5) 



Fig. 12-18 


Diode demodulator. 


12-3.2 Operation 

The operation of the diode demodulator 
(Fig. 12-18) is as follows: The voltage be- 
tween Q and the plate of diode VI is the sum 
of e-j and e,. The voltage between Q and the 
plate of diode V2 is the difference between 
e- 2 and e,. Hence, when e, is zero, the voltage 
across PQ equals the voltage across RQ, and 
the output voltage e a (which is the difference 
between the two voltages) is zero. If e, is in 
phase with e L .(sin a >,f is positive), the voltage 
across PQ is greater than the voltage across 
RQ, and the output voltage e„ is positive. If 
e, is 180“ out of phase with e-, (sin m,t is 
negative), the voltage across PQ is smaller 
than the voltage across RQ, and the output 
voltage e„ is negative. In general, ignoring 
ripple in the output due to discharging of 
capacitors C between conduction periods of 
the diodes, and ignoring the time lag between 
input and output, it follows that 


e 0 = 2V, sin c o,t (12-6) 

provided V, equals or is less than V-,. For V, 
greater than V-., saturation occurs. If e, con- 
tains a quadrature component (a component 
that is phase-shifted 90° with respect to the 
carrier), the output due to the quadrature 
component is zero. 

12-3.3 Ripple. The output voltage contains a 
ripple component (the waveform of which 
approximates a saw tooth) that is amplitude 
modulated by the variations in the modu- 
lated signal. The ripple is caused by the dis- 
charge of capacitors C between peaks of the 
carrier signal. The capacitors are charged 
during peaks, when the diodes conduct. The 
output ripple decreases when the RC prod- 
uct increases but, as this product is increased, 
the output voltage is no longer able to fol- 
low variations in the modulated signal. An 
upper limit for RC is given by 
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RC < — L_ Vl-m 2 

mu, 

where 



(12-7) 


where 


1 

2/e 


2fcRC 


— demodulator time con- 
stant 


The amplitude of the first harmonic of the 
ripple, which has the same frequency as the 
carrier, is given by 

+ (12 - 8) 

where 



The ripple factor is defined as the ratio of the 
amplitude of the first harmonic of the ripple 
to the amplitude of the output fundamental 
and, for values not in excess of 10 percent, is 
given by 

r =fl W +«'■>’ <12 ' 9) 

Since f, and f r are fixed in a given applica- 
tion, the specification for r determines the 
required RC product. The inequality [Eq. 
(12-7)] then determines the maximum value 
of m and, hence, the upper limit on the ratio of 
V j to V 2 is determined for the design. As r 
decreases, the RC product increases, and the 
value of m decreases. 

12-3.4 Unbalance. The parallel impedance of 
R and C at w c should be large compared with 
the equivalent source impedances e t and e 2 
and compared with the forward resistance 
of the diodes so that transformer and diode 
unbalance is of no practical significance. 

12-3.5 Transfer function. An expression for 
the output voltage that is more accurate than 
the one stated previously is given by the fol- 
lowing transfer function for the demodula- 
tor: 


E 0 (s) _ 1 2 fJRC (12-10) 

2 E,(s) 1 + T d s 


s = complex frequency of modulated signal 

12-3.6 Output stability. The demodulator out- 
put should always be taken across P and R, 
as shown in Fig. 12-18. If push-pull outputs 
are taken across PQ and RQ separately, the 
ripple at zero input signal results in time- 
varying outputs and poor stability. 

12-3.7 Full-Wave Demodulator 

Figure 12-19 shows the schematic diagram 
of a full-wave diode demodulator. In this 
circuit, which uses four diodes, conduction 
occurs during both halves of the carrier cycle. 
The demodulator time constant and ripple 
factor are reduced by a factor of 2 over the 
half-wave circuit of Fig. 12-18. An equivalent 
full-wave diode demodulator is shown in Fig. 
12 - 20 . 

12-3.8 TRIODE DEMODULATORS 

The diodes in Fig. 12-18 may be replaced 
by triodes. This produces the circuit of Fig. 
12-21, which is characterized by amplification 
of the modulated signal and by high input 
impedance for e, x . Quadrature voltages, 
however, are not rejected ; for this reason, 
the circuit is rarely used in servomechanisms. 

12-3.9 Keyed Demodulator 

A different demodulator configuration, 
called a keyed demodulator, is shown in Fig. 
12-22. It is characterized by smaller ripple 
for a given speed of response. 

12-3.10 Operation. The operation of a keyed 
demodulator is as follows: The transformer 
supplies large in-phase signals, correspond- 
ing to the carrier, to both grids. Self -bias is 
developed through grid conduction in C s , 
and the time constant R u C g is chosen to per- 
mit very little bias loss between carrier cy- 
cles. As a result, the tubes can conduct only 
during the positive peak of the carrier volt- 
age. At that time, the input is connected to 
the output, and the demodulator is said to be 
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The ripple voltage is zero when the modu- 
lated signal is constant. When the modulated 
signal is a sinusoid, the ripple voltage is a 
saw tooth, amplitude modulated by that si- 
nusoid. The ripple factor, which is lower 
than that of the diode demodulator, is 


2 /. 


( 12 - 12 ) 


Quadrature rejection is equally good, how- 
ever, for both the keyed demodulator and 
the diode demodulator. The triodes of the 
keyed demodulator can be replaced by tran- 
sistors or magnetic amplifiers. (7) 


K 



Fig. 1 2-23 Full-wave chopper demodulator. 


keyed by the peak of the carrier signal. Tube 
VI conducts during keying if the input is 
larger than the output, and V2 conducts if 
the input is smaller than the output. The out- 
put capacitor C 0 charges to the peak input 
voltage, which is the instantaneous value of 
the modulated signal and, therefore, the out- 
put voltage is a replica of the modulated sig- 
nal. If the modulated signal is a sinusoid, the 
output is also a sinusoid, but with a lag of 
1/2 f c seconds and including a ripple of saw- 
tooth shape. 

12-3.11 Transfer function. The transfer func- 
tion for the keyed demodulator is 


EAs) _ 1 

E m (8) 1 + T«s 

where 


( 12 - 11 ) 


T t — - demodulator time constant 

2/e 


12-3.12 CHOPPER DEMODULATORS 

Choppers can also be used as demodula- 
tors. Figure 12-23 shows the schematic dia- 
gram of a full-wave chopper demodulator. 

12-3.13 Operation 

The modulated signal e, N is connected to 
the primary of the center-tapped transformer 
and the carrier voltage e e is connected to the 
drive coil of the chopper. The chopper connects 
the output to terminal A of the transformer 
during the first half-cycle of the carrier 
and to terminal B during the other half- 
cycle. Thus, if e, s is phased with respect to 
the reed motion so that A is positive during 
the first half-cycle, B will also be positive 
during the second half-cycle, and the output 
is a positive voltage. If A is negative during 
the first half-cycle, B will also be negative 
during the second half-cycle, and the output 
is a negative voltage. The polarity of the out- 
put voltage e a is, therefore, a function of the 
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phase relationship between the reed motion 
and the signal to be demodulated. If these 
two are 90° out of phase, the output is zero. 
If they are either in phase or 180® out of 
phase, the magnitude of the output voltage is 
determined by the magnitude of the modu- 
lated signal. 

12-3.14 Output filtering. The output voltage 
contains a ripple voltage that varies at a fre- 
quency f c and also at harmonics of fr- There- 
fore, a filter is usually required at the output 
of the demodulator. The design of this filter 
becomes increasingly less difficult as the high- 
est-frequency component of the modulated 


signal is made smaller and smaller compared 
with the carrier frequency. In typical appli- 
cations, o>, is less than 10 percent of oo„ and 
tiie filter design is not difficult. 

12-3.15 Duo! Use 

When a chopper is used as a modulator, 
the same unit can also be used as a demodu- 
lator. This is shown in Fig. 12-24. The reed 
and contact A of the chopper form a half- 
wave modulator, like the one shown in Fig. 
12-5. The reed and contact B of the chopper 
form a half-wave demodulator, which per- 
mits the output of the amplifier to pass to 



Fig. 12-24 Single chopper used as both modulator and demodulator. 



Adapted by pcnnkiioB from Notm mt Amulet Digital C omwrrwi m m 
TcdbuQua, edited by A. K. Sn—Vmd, 1*57. tUbekor fi— . 
MnucbuKtts I— titute mt Technology- 


12-15 


MEASUREMENT AND SIGNAL CONVERTERS 


the filter during one-half-cycle of reed mo- 
tion and grounds the filter input on the 
other half-cycle. This results in a unidirec- 
tional filter-input signal, the magnitude of 


which is determined by the magnitude of the 
amplifier output, and the polarity of which is 
determined by the phase of the amplifier out- 
put with respect to the reed motion. 


12-4 DIGITAL-TO-ANALOG CONVERSION 


12-4.1 GENERAL 

Control systems are now coming into use 
in which digital data-processing equipment 
is employed. In digital equipment, informa- 
tion is expressed as numbers. In the rest of 
the system, information is represented by 
analog quantities, such as voltage or shaft 
rotation. In order to couple the output of the 
digital equipment to the other parts of the 
system, digital-to-analog conversion must be 
performed. 

12-4.2 Networks 

Where the required analog representation 
is to be a voltage, and accuracy requirements 
are not very high, electrical networks can be 
used. Examples of several network configura- 
tions are shown in Figs. 12-25 through 12-28. 

12-4.3 Operation. In Fig. 12-25, each current 
source I) has an output current I when the 
associated binary digit (value 2>) is a ONE, 
but otherwise has zero output. If the current 
sources are assumed to have infinite imped- 
ance, the output voltage is given by 


4. = ~ IR n , P (12-13) 

3 X % 

and the output impedance is given by 

R„-—R (12-14) 

3 

where 

p = number to be converted 

n -f- 1 = number of stages 

In Fig. 12-26, each voltage source E, has an 
output voltage E when the associated binary 
digit is a ONE, but otherwise has zero out- 
put. If the voltage sources are assumed to 
have zero impedance, the output voltage is 
given by 

(12-15) 

and the output impedance is given by 

R 0 =— (12-16) 

2 



Adapted by permission from JVetes on Analog-Digital Conversion 
Techniques, edited by A. K. Susskind, 1957, Technology Pfcess, 
Massachusetts Institute of Techno)ogy. 
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Figure 12-27 shows a circuit that is par- 
ticularly useful when the digital information 
originates from relays. Here, relay K f is not 
energized (contacts in the position shown) 
when the associated binary digit is a ZERO. 
The contacts are in the other position, how- 
ever, when the associated digit is a ONE. 
The output voltage is given by 


p ^ V (12-17) 

JL _|_ 2»+i - 1 

Rr 

and the output impedance is given by 


Ro = 



(12-18) 


Figure 12-28 shows another circuit that is 
also useful when the digital information orig- 
inates from relays. Here again, relay K, is 
not energized (contacts in the position 
shown) when the associated binary digit is a 
ZERO, and relay Kj is energized (contacts in 
the other position) when the associated bi- 
nary digit is a ONE. The output voltage is 
given by 


e„ = - p (12-19) 

2-+ 1 — 1 

12-4.4 Accuracy. The circuits of Figs. 12-27 
and 12-28 have the advantage over those of 
Figs. 12-25 and 12-26 because they require 
only one precision resistor per stage. In all 
of the circuits, accuracy is determined by the 



Fig. 12-27 Digital-fo-voltage converter. 


Adapted by permiuioa from Notes on Analog-Digital Conversion 
Techniques, edited by A. K. Susskind. 1957. Technology Praia. 
Massachusetts Institute of Technology. 


accuracy of the precision resistors. In addi- 
tion, in Figs. 12-25 and 12-26, accuracy is af- 
fected by the magnitude of the outputs of the 
sources and also by their output impedance. 
The circuits of Figs. 12-27 and 12-28 are 
therefore somewhat more accurate, but even 
these can rarely be made more accurate than 



fig. 12-28 1 Pjggg* 4o voltage c on verter. 


Adapted bp permission from Notes am A —l op J>ipit o f Csossnim 
Techniques, edisod bp A. K. Susskind. 1«7. IMbsshp Pi nos. 
Mossodmsotts Ipstituto of Tochnolopy. 
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one part in 4000 (12 binary digits). For the 
circuits of Figs. 12-25 and 12-26, typical ac- 
curacy figures are one part in 1000 (10 bi- 
nary digits). 

12-4.5 Servomechanism 

Where higher-accuracy requirements must 
be met, a servomechanism can be used. A 
block diagram of a digital-to-analog servo- 
mechanism is shown in Fig. 12-29. Here, the 
position of the output shaft is expressed in 
digital form by a coding disc, such as the one 


described in Ch. 11. The coded shaft position 
is then subtracted from the desired shaft 
position, and the difference number is con- 
verted into a voltage which, after dynamic 
compensation and amplification, is used to 
drive the output motor. The accuracy of con- 
version is determined by the coding-disc sens- 
ing element. Since coding discs can be made 
with an accuracy as high as one part in 
65,536 (16 binary digits), it follows that the 
static conversion accuracy in the closed-loop 
approach can be made very high. 
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PREFACE 

The Engineering Design Handbook Series of the Army- 
Materiel Command is a coordinated series of handbooks 
containing basic information and fundamental data useful 
in the design and development of Army materiel and sys- 
tems. The handbooks are authoritative reference books of 
practical information and quantitative facts helpful in the 
design and development of Army materiel so that it will 
meet the tactical and the technical needs of the Armed 
Forces. The present handbook is one of a series on Servo- 
mechanisms . 

Section 3 of the handbook contains Chapter 13, which 
covers the different amplifiers used in servo controllers. 
This chapter describes the following types of amplifiers: 
electronic, transistor, magnetic, rotary electric, relay, 
hydraulic, pneumatic and mechanical. The advantages and 
disadvantages of the various types are discussed to help 
the circuit designer in making a choice for his particular 
application . 

For information on other servomechanism components 
and on feedback control theory and system design, see one 
of the following applicable sections of this handbook: 

AMCP 706-136 Section 1 Theory (Chapters 1-10) 

AMCP 706-137 Section 2 Measurement and Signal 
Converters (Chapters 11-12) 

AMCP 706-139 Section 4 Power Elements and System 
Design (Chapters 14-20) 

An index for the material in all four sections is placed 
at the end of Section 4. 

Elements of the U. S. Army Materiel Command having 
need for handbooks may submit requisitions or official 
requests directly to Publications and Reproduction Agency, 
Letterkenny Army Depot, Chamber sburg, Pennsylvania 
17 201. Contractors should submit such requisitions or 
requests to their contracting officers. 

Comments and suggestions on this handbook are wel- 
come and should be addressed to Army Research Office- 
Durham, Box CM, Duke Station, Durham, North Carolina 
27706. 
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CHAPTER 13 

AMPLIFIERS USED IN CONTROLLERS 

13-1 ELECTRONIC AMPLIFIERS* 


13-1.1 VACUUM TUBES 

Vacuum tubes are thermionic devices in 
which a number of electrodes are contained 
inside a sealed envelope of glass, metal, or 
ceramic, which is evacuated to the lowest 
practical gas pressure. Types of tubes gen- 
erally used in amplifiers include diodes, tri- 
odes, tetrodes, pentodes, and beam power 
tubes. Table 13-1 lists the symbols normally 
used with these types of tubes and their as- 
sociated circuits. 

13-1.2 Diodes 

The simplest form of vacuum tube is a 
diode, which contains two electrodes (a plate 


and a cathode) and a heater. In the symbolic 
representation of Fig. 13-1, the top element 
is the plate, the middle element is the cath- 
ode, and the heater is at the bottom. The 
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Fig. 13-1 Symbolic representation of a diode. 


TABLE 13-1 


SYMBOLS 


Control-grid supply voltage 

Plate supply voltage 

Instantaneous total grid voltage 

Instantaneous total plate voltage 

Instantaneous total plate current 

Quiescent (zero excitation) value of plate voltage 

Quiescent (zero excitation) value of plate current 

Instantaneous value of alternating component of grid voltage 

Instantaneous value of alternating component of plate voltage 

Instantaneous value of alternating component of plate current 


E cc 

Ebb 

e - 


e b 

U 

Ebo 

I bo 


e 9 


e t> 

i p 
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heater, usually enclosed within the cathode, 
is used to raise the temperature of the cath- 
ode to the point where the cathode acts as a 
source of free electrons. The electrons leave 
the cathode and a great many of them travel 
to the plate, forming a unidirectional path 
for controllable current flow from the plate 
to the cathode (called plate current) . 


13-1.3 Control of electron flow. Useful con- 
trol of electron flow from the cathode cannot 
be achieved by varying the heater potential. 
Therefore, heaters are always connected to 
sources of fixed potential, and heater symbols 
are frequently omitted from electronic-circuit 
diagrams. 

In a diode, the only useful way to control 
electron flow is by control of the plate voltage 
e b (the potential difference between the plate 
and cathode) . The relationship between plate 
voltage e b and plate current i b for constant 
cathode temperature is shown in Fig. 13-2, 
where the curve is drawn for positive values 
of e b . For all negative values of e b , plate cur- 
rent i b is zero. Reference directions (indicated 
by arrows in Fig. 13-1, for example) are chos- 
en so that e b is a positive number whenever the 
plate is actually positive with respect to the 
cathode, and i b is a positive number when cur- 
rent flows from plate to cathode. 


13-1.4 Diodes as rectifiers. The diode is a 
nonlinear device. One useful application of 
this nonlinearity is in a rectifying circuit such 
as Fig. 13-3. If the simplifying assumption is 
made that the e b -i b curve has a constant slope 
R b in the conducting region, and infinite im- 
pedance in the nonconducting region, output 
current is given by 


i b = 


E m 


R b -|-f^ \ it 


fi + 4- 


2 

2 0 , 2 

cos 2ojf 

3*c 15 ji 


sin cot 


cos 4 cat — 


...) 

(13-1) 


The time-invariant (ord-c) component of this 
waveform can be isolated by adding a low-pass 
filter to the output. See Gray (1) for a more de- 
tailed discussion of rectifier circuits. 



Fig. 13-2 Volt-ampere curve of a diode 


cathode temperature constant. 




Fig. 13-3 Diode used as rectifier. 
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13*1.5 Triodes 

If a third electrode, called the control grid, 
is inserted between the plate and cathode of a 
diode, the tube becomes a triode. The control 
grid provides an additional means of control- 
ling electron flow. Plate current is now a func- 
tion of both the control-grid and plate voltages 
and, since a change in grid voltage can result 
in a larger change in plate voltage, amplifica- 
tion can occur. The triode is shown symbolic- 
ally in Fig. 13-4. 

13-1.6 Plate characteristics. The volt-ampere 
(e b -i b ) characteristics of a triode comprise a 
family of curves with grid voltage e c (grid-to- 
cathode voltage) a parameter. These curves 
are called plate characteristics ; a typical fam- 
ily is shown in Fig. 13-5. These curves demon- 
strate that : 

(a) Plate current can flow only when the 
plate is positive with respect to the cathode. 

(b) For a given value of plate voltage e b , 
increasingly negative values of grid voltage 
e c decrease plate current i b and, if e c is made 
sufficiently negative, conduction ceases. This is 
called cutoff, and the value of e c that causes 
cutoff is called the cutoff voltage. 

(c) The curves are not straight lines. 

(d) Curves for successive values of e c are 
displaced by unequal amounts. 

It follows that, even when the plate voltage is 
positive and the grid voltage is above cutoff, 
the triode behaves as a nonlinear device. For 
precise results, therefore, nonlinear analysis 
must be used. 



Fig. 13-5 Plate characteristics of a triode. 



Fig. 13-6 Triode amplifier. 



Fig. 13-4 Symbolic representation of a triode. 


13-1.7 Graphical analysis. The most effective 
technique is graphical analysis. Using the typ- 
ical triode amplifier in Fig. 13-6, which in- 
cludes a load resistance R L in its plate circuit, 
graphical analysis can be accomplished as 
follows : 

(a) On the plate-voltage axis of the plate 
characteristics, mark the point corresponding 
to the plate supply voltage E bb . 

(b) From this point, draw a straight line 
with a slope — 1 /R h to the i b axis. This sloping 
line is called the load line. 

(c) For each value of e„ determine the 
corresponding values of e b and i b using the 
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abscissa and ordinate, respectively, of the 
intersection of the load line with the e c line of 
interest. 

An example of this construction is given in 
Fig. 13-7. For a more complete discussion, see 
Preisman’s book.< 2 > 

13-1.8 Linear approximations. As an analysis 
tool, graphical construction is reasonably 
straightforward, particularly when the cir- 
cuit associated with the tube is relatively 
simple. In many cases, however, complex con- 
figurations are involved and graphical analy- 
sis becomes tedious. It is especially so when 
nonresistive elements are encountered. It is 
often possible to make a good linear approxi- 
mation of the tube characteristics, if the re- 
gion of operation on the plate characteristics 
is small enough, so that 

( a) The slope of the plate characteristics is 
approximately constant over that region. 

(b) The plate characteristics are almost 
uniformly spaced over that region. 

13-1.9 Region of operation. The region of 
operation is determined by the choice of E bb , 
R l , and the range over which e c varies due to 
the input signal. In amplifiers for servomech- 
anisms, it is usually possible (in all but the 
last stage) to select E bb , R L , and the tube type 
so that the grid is never operated positively 
or in the nonlinear region near cutoff. Under 
these conditions, the assumption of linear be- 
havior usually leads to satisfactory results. 

13-1.10 Linear equivalent circuits. The dy- 
namic voltage-source linear equivalent circuit 
for a triode is given in Fig. 13-8. Here, e„, e p , 
and i p are time-varying quantities and the 
grid-to-cathode impedance is shown as infi- 
nite. This is primarily justified by the as- 
sumption that the grid is never allowed to 
become positive with respect to the cathode 
and, as a result, no significant grid current 
flows. In the equivalent circuit, the amplifi- 
cation factor p is defined as 

(13-2) 

ib = constant 

The factor p can be computed from the plate 
characteristics of Fig. 13-5 by finding (at the 




Fig. 13-7 Graphical analysis of a triode 
amplifier. 



Fig. 13-8 Linear equivalent circuit of a triode. 


approximate center of the operating region, 
and along a horizontal line) the change in 
plate voltage due to a change in grid voltage 
and then forming the quotient of these two 
variables. The plate resistance r p , in ohms, is 
defined as 


r P 


?>e„ 

'dib 


ec = constant 


(13-3) 
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The factor r p can be computed by measuring 
the slope of an e b — i b curve at the approxi- 
mate center of the operating region. A third 
parameter, the transconductance, is also con- 
venient to use at times. Transconductance, in 
mhos, is defined as the change in plate cur- 
rent per unit change in control-grid voltage 
and is given by 

(13-4) 

' P 

eb — constant 

For different types of triodes, typical values 
of p range from 2 to 100, r p from 1000 to 
20,000 ohms, and g m from 1000 to 5000 
micromhos (1 X 10 6 mho = 1 micromho) . 

13-1.11 Alternate linear equivalent circuit. 
An alternate linear equivalent circuit is 
shown in Fig. 13-9. In this circuit, a current 
source g m e„ and a parallel resistance r p are 
used instead of the voltage source \ie„ in 
series with r p as shown in Fig. 13-8. The 
choice of which equivalent circuit to use in an 
analysis is entirely a matter of convenience 
because the two circuits shown give identical 
results. 

13-1.12 Quiescent operating point. As indi- 
cated above, the linear model usually applies 
only to variations in e b and i b from the quies- 
cent operating point, which is the point e b = 
E b0 , i b — I b0 , corresponding to zero input sig- 
nal. The input signal e g is usually superim- 
posed on a negative bias E cc , so that positive 


9 m = 


'dib 

de c 



Fig. 13-9 Alternate equivalent circuit of a triode. 


values of e 9 do not result in positive values of 
e c . It follows that the quiescent operating 
point is found at the point where the zero- 
signal load line intersects the e c = E cc charac- 
teristic. This point should be determined 
from the plate characteristics. 

13-1.13 Phase shift. The zero-signal load is 
usually simple to determine because it takes 
into consideration only the resistive compo- 
nents of the load (capacitors being considered 
as open circuits and inductances as short 
circuits). Variations in e b and i b due to input 
signals are denoted as e p and ip. Using these 
definitions, the following may be written : 


— E h0 + e. 

(13-5) 

^ b I bo “I - ^p 

(13-6) 

C c “ E CC -j- Cg 

(13-7) 

The signs of e p and may be negative, but 
the signs of e b and i b are not. In fact. Figs. 
13-8 and 13-9 show that e P is negative when 


e„ is positive, and e p is positive when e„ is 
negative. Thus, a triode causes a phase shift 
of 180° between grid and plate. 

13-1.14 Pentodes and Beam-Power Tubes 

Among vacuum tubes containing more than 
three electrodes, beam-power tubes and pen- 
todes are of primary importance in servo- 
mechanism applications. A beam-power tube 
contains a cathode, a control grid, a screen 
grid, beam-forming electrodes, and a plate. 
A pentode contains a cathode, a control grid, 
a screen grid, a suppressor grid, and a plate. 
These two tube types are shown symbolically 
in Fig. 13-10. For servomechanism applica- 
tions, the significant change brought about 
by the addition of the screen grid is the abil- 
ity to achieve higher gain in beam-power and 
pentode circuits than is possible in triode cir- 
cuits. However, since the screen grid is usually 
operated at a fixed d-c voltage ( relative to the 
cathode) , which is intermediate between plate 
supply and cathode potentials, an additional 
power supply is often required. This fre- 
quently outweighs the advantage of higher 
gain when over-all amplifier complexity is 
considered. In this respect, the triode is 
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Fig. 13-10 Symbolic representation of a beam- 
power tube and a pentode. 


superior to multigrid tubes because it re- 
quires no screen supply. It is often simpler to 
add more stages of amplification than to pro- 
vide additional power supplies. Another fea- 
ture that triodes possess is greater linearity 
of operation with large signal-voltage inputs. 

13-1.15 Plate characteristics. Figure 13-11 
shows typical plate characteristics of a beam- 
power tube, while those for a pentode are 
shown in Fig. 13-12. Both figures show that 
the plate current changes very little with 
changes in plate voltage when operation is 
above the knee of the curves and when all 
grid voltages are constant. It follows, there- 
fore, that the plate resistance r v of these tubes 
is very high, usually ranging from about 
100,000 ohms to 10 megohms, as compared 
with a triode r v of about 1000 to 20,000 ohms. 
Since triode transconductance is approxi- 
mately equal to pentode transconductance, 
when similar construction is used, it follows 
that the amplification factor p, given by 

P = Qm r p (13-8) 

is much higher for multigrid tubes than for 
triodes. 

13-1.16 Linear equivalent circuits. When 
screen-grid and suppressor-grid voltages are 
constant, and operation is above the knee of 
the curves, the linear equivalent circuits of a 
multigrid tube have the same form as the 



Fig. 13-1 1 Plate characteristics of a beam- 


power tube with constant screen voltage. 



Fig. 1 3-1 2\ Plate characteristics of a pentode with 


constant suppressor and screen voltages. 


triode linear equivalent circuits of Figs. 13-8 
and 13-9. For analysis of pentode operation, 
Fig. 13-9 is usually more convenient. When 
r„ is high compared with any load impedance 
connected to the plate, it is possible to con- 
sider the plate resistance as infinite. In Fig. 
13-9, the tube can then be considered simply 
as a current source g m e„. 

13-1.17 Graphical analysis. Graphical analy- 
sis of multigrid tubes is similar to that of 
triodes. 

13-1.18 Interelectrode Capacitance 

In the linear equivalent circuits heretofore 
discussed, no interelectrode capacitances were 
shown. These capacitances actually exist, but 
their values are so small (a few micromicro- 
farads) that they are of no consequence at 
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the signal frequencies encountered in servo- 
mechanisms. Therefore, interelectrode capa- 
citance may be ignored, except when ampli- 
fier stability is considered. 

13-1.19 Tube Specifications 

In addition to the plate characteristics and 
the parameter values for the equivalent cir- 
cuit, there are other important tube specifi- 
cations, listed in tube-manufacturers’ cata- 
logs, which the circuit designer must take into 
consideration. While these additional specifi- 
cations do not affect the theoretical operation, 
they do represent application limits. If these 
limits are exceeded, tube performance will 
differ from the given characteristics, or the 
period of operation over which the tube par- 
ameters remain at approximately the pub- 
lished values will be materially narrowed. 
These additional specifications must there- 
fore be ascertained and adhered to. Of parti- 
cular interest is the average plate dissipation 
P„ which is defined as the time average (over 
a cycle) of the product of total plate voltage 
and total plate current. For sinusoidal opera- 
tion 


P, = -f- f 2 * e„i t d (a it) ( 13-9) 

2n Jo 

For linear operation, the plate dissipation is 
greatest under quiescent conditions and is 
given by 


P'p = El*, /*, (13-10) 

where and /*, are the plate voltage and 
plate current, with zero input signal. Since 
servo amplifiers usually receive no error sig- 
nals for extended periods of time, quiescent- 
condition plate dissipation frequently de- 
termines whether the dissipation rating is 
being exceeded. The power dissipation of the 
screen is determined in a similar manner; 
i.e., by computing the time average of the 
product of screen voltage and total screen 
current. 


13-1.20 LINEAR ANALYSIS OF 

SIGNAL-STAGE VACUUM-TUBE 
VOLTAGE AMPLIFIERS 

In servomechanisms, voltage amplifiers are 
used primarily to increase the level of the 
control signal. 

1 3- 1 .2 1 Characteristics of Tubes Used 

The tubes used in low-level voltage ampli- 
fiers have the following characteristics : 

(a) Triodes have high values of p (e.g., 
100) and pentodes have high values of g m 
(e.g., 4000 micromhos). 

(b) Maximum current ratings are moder- 
ate (e.g., 10 ma). 

(c) Plate-dissipation ratings are moderate 
(e.g., 1 watt). 

13-1.22 Simple Amplifier 

The simplest voltage-amplifier circuit is 
that of Fig. 13-6, the linear equivalent of 
which is shown in Fig. 13-13. The gain of such 
an amplifier is defined as the ratio of the varia- 
tional component of the output voltage to the 
variational component of the input voltage. 
The mathematical expression for this gain is 



Rl + 


(13-11) 


(The minus sign results from the 180° phase 
relationship between e 0 and e in .) In designing 
amplifiers, the usual practice is to attempt to 
achieve the required gain with the least num- 
ber of stages of amplification. This naturally 
leads to an attempt to realize the maximum 



Fig. 13-13 Equivalent circuit of a simple 


plate-loaded amplifier 
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gain from each stage. Equation (13-11) indi- 
cates that the maximum possible gain equals 
H and can be attained by making R L much 
larger than r p . To prevent this large value of 
Rl from producing plate-current values so 
low as to make r v large (r p is inversely re- 
lated to i b ), a high plate supply voltage is 
required, reaching a value that is usually 
impractical. Practical values of E bb do not 
exceed a few hundred volts and usually re- 
strict the gain to a level that is only 60 to 80 
percent of the amplification factor. Similar 
restrictions apply to a pentode, since g m is 
approximately proportional to i b . 

13-1.23 Series Tube Triode Amplifier 

In one method of attempting to realize the 
maximum possible gain, R L is replaced by a 
second vacuum-tube circuit, as in the series 
tube triode amplifier of Fig. 13-14. Tube V2 
and its cathode resistor R k are approximately 
the equivalent of a battery of \s 2 E cc volts plus 
a series resistor of value r„ 2 + R k (l + 1 * 2 ) • 
As an example, consider a series tube circuit 
using both sections of a Type 6SL7 dual-tri- 
ode, where 


Hi = 1*2 = 70 

r v i = r p 2 = 44,000 ohms 

R k = 22,000 ohms 

E bb = 350 volts 

E cc = 45 volts 

The equivalent plate supply voltage is 

E' bb — E bb -f- \i 2 E cc — 350 -)- (70 X 45) 

= 3500 volts 

the equivalent plate load on V2 is 

R'l — r p2 -f- (1 -f- H 2 ) Rk — 44,000 
+ (71 X 22,000) =« 1.6 megohms and the gain 
is 

A = — =» |i = 70 
e in 

The series tube amplifier has one drawback, 
however, that makes it impractical except in 
rare instances. This drawback is the necessity 
for a floating supply E co . 



fig. 13-14 Series tube amplifier. 


13-1 .24 Cascode Amplifier 

A more practical circuit for realizing maxi- 
mum possible gain is the cascode triode am- 
plifier of Fig. 13-15. With tubes VI and V2 
identical, the gain of this circuit is 

K _ _ — H (h + 1) Rl 

e<n (h +2) r p -f- Rl 

which reduces to 

K — —g m R L 

when 

(H -f 2 )r p >> R l and h >> 1 

This demonstrates that the gain of a cascode 
triode amplifier equals that of a single pen- 
tode amplifier with infinite r P . However, the 
pentode amplifier requires a screen-bias sup- 
ply and the triode cascode amplifier does not. 
On the other hand, the disadvantage of the 
cascode triode amplifier is the necessity for a 
second tube. If two tubes are to be used, the 
second tube could be more advantageously 


(13-12) 

(13-13) 
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Fig. 13-15 Cascode amplifier circuit. 


employed as a second voltage amplifier in 
cascade with the first, in which case an even 
larger over-all gain than either the cascode 
or pentode amplifier would produce might be 
realized. Cascode circuits are used primarily 
in direct-coupled amplifiers where the prob- 
lem of cascading amplifier stages makes it 
desirable to maximize the gain per stage, 
even at the expense of extra tubes. 

1 3- 1 .25 Cathode Followers 

In equivalent circuits, the symbol e„ repre- 
sents the variational component of grid-to- 
cathode voltage. When the tube circuit has 
internal feedback, e g does not equal the exter- 
nally applied input voltage. For example, in 
Fig. 13-16, which is the circuit schematic of a 
cathode follower, e. g is expressed as 

6g - @in 



Fig. 13-16 Cathode follower. 


Successive manipulations of the linear equiv- 
alent circuit (Fig. 13-17) demonstrate the 
nature of e„. When the generator voltage \ie k 
(which has the same polarity as e k ) is consid- 
ered as due to a fictitious resistor \iR k and is 
then lumped with R k in the final step of Fig. 
13-17, the identity of the cathode terminal 
vanishes. Therefore, additional cathode load- 
ing cannot be applied to the final equivalent 
circuit of Fig. 13-17. The equations for e k and 
gain K are 


e k — ip R k — 


ye in R k 

Rk ( 1 -f- M-) + r P 


(13-14) 


Cfc [iRk 

C<n Rk (1 + p) + r p 


\^Rk 

(1 + p) 

\ 1 + H/ 


(13-15) 


The voltage gain of a cathode follower is 
always less than unity, no matter how large 
R k is made. To a load connected from cathode 
to ground, the cathode follower appears as a 
generator with an open-circuit voltage as 


where e in is the time-varying component of 
the input voltage and e k is the time-varying 
component of the cathode-to-ground voltage. 
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given by Eq. (13-14), and the variational 
output impedance R n is given by 



if 

R k » r * and > > 1 
1 + P 

Practical values of R 0 range from 100 to 1000 
ohms. 


The cathode follower is nearly always used 
to couple a low-impedance load to a high-im- 
pedance signal source, thereby reducing the 
severe loading effect (on the source) that is 
imposed by other types of coupling circuits. 
Where even lower output impedances are de- 
sired, the White cathode follower, comprising 
two tubes interconnected as shown in Fig. 
13-18, can be used. The equivalent circuit 
(when VI and V2 are identical) is shown in 
Fig. 13-19. This configuration can result in 
practical circuits with an output impedance 
of 10 to 100 ohms and with a gain approxi- 
mately the same as that for a single-tube cath- 
ode follower. 



Fig. 13-1 7 Equivalent circuit of a cathode follower and its manipulation. 
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Fig. 13-18 White cathode follower. 



(1 + 


when 


\hXTp2 4~ -f~ H 2 ) ] ^ j 

l ^ i ) \ r p2 + #*(1 + H2 ) + - — — — 1 
L 1 + 

(13-17) 


r p2 + Rk ( 1 + M 2 ) > > - — — — and hi >> 1 

1 + 1*1 

These inequalities can exist in a practical cir- 
cuit without reducing the VI plate current to 
such a small value that r pl is large. 

13-1.26 Simple Feedback Amplifier 

Another common form of voltage amplifier 
is the circuit of Fig. 13-21, which is evolved 
by adding a feedback resistor R k to the circuit 
of Fig. 13-6. The grid-to-plate gain expression 
for this circuit is 


K = 


— \iRl 

Rl -f- f P ~M2it(l +m) 


(13-18) 



Fig. 13-19 Thevemin equivalent circuit of 


White cathode follower. 


Where the voltage gain of a cathode fol- 
lower must approach unity as closely as pos- 
sible, the resistor R k in Fig. 13-16 can be re- 
placed by a second tube as in Fig. 13-20. The 
gain expression then becomes 



Fig. 73-20 1 Two-tube cathode follower. 
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and the variational output impedance that the 
load sees is 


R 0 = r p + R k ( 1 + n) (13-19) 

Because of the appearance of the term 
f?*(l -f n) and also because of the approxi- 
mate constancy of p over a range of operating 
conditions (also during aging of the tube), 
the addition of R k increases the gain stability 
in the presence of variations in r p . It also low- 
ers the gain and increases the effective output 
resistance. Output voltage e 0 is expressed as 


eo= -^ <n 

2 R -(-[if? -|- Vp 

when 


— e k 


(13-20) 


Rl — R k — R 

The circuit can be used as a phase splitter; 
i.e., a circuit with two outputs equal in magni- 
tude but 180° out of phase. It can also be used 
as a coupling circuit between a single-ended 
input and a push-pull stage. The two output 
voltages must always be less than the input 
voltage. 

13-1.27 Differential Amplifiers 

Figure 13-22 shows the general form of a 
commonly used class of amplifiers called dif- 
ferential amplifiers. The time-varying com- 
ponents of the output voltages are given by 
the expressions 


This equation shows that the plate-to-plate 
output voltage of a differential amplifier is 
proportional to the difference between the in- 
put signals. If the output is taken between the 
plate of one tube and a point of fixed potential 
(such as ground) , the output can still be made 
approximately proportional to the difference 
between the input signals by making 

RkiX -(- (*) > > Rl -\- 'fp 
Then 

e' 0l = — (e <Bl — e 4n2 ) (13-24) 

2 (R l + r p ) 

e '02 = — (e, nl - «*,) (13-25) 

2 (Rl + r P ) 

Because it produces an output signal that is 
either positive or negative, and proportional 
to the difference between the two input sig- 
nals, this circuit is useful as a summing de- 
vice in a servomechanism. If one of the grids 
is grounded, one output of the differential 
amplifier is in phase with the input, and the 
other output is 180° out of phase with the in- 
put. For this reason, the differential amplifier 
may be used as a phase splitter. It is then 
necessary that the two output voltages be of 


Col 


— — Ria 


e 0 2 — Rl 2 

where 


— £jnlHl[f^fc(l + Ifg) -\-Rl2 + r p2] -{-CiniV-zRk ( 1 + Hl) ) 

D i 

CjnlUl Rk( 1 ~l~ 1 * 2 ) — 6 <n2 ^2 [-Rk ( 1 + |*l) +#£1 ~t~ T p i] 


D 


(13-21) 

(13-22) 


D= (l + m)(l+p 2 ) R k 2_ [(1 + [il) Rk 

+ Rli + Tp 1 ] [ ( 1 -j- 1 * 2 ) R k -j- Rl2 + ^*p2] 

If both tubes are identical, R h 1 = Rl 2 —Rl, 
and the output is taken between the plate of 
FI and the plate of F2, then 

Co = e 0l — e o2 = — (e<n 2 — ®<ni)( 13-23) 

Rl + t p 


equal magnitude. For this case it is sufficient, 
but not necessary, that 

■Rfc(l + [*)>> Rl + r v 
It is only necessary that 


Rli — 


Rk 


RicRl2 

, r p + Rl2 
1 + 1 * 
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Fig. 13-21 Plate-and-cathode-loaded amplifier. 



Fig. 13-22 Differential amplifier. 


Because the output of a differential amplifier 
depends almost entirely upon the difference 
between the two input signals, the circuit is 
insensitive to equal changes in both signals. 
Thus, equal variations in the input signals, 
such as drift in the reference potentials to 
which they are returned, result in small out- 
put-voltage variations. This property makes 
differential amplifiers very useful for d-c am- 
plifier applications. 

13-1 .28 Use of Pentodes 

In all circuits previously discussed where a 
resistor R k is connected in series with the 
cathode, the use of pentode tubes is not con- 
venient. This is because maintenance of prop- 
er screen voltage (which must be constant 
with respect to the cathode) would require a 
separate power supply for the screen of each 
pentode stage, with the supply connected be- 
tween screen and cathode. However, when 
signal frequencies are high enough (at least 
10 cps) , pentodes can be used without a sepa- 
rate or floating screen supply for each stage. 
This is accomplished by connecting all pentode 
screens to a single source of positive voltage 
through individual resistors R s and by con- 
necting a large capacitor (typically, 0.1 to 1 
microfarad) between the screen and cathode 
of each pentode. 

13-1.29 POWER AMPLIFIERS 

In the previous discussion of voltage-ampli- 
fier circuits, no attention was paid to the cur- 
rent levels in the amplifier load because the 
power supplied to that load is of little conse- 
quence. However, in the final stage of a servo 
amplifier, the amplifier load is the output 
member of the servomechanism. Since the 
load is usually a motor or a similar power- 
consuming device, the final amplifier stage 
must be a power amplifier with adequate out- 
put. 

13-1.30 Tubes Used in Power Amplifiers 

The tubes used for power amplification dif- 
fer from those used for voltage amplification. 
These differences include : 

(a) Greater maximum plate-dissipation 
ratings (e.g., 10 watts) 
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(b) Greater plate-current ratings (e.g., 
200 ma) 

(c) Greater range of grid voltage over 
which operation is linear (e.g., 15 volts) 

Pentodes and beam-power tubes (e.g., Type 
6L8) are commonly used as power-amplifier 
tubes because they produce a larger a-c load 
voltage than triodes do, for a given plate sup- 
ply voltage and given maximum permissible 
harmonic distortion. In addition, pentodes 
are less likely than triodes to produce unwant- 
ed oscillations, when feeding inductive loads 
such as motors, because the grid-to-plate 
capacitance of a pentode is lower than that of 
a triode. 

13-1.31 Push-Pull Power Amplifiers 

In servomechanisms, the push-pull power 
amplifier is more generally used than the 
single-ended, or any other type of power am- 
plifier. The push-pull circuit comprises two 
tubes of the same type connected as shown in 
Fig. 13-23. The two grid-signal voltages are of 
equal magnitude and 180° out of phase. The 
input transformer T1 can be replaced by a 
phase-splitting circuit as discussed in con- 
nection with Figs. 13-21 and 13-22. The major 
advantages of the push-pull circuit over the 
single-ended circuit (load connected to one 
tube or two tubes in parallel) can be sum- 
marized as follows : 


(a) Higher plate-circuit efficiency (ratio 
of output power to power dissipated in tube) . 
Efficiency can be as high as 65 percent in a 
push-pull amplifier, as against up to 30 per- 
cent for a single-ended amplifier. Hence, for 
a given pair of tubes dissipating a fixed 
amount of power, the push-pull circuit deliv- 
ers a greater output. 

(b) An output, or load, signal that is com- 
pletely free of even harmonics. Tube nonlin- 
earites introduce these harmonics, but push- 
pull circuit action cancels them. This permits 
operation of each tube with a bias that is 
high enough to cut off the tube during part 
of the negative grid-voltage half -cycle when 
there is an input sinusoid of maximum ampli- 
tude. Under these conditions, the higher 
values of plate-circuit efficiency (up to 65 
percent) are achieved. Therefore, in servo 
amplifiers, E cc is often adjusted for plate-cur- 
rent cutoff during some part of the negative 
portion of the maximum input sinusoid, but 
for less than 180° if self -bias is used. 

(c) There is no net d-c component of plate 
current in the output-transformer primary. 
Therefore, the transformer may be lighter 
and smaller than one that is used to match 
a load to a single-ended power amplifier 
which must carry d-c current. 






Fig. 13-23 Push-pull amplifier. 
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(d) Ripple in the plate supply voltage does 
not appear in the load, thus reducing the fil- 
tering requirements on the power supply. 

13-1.32 Analysis of push-pull power ampli- 
fiers. Practical push-pull amplifiers must be 
analyzed by graphical techniques because 
they nearly always involve nonlinear tube 
operation. The analysis procedure is as fol- 
lows: 

(a) First, form the composite plate char- 
acteristics of the two tubes. This is done by 
arranging two sets of plate characteristics, 
as shown in Fig. 13-24A, so that the origin 
of the bottom set coincides with the point 
e b = 2 E bb of the top set. 

(b) Add algebraically the two curves e c , 
E cc . In the example of Fig. 13-24B, E cc is as- 
sumed to be equal to — k 3 , and the dashed curve 
is the result of the addition. Relabel the result- 
ant curve e„ = 0. 

(c) Add algebraically the upper curve for 
e c = —k 2 and the lower curve for e' c = — 
Relabel the resultant curve e„ = — k 2 -\-kz =ki. 

(d) Add algebraically the upper curve for 
e c = — fc 4 and the lower curve for e' c = — k 2 . 
Relabel/the resultant curve e„ = —k x . 

(e) Continue this procedure by combining 
upper e c and lower e’ c until the complete set of 
composite characteristics is obtained (Fig. 
13-24C) . 

(f) Through the point e b = E bb , draw a 
straight line with slope — 1/(Ni/N 2 ) 2 R l . Re- 
label the current axis (N 2 /N l )i L and the volt- 
age axis ( N 1 /N 2 )e L . This is shown in Fig. 
13-24D. Load voltage e L and load current i L 
may then be read off as a function of e„. 

13-1.33 Push-pull amplifiers with a-c supply. 
When the amplifier signal is an amplitude- 
modulated carrier, a power amplifier similar 
to the one shown in Fig. 13-25 is sometimes 
used. Its advantage over the conventional 
push-pull configuration is that it does not 
require a d-c power supply. The resulting sig- 
nal waveforms are indicated in Fig. 13-26. The 
pulse-like nature of the plate-current wave- 
form makes analysis exceedingly difficult, 


particularly when pentodes are used. There- 
fore, circuit values for this configuration are 
more easily determined by experimental pro- 
cedures. 

13-1.34 Efficiency 

In practice, vacuum-tube power amplifiers 
are used only where the load requirements are 
moderate (up to approximately 100 watts) be- 
cause such amplifiers are relatively inefficient, 
with a maximum of about 65 percent. 

13-1.35 CASCADING AMPLIFIER STAGES 

When a single amplifier stage cannot pro- 
vide the required gain, additional cascaded 
stages must be supplied until the requirement 
is met. In a cascaded amplifier, each successive 
stage amplifies the output of the preceding 
stage. There are two methods of cascading, 
each named according to the type of coupling 
circuit used between stages : 

(a) Direct coupling, in which the total in- 
stantaneous value of the output of one stage 
affects the next stage. 

(b) A-c coupling, in which only the time- 
varying component of the output of one stage 
affects the next stage. 

13-1.36 Direct-Coupled Amplifiers 

An example of a two-stage direct-coupled 
amplifier is given in Fig. 13-27. Assuming that 
Ei -j- R 2 >> Rl\, the gain of this amplifier is 
expressed as 

\^\\^jR LlR L2 R 2 

(RlI + fpl) (Rl2 4 - 1 * 02 ) R 1 4~^2 

(13-26) 

The voltage dividei R u R 2 reduces the gain 
but is needed to make the V2 grid negative 
with respect to its cathode. The voltage divider 
can be eliminated by coupling the plate of VI 
to the grid of V2 by means of a battery E 
(Fig. 13-28). However, the separate battery 
makes this coupling method impractical from 
many viewpoints. Another way of eliminating 
the voltage divider is to couple the plate of VI 
directly to the grid of V2. The cathode of V2 
must then be returned to a positive-potential 
point, and R L2 to a still more positive point. 
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Fig. 13-24 Graphical analysis of a push-pull amplifier. 
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FIELD WINDING 
OF A MACHINE 


Fig. 13-25 Power amplifier with a-c supply. 



Fig. 13-26 Waveforms of power amplifier 
in Fig. 13-25. 
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Fig. 13-28 Battery-coupled, d-c amplifier. 


Four separate power supplies are therefore 
required (bias of VI, plate of VI, cathode of 
V2, and plate of V2). Again, an impractical 
situation arises. However, the need for four 
separate supplies can be obviated by using a 
single high-voltage supply and tapping off the 
required d-c voltages at appropriate points on 
a bleeder as shown in Fig. 13-29. Typical volt- 
age levels corresponding to zero input signal 
are indicated on this figure. If the bleeder cur- 
rent is large compared with the tube currents, 
then the gain of the amplifier is 


K— \liV2RliRl2 (13-27) 

(Rli + r pl ) ( Rl 2 -|- r p2 ) 

The heavy drain on the power supply, due to 
the large bleeder current, makes this method 
undesirable in many applications. Figure 
13-30 shows still another method of elimin- 
ating the effect of the voltage divider. 
Resistance in Fig. 13-27 is replaced by a 
gas-discharge tube, such as a Type VR105 
voltage regulator. A gas-discharge tube is 
characterized by a very nearly constant ter- 
minal voltage over a limited current range 
(e.g., 10 to 30 ma) so that it acts as an equiva- 
lent battery. Figure 13-30 is the simplest cou- 
pling circuit where signal levels are high 
enough so that the gas-discharge-tube noise 
(somewhat reduced by R N and C N ) does not 
reduce the amplifier signal-to-noise ratio be- 
low acceptable limits. Iannone (3> discusses in 
detail the use of gas-discharge tubes as cou- 
pling devices in d-c amplifiers. 

13-1.37 Problems encountered in direct- 
coupled amplifiers. Not only are there practi- 
cal difficulties in the design of coupling 
circuits in direct-coupled amplifiers, but the 
very nature of direct coupling makes the out- 
put level of such an amplifier dependent 
upon all amplifier components, tube character- 
istics, and power supply levels. Any variation 



Fig. 13-29 D-c amplifier with single supply voltage. 
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Fig. 13-30 D-c amplifier with gas-discharge tube coupling. 


in these parameters (caused by aging of com- 
ponents, changes in environmental conditions, 
power supply ripple, etc.) changes the output 
level even though the input remains constant. 
The following measures are generally used to 
reduce variation (drift) in the output level : 

(a) Use only components that are stabil- 
ized for age and changes in environmental 
conditions ; e. g., tubes that have been “broken 
in” (operated for 100 to 200 hours before use) 
and temperature-stable metalized-type resist- 
ors. 

(b) Incorporate good regulation of all 
power supply voltages, including filament 
voltage. (A change of 20 percent in filament 
voltage is approximately equivalent to a grid- 
voltage change of 0.2 volt. Over the nonlinear 
range of operation, changes in filament volt- 
age also produce changes in r„.) 

In practice, these measures cannot be carried 
out to perfection. Tubes show the effects of 
aging, practical power supplies rarely have 
voltage regulation better than 0.1 percent, and 
good regulation of filament supplies often re- 
sults in excessive weight and space require- 
ments. The reduction of drift, therefore, re- 
quires the use of special circuit designs (par- 


ticularly for the first stage of a direct-coupled 
amplifier) that inevitably lead to greater 
over-all amplifier complexity. One example of 
added complexity is the use of feedback, which 
can reduce the effect of drift but cannot elim- 
inate it. 

13-1.38 Drift-compensated direct-coupled am- 
plifier. Figure 13-31 shows a circuit in which 
the output is independent of filament-voltage 
and supply-voltage variations, provided that 
the two tubes are identical. Assuming linear 
operation, the ratio of total output voltage to 
total input voltage is 

— = — * (13-28) 

e,n 2r p -j- /t 3 

13-1.39 Bridge circuits. Bridge circuits, such 
as those in Figs. 13-32 and 13-33, eliminate 
drift due to changes in E bb , filamer.t voltage, 
and r v . Assuming linear operation in Fig. 13- 
32, the ratio of output voltage to input volt- 
age is 


Cin f t -f- 2fSji -j- 2 Rl -\-R 
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Fig. 13-32 Drift-compensated d-c amplifier. 


Fig. 13-31 Drift-compensated d-c amplifier. 


and the output impedance R 0 seen by the load 
is 

R, = Ru+ (13-30) 

Assuming linear operation in Fig. 13-33, a 
low output impedance circuit, it follows that 

e^_ — V-Rl 

c»n + f2|fc(l + p) + Rl( 2 -f- M-) + R 

(13-31) 

and 




Rk ( 1 [*) 


+ 


r p 

2 + |i 


(13-32) 



Fig. 13-33 Drift-compensated d-c amplifier. 


2 + H 
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13-1.40 A-C Coupled Amplifiers 

Because the reduction of drift to a neglig- 
ible amount often leads to considerable circuit 
complexity, direct-coupled amplifiers are gen- 
erally avoided in servomechanism design. 
Instead, a-c coupled amplifiers are used. How- 
ever, in an a-c coupled amplifier, low-fre- 
quency signal components are attenuated and, 
since typical signal frequencies in a servo- 
mechanism occur in the 0 to 20 cps band, the 
signal must first be modulated ; i.e., superim- 
posed on an a-c carrier. Typical carrier 
frequencies are 60 cps and 400 cps. The block 
diagram of a servomechanism incorporating 
an a-c coupled amplifier is shown in Fig. 13-34. 
If the amplifier load responds to modulated 
a-c signals, the demodulator is not used. An 
example of such a load is a 2-phase induction 
motor. If the input signal is already in the 
form of a modulated a-c signal, such as the 
output of a synchro control transformer, the 
modulator is not used. Servo compensation is 
shown ahead of the modulator in Fig. 13-34 
because d-c compensating networks are simp- 
ler to design than a-c compensating networks. 



Fig. 13-34 Use of a-c amplifier to replace 
d-c amplifier. 


13-1.41 Two-stage a-c coupled amplifier. Fig- 
ure 13-35 is the circuit schematic of a simple 
two-stage a-c coupled amplifier. Resistors R k 
and capacitors C k furnish self-bias by raising 
the average cathode potential above ground. 
The grid circuit may then be returned to 
ground potential, as shown, and the need for 
a grid-bias supply is eliminated. C k is large 



Fig. 13-35 Two-stage a-c amplifier ( resistance-capacitance coupled). 
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Fig. 13-36 Equivalent circuit of two-stage a-c amplifier in Fig. 13-35. 



A. MID-FREQUENCY EQUIVALENT CIRCUIT 


enough (1 to 40 microfarads) so that its re- 
actance is negligible at the frequencies of in- 
terest, thereby eliminating the effect of R k on 
dynamic response. For linear operation, the 
value of R k is chosen so that 

\E CC \ = IrJi, (13-33) 

where 

\E CC \ = absolute value of desired bias 

I m = quiescent plate current 






C. HIGH-FREQUENCY EQUIVALENT CIRCUIT 


Fig. 13-37 Simplified equivalent circuits of 


first stage of Fig. 13-35. 


The large capacity of C k is provided in com- 
pact form by low-voltage electrolytic capaci- 
tors. 

The equivalent circuit of the two-stage a-c 
coupled amplifier is shown in Fig. 13-36. For 
analysis, this equivalent circuit can be broken 
down into three separate simplified circuits as 
shown in Fig. 13-37. In these circuits, C i is the 
output capacitance of tube VI, C 2 is the input 
capacitance of tube V2, and C„, is the wiring 
capacitance. The gain expressions for the 
three frequency regions are 


C S 2 — [^R IaRq'J 

Vgl T v \Rli -f- fplRg 2 -\-RliRii2 



(13-34) 

Kmid 


l j— 

(13-35) 

3 f 


K mid 


1 + j -r 

(13-36) 


u 
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where 

/ = frequency of input signal 

fi = lower half-power frequency (response 
down to 3 db) 

_ r pl -f- Rl,1 

2jtC c i 4" r piK a2 4~ Rp2 Rl) 

/ 2 = upper half-power frequency (response 
down 3 db) 

f piRl! -f- fp\Hp2 -f- 

2jt(Ci -|- C 2 -f- Cu,)r P iR L1 R g 2 


where 


dK' 

K' 


per unit change in gain with 
feedback 


K = open-loop gain 


P = fraction of output signal fed back 

= per unit change in gain without 
K feedback 

Since | 1 — $K | > 1 for negative feedback, 
then 

dK' dK 
K' < K 


Typical values of /1 range from 1 to 20 cps, 
typical values of f 2 from 50 to 500 kc. Thus, 
in a servomechanism application, the high- 
frequency equivalent circuit needs considera- 
tion only when stability questions are 
involved. In a properly designed amplifier, it is 
usually permissible to assume that the gain is 
constant and given by the mid-frequency 
value K mii . Plots of output voltage, gain, and 
phase shift as a function of frequency are 
shown in Fig. 13-38. When pentodes are 
used, and the effect of R k and C k is to be 
taken into account, then 


(b) Modification of frequency response. 
For example, addition of negative feedback to 
a single-stage a-c coupled amplifier (Fig. 
13-39) decreases the lower half-power fre- 
quency and increases the upper half-power 
frequency. Thus, 

fit =/i/(l-Pffm«) (13-39) 

ft, =/ 2 (l - P^mid) (13-40) 

where 

f \f = lower half-power frequency with 
feedback 

f x = lower half-power frequency without 
feedback 


actual output voltage 

output voltage with 
fixed-bias operation 


where 


1 + 


ffmRk 


1 +3 


fz 

(13-37) 


/ = frequency of input signal 


f 2/ = upper half-power frequency with 
feedback 

/ 2 = upper half-power frequency without 

feedback 

K mid — mid-frequency gain of amplifier 
without feedback 

(c) Modification of input and output 
impedances. 


2 jc C]tRk 

13-1.42 FEEDBACK AMPLIFIERS 


13-1.43 Advantages 

Negative feedback applied to an amplifier 
produces the following advantages : 


(a) Improved stability , 

dK' 1 dK 
K' ~ 1 - $K K 


(13-38) 


(1) For voltage feedback (signal propor- 
tional to output voltage fed back) , the output 
impedance is given by 


Z' 0 = 
where 


1 -fiK 0 


(13-41) 


Z'„ — output impedance with voltage 
feedback 


Z a = output impedance with input voltage 
to feed-forward section short- 
circuited 
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O.OI 0.1 1.0 10 o.l 1.0 10 100 

ACTUAL FREQUENCY = < ACTUAL FREQUENCY ,f 

FREQUENCY FOR 70.7% POINT RESPONSE FREQUENCY FOR 70.7% POINT RESPONSE 


Frequency response of single-stage o-c coupled amplifier using 
resistance-capacitance coupling. 


By permission from Radio Engineers’ Handbook, by F. E. 
Terman, Copyright 1943, McGraw-Hill Book Company, Inc. 


Fig. 13-38 
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C c 



Fig. 1 3-39 Single-stage a-c coupled amplifier 
with voltage feedback. 


Since |1 — K 0 \ >1 for negative feedback, 
then 
Z\ > Z 0 

For example, consider the output impedance 
seen by the load resistor R L in Fig. 13-21. 
Here, 

Zo — 4- Rk 

Zf = Rk 
K 0 

Z" 0 — r v Rk( 1 -f- n) 

(3) When both voltage and current feed- 
back are used, then 

Z”o = effective output impedance with both 
types of feedback 


P = fraction of output voltage fed back 

K 0 = open-loop gain of amplifier with load 
open-circuited 

Since | 1 — $K 0 | > 1 for negative feedback, 
then 
Z' 0 < Z 0 . 

For example, consider the output impedance 
seen by R k in the cathode follower of Fig. 
13-16. Here, 

Zo —■ fp 

P =-l 

K 0 =\i 


(2) For current feedback (signal propor- 
tional to output current fed back) , the output 
impedance is given by 

Z'' 0 = Z 0 + Z f (l-K 0 ) (13-42) 

where 

Z" 0 — output-impedance with current 
feedback 

Z f = impedance across which feedback 
is developed 


Z„-\-Z f (l— K 0 ) noioi 

- l-fur. (13 ' 43) 

Techniques for finding impedance levels at 
any terminal pair are given in the book by 
Bode. ,4> 

(d) Improvement in signal-to-noise ratio 
when noise is generated internally ( not at in- 
put to amplifier ) . The addition of feedback it- 
self does not increase the signal-to-noise ratio. 
It does, however, permit an increase in the 
signal-to-noise ratio because it permits an in- 
crease in the input-signal level or an increase 
in the gain of the stages preceding the noise 
source without overloading the output stage. 
This means, for example, that the power 
supply for the output stage of a feedback am- 
plifier requires less filtering as would normally 
be required. 

(e) Reduction of nonlinear distortion. A 
feedback amplifier reduces the percentage of 
harmonic distortion in the output by a factor 
of 1/1 - px. 

13-1.44 Disadvantages 

The disadvantages of negative feedback 
are: 

(a) Stability problems arise. These prob- 
lems are analyzed and solved in the manner 
outlined in Section I of this publication. 
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(b) Over-all gain is less than in an open- 
loop amplifier with the same number of 
stages. That is, 



Since |1 — fiK | > 1 for negative feedback, 
K’ < K. To achieve a specified gain, a nega- 
tive-feedback amplifier requires more stages 
of amplification than an open-loop amplifier. 

13-1.45 PROBLEMS ENCOUNTERED IN USE 
OF ELECTRONIC AMPLIFIERS AS 
SERVO COMPONENTS 

13-1.46 Reliability 

The greatest single cause of failure in elec- 
tronic servo amplifiers is vacuum-tube break- 
down. In many modem designs, vacuum tubes 
have been replaced by transistors and mag- 
netic amplifiers, but there are still cases 
where dynamic requirements or environmen- 
tal conditions dictate the use of vacuum 
tubes. In these cases, the designer can do 
much toward achieving amplifier reliability. 
It is possible to design amplifiers that will 
operate for thousands of hours without failure 
by taking the following measures : 

(a) Care in selection of tube types. There 
are now available higher-quality tube types 
than those originally developed for consumer 
use. The highest-quality tubes that are well- 
adapted to military applications are listed in 
MIL-STD-200. Tube types should be selected 
from this list whenever possible. 

(b) Derating of tubes. Particular care 
must be taken to ensure that maximum tube 
ratings are not exceeded. These ratings are 
published in tube manufacturers’ catalogs and 
in Military Specification MIL-E-1. Circuits 
should be designed for operation well below 
maximum tube ratings because tube life is 
appreciably increased when the tubes are 
thus derated. While there is no available ana- 
lytical relationship giving tube life as a func- 
tion of derating, ample experimental evidence 
shows that derating of tube characteristics 
leads to increased tube life. Maximum plate 
dissipation, maximum plate voltage, maxi- 
mum cathode current, and maximum bulb 


temperature are the major characteristics 
that should be derated. 

(c) Cooling of tubes. Vacuum tubes should 
not be located near other heat-radiating parts 
and proper ventilation should always be pro- 
vided. Where convection cooling cannot be 
made adequate, either by natural circulation 
or forced air flow (fans), conduction cooling 
can be provided by means of a metallic bond 
between the tube envelope and the chassis 
(e.g., by using a properly designed tube 
shield) . 

(d) Interchangeability of tubes. Circuits 
should be designed so. that malfunction can- 
not be caused by variations in characteristics 
between tubes of the same type (as listed in 
MIL-E-1) or by reasonable variations in tube 
characteristics caused by aging. Negative 
feedback, for example, can do much to stabil- 
ize circuit performance in the presence of 
tube-characteristic variations. A properly de- 
signed circuit does not require a specially se- 
lected tube. When circuit design necessitates 
the selection of tubes with particular charac- 
teristics, unmanageable maintenance prob- 
lems inevitably follow. 

(e) Protection from shock. In mobile appli- 
cations, tubes must be protected from mechan- 
ical shock. Shock mounts on the amplifier 
chassis are very helpful and, in addition, the 
amplifier should be located as far as possible 
from shock-producing members. Where me- 
chanical shock is unavoidable, select tube 
types specifically designed to tolerate shock 
and use their acceleration ratings as a guide 
in this selection. 

(f) Filament-voltage regulation. Filament 
voltages in excess of nominal ratings are par- 
ticularly detrimental to tube reliability. If the 
source of heater voltage is known to be vari- 
able, it may be possible to select a center 
value that is lower than the tube rating, 
providing the resulting decrease in tube per- 
formance does not produce circuit malfunc- 
tion. Otherwise, some means of heater- 
voltage control must be devised, or a more 
stable source provided. 
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(g) Derating of passive circuit compo- 
nents. Circuit components such as resistors 
and capacitors (called passive components) 
must be carefully chosen for highest quality. 
The effects of variations in environmental 
conditions on component electrical character- 
istics must be considered in the over-all am- 
plifier design. Derating of manufacturers’ 
specifications is helpful in extending the use- 
ful life of passive components as well as 
tubes. Many designers now derate the power- 
dissipation ratings or resistors and the maxi- 
mum voltage ratings of capacitors (at normal 
ambient temperatures) by as much as 50 per- 
cent. Additional derating of these specifica- 
tions is made for operation under unusual or 
extreme conditions. To include aging effects 
in resistors, some design groups also derate 
the resistance-tolerance specification and use 
a 1-percent resistor where a 5-percent toler- 
ance is initially required, and a 5-percent re- 
sistor where 10- to 20-percent tolerance is 
required. While these measures lead to higher 
initial equipment cost, they often pay for 
themselves in reduced maintenance costs. 

13-1.47 Construction 

In the physical construction of an ampli- 
fier, the dominant considerations are : adher- 
ence to weight and space requirements; 
freedom from unwanted electrical coupling 
between components; proper ventilation to 
prevent excessive temperatures; freedom 
from mechanical vibration; and accessibility 
of components for maintenance. 

13-1.48 Maintenance 

Equipment down-time can be materially 
reduced by using plug-in subassemblies that 
can be quickly replaced by spares in case of 
failure. To reduce the required inventory of 
spare units, as many as possible should be 
identical. For example, it is frequently possi- 
ble to use several identical complete ampli- 
fiers at different places in a system. The single 
design, in this case, must be capable of satis- 
fying different requirements and may there- 
fore require greater design effort. However, 
the resultant operational and maintenance 
convenience often makes this approach very 
desirable. 


13-1.49 Quadrature Signals 

In some applications, a servo amplifier is 
required to amplify a signal that contains 
two components, one component in time- 
phase with respect to a signal to which the 
output member of the servomechanism can 
respond and representing the loop error, and 
the other component 90° out of phase with 
the first. The second component, called the 
quadrature signal, serves no useful purpose. 
Its presence, however, causes the amplifier to 
saturate earlier than it otherwise would, 
thereby reducing the effective gain of the 
amplifier. For this reason, it is desirable to 
remove the quadrature-signal component. 
One method employs a keyed demodulator 
that is triggered at the time the instantane- 
ous value of the quadrature voltage is zero. 
Since the output of a keyed demodulator will 
then be a function of the in-phase signal only, 
remaining constant between triggering 
points, it follows that the quadrature com- 
ponent is eliminated from the demodulator 
output. 

13-1.50 Complete Amplifier 

The design of a complete amplifier is not a 
rigidly determined procedure. The designer 
must take into consideration not only the am- 
plifier specifications (load characteristics, in- 
put signal voltage and impedance, amplifier 
dynamics, space and weight restrictions) , but 
also such characteristics of the over-all sys- 
tem as environmental conditions and avail- 
able power supplies. However, the designer 
may very well be able to design several differ- 
ent amplifiers that satisfy the requirements. 
For example, after a push-pull power- 
amplifier stage has been designed, a freedom 
of choice often exists for selecting the means 
of obtaining the two grid signals. This choice 
could be a transformer with a center-tapped 
secondary, a plate- and cathode-loaded ampli- 
fier, or a differential amplifier with one grid 
grounded. In general, the objective is to 
achieve the required gain in the voltage- 
amplifier section with the least number of 
stages so that the tube complement is held to 
a minimum. On the other hand, it might be 
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desirable to incorporate negative feedback 
for gain stability. This decreases the open- 
loop gain and, as a result, the design might 
use more than the minimum possible number 
of tubes. Here, as in so much of systems de- 
sign, trial-and-error procedures are used and 
even after a design is completed, building and 
testing a breadboard model nearly always re- 
sults in a considerable number of design 
changes. 

13*1.51 Details of a Typical Servo Amplifier 

Figure 13-40 shows the circuit schematic 
of the main elements of a complete amplifier 
designed to drive a 2-phase motor. Tubes V4 
and V5 form a push-pull amplifier. The 
control-grid signal for V4 is derived from 
voltage amplifier V3A, one of two triode sec- 
tions in the same tube envelope. The control- 
grid signal for V5 is derived from V3B, the 
output of which is of the same magnitude as, 
but 180° out of phase with, the output of 
V3A. The input signal for V3B is part of the 
output of V3A, and hence V3B inverts that 
signal. The ratio R 22 /R 21 + #22 and the gain 
of V3B are adjusted so that the output of 
V3B is exactly equal in magnitude to the out- 
put of V3A. V2B is another simple voltage am- 
plifier and V2A is an electronic phase shifter 
comprising a phase splitter similar to the 
one discussed in connection with Fig. 13-21. 
By connecting R9 and C4 between the plate 
and cathode of V2A, the output voltage at the 
junction of R9 and C 4 can be varied in phase 
from 7° to 170° without appreciable change 
in amplitude simply by varying R9. VI is a 
summing amplifier for the two input signals. 
Each stage of the servo amplifier uses a ca- 
thode resistor to provide negative feedback 
within the stage and also to provide bias volt- 
age, thereby eliminating the need for a nega- 
tive bias-voltage supply. Series grid resistors 
R25 and i?26 are used to suppress parasitic 
oscillations that frequently occur when the 
resistors are omitted. The capacitor across 
the output transformer compensates for the 
inductance of the motor ; the capacitor value 
depends upon the particular motor used. Am- 
fier gain is controlled by varying R28 in 
the feedback loop. The gain factors for the 


individual stages are indicated on the figure. 
Other specifications are : 

Power Requirements : 

For V4 and V5, Type 6V6 — plate current 
80 ma at + 300v, filament current 2.7 amp 
at 6.3 vac 

For V4 and V5, Type 6L6 — plate current 
110 ma at +300v, filament current 3.6 amp 
at 6.3 vac 

Gain : 1000 min, 5000 max 
Power ouput : 15 watts max 
Load impedance: adjustable from 200 to 
20,000 ohms through transformer taps 
Noise level : less than 1 volt output with both 
inputs grounded 

Internal phase shift: adjustable from 7° to 
170° 

Linearity: linear for input signals up to ±50 
mv 

Response : flat within ±1 db from 50 to 10,000 
cps for resistive load of 1200 ohms; flat to 
±50 cps of the modulating frequency (3° 
phase shift at 50 cps) , for motor loads, with 
carrier frequency constant; carrier frequen- 
cies of 60, 400, and 1000 cps can be used (for 
60 cps carriers, the coupling capacitors should 
be increased to 0.05 microfarad) . 

13-1.52 THYRATRON AMPLIFIERS 

Amplifiers employing thyratron tubes can 
be used in certain servomechanism applica- 
tions to supply resistive, capacitive, or induc- 
tive loads. The thyratron is an efficient ampli- 
fying device that provides high power gain. 

13-1.53 Description of Thyratron 

A thyratron is a thermionic tube contain- 
ing a plate, a cathode, and one or more grids. 
The thyratron envelope is filled with hydro- 
gen, mercury vapor, or a noble gas such as 
xenon. Hydrogen-filled thyratrons are used 
only for high-voltage pulse work; they will 
not be considered in the following discussion. 

Mercury-vapor-filled thyratrons must be kept 
between fairly narrow operating-temperature 
limits, usually between 40°C and 80°C, thus 
limiting the ambient temperatures in which 
these tubes can be used. However, nearly all 
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thyratrons filled with noble gas can be used 
in ambient temperatures ranging from 
— 55°C to -f75°C, with some tubes having an 
even wider ambient-temperature operating 
range. The control power required by thyra- 
trons is quite small, being generally about 
100 milliwatts. Load-current ratings range 
from about 40 milliamperes to 18 amperes, 
and more. Peak-forward and peak-inverse 
voltage ratings range from about 350 to 2000 
volts, with ratings from 750 to 1500 volts be- 
ing the most common for the larger tubes. 
Plate-to-cathode drop is generally 8 to 15 
volts. 

13-1.54 Thyratron Characteristics 

The thyratron acts essentially as a switch 
capable of conducting current in one direction 
only. As long as the voltage between control 
grid and cathode is more negative than the 
critical grid voltage, the thyratron does not 
conduct plate current. When the grid-to- 
cathode voltage is more positive than the 
critical grid voltage, the thyratron conducts 
plate current, provided that the plate is posi- 
tive with respect to the cathode. However, the 
control grid loses all control over the plate 
current as soon as the thyratron begins to 
conduct, and current flows as long as the 
plate-to-cathode voltage is positive, even if 
the control-grid voltage is again made more 
negative than the critical grid voltage. Figure 
13-41 shows typical control characteristics of 
a thyratron. The grid voltage at which con- 
duction starts is called the critical grid volt- 
age and is a function of plate voltage. The 
shaded area in the figure indicates a region 
of uncertainty where conduction may, or may 
not, start. This uncertainty region is the re- 
sult of manufacturing variations, variation in 
tube temperature, and tube aging. Conduction 
in a thyratron is carried on by ionized gas. 
At the end of the conduction period, a certain 
time is required for the gas to be deionized. 
Usually, this deionization time is about 1 mil- 
lisecond, thus placing a limit on the frequency 
of the alternating voltage that can be con- 
trolled by a thyratron. Nearly all thyratrons 
require a warm-up period, ranging from 
about 10 seconds to one minute, every time 
the equipment is started. This warm-up pe- 



-20 -16 -12 -8 -4 0 +4 - t -8 

CRITICAL GRID VOLTAGE IN VOLTS 


Fig. 13-41 Typical thyratron control 
characteristics. 


riod prevents damage to the cathode by posi- 
tive-ion bombardment. 

Once a thyratron begins to conduct, the 
control grid has no further influence on the 
magnitude of the plate current, and grid con- 
trol can only be re-established by removing 
the plate voltage or by reversing it. Removal 
of the plate voltage is nearly always a cum- 
bersome procedure, but reversal can be ac- 
complished by the simple expedient of using 
ac instead of dc to supply the plate voltage. 
For this reason, thyratrons are hardly ever 
supplied from a d-c source. Reversal of the 
alternating plate voltage interrupts the plate 
current during each cycle, thus re-establish- 
ing grid control for the next cycle. 

13-1.55 Thyratron Amplifier with 
Resistive Load 

Figure 13-42 shows a simple half-wave 
thyratron amplifier working into a purely 
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resistive load. The output current of this am- 
plifier is a pulsating direct current, the magni- 
tude of which depends upon the grid voltage. 
A common method of applying grid control is 
shown in this figure, where a constant sinus- 
oidal voltage is phase-shifted by an R-C net- 
work so that it lags the plate voltage of the 
thyratron by 90°. This phase-shifted voltage, 
frequently called the rider, is added to a vari- 
able d-c control voltage E c \ the sum of the 
two voltages is then applied between grid and 
cathode of the thyratron. A very small capaci- 
tor C2 is connected directly between grid and 
cathode to prevent transient disturbances in 
the plate voltage from producing excessive 
voltages on the control grid through the plate- 
to-grid capacitance. 

Figure 13-43 shows the waveforms of plate 
voltage and critical grid voltage of the thyra- 
tron as a function of time. The actual grid 
voltage produced by the circuit of Fig. 13-42 
is shown for two values of the control voltage 
E c , together with the resulting load voltage. 
If E c is positive (Fig. 13-43A) , the grid volt- 
age exceeds the critical grid voltage early in 
the positive half-cycle of plate voltage. The 
thyratron thus “fires” early, permitting the 
plate voltage to be applied to the load over the 


major portion of the positive half-cycle. The 
rectifying properties of the thyratron pre- 
vent a reversal of the load current; therefore, 
no negative voltage can be applied to the re- 
sistive load. If E c is negative (Fig. 13-43B), 
the thyratron fires late in the positive half- 
cycle, and the plate voltage is applied to the 
load for only a small portion of the positive 
half-cycle. 

13-1.56 Control of Load Voltage 

With the grid circuit shown in Fig. 13-42, 
the load voltage can be controlled by varying 
the control voltage E c . With resistive loads, 
the change in the d-c value of the load voltage 
is proportional to the change in the d-c con- 
trol voltage. Thyratrons are often used in 
full-wave amplifiers, in which case a trans- 
former or other means must be used to supply 
each tube with the appropriate rider. Occa- 
sionally, the a-c rider is purposely distorted 
by means of diodes, etc., to obtain more favor- 
able control characteristics for inductive or 
capacitive loads. 

The angle a at which the thyratron begins 
to conduct is often called the firing angle, or 
angle of retard. This firing angle can also be 
controlled by providing an a-c grid voltage, 



rig. 13-42 Half-wave thyratron amplifier. 
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Fig. 13-43 Waveforms of circuit in Fig. 


13-42. 


the phase angle of which (with respect to the 
plate voltage) can be adjusted by external 
means. A simplified circuit of this type is 
shown in Fig. 13-44. The phase angle of the 
alternating grid voltage may be varied by 
means of various phase-shift circuits and 
devices, depending upon the application. 

Control schemes furnishing a steep voltage 
pulse to fire the thyratron offer certain ad- 
vantages in some applications. These pulses 
may be produced by electronic circuits or by 
magnetic devices such as pulse transformers. 
Another control scheme in this general cate- 
gory employs a magnetic amplifier to provide 
pulse signals, the phase angle of which (with 


respect to the plate voltage) varies in re- 
sponse to the control current of the magnetic 
amplifier. 

13-1.57 Thyratron-Amplifier Loads 

Thyratrons can be used to supply loads 
consisting of resistive, inductive, or capaci- 
tive elements, either singly or in combination. 
If a d-c output is required, the thyratrons can 
be connected as single-phase or polyphase 
rectifiers of either the half-wave, full-wave, 
or bridge type. The back-to-back connection is 
used if an a-c load, such as the control wind- 
ing of a servomotor, is to be supplied. Some 
of these circuits are shown in Fig. 13-45. 
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Fig. 13-44 Control of a thyratron by means 


of a phase-variable a-c signal. 


13-1.58 Resistive loads. The load-voltage 
waveforms found in multitube circuits with 
resistive loads can be obtained by methods 
similar to those used to obtain the waveforms 
in Fig. 13-43. 

13-1.59 Inductive loads. If the load is induc- 
tive, the picture is somewhat more compli- 
cated. When the firing angle is very large, the 
load current is very small because, during 
any conduction period, the load inductance 
prevents build-up of the load current as shown 
in Fig. 13-46. As the firing angle is reduced, 
the load current increases slowly until the 
point is reached at which the load current sup- 
plied by one tube persists until the next tube 



A. BACK-TO-BACK 
(SUPPLIES A-C TO LOAD) 


A-C SUPPLY 

u 



B. SINGLE-PHASE FULL-WAVE 
(SUPPLIES D-C TO LOAD) 




C. 3-PHASE HALF-WAVE (SUPPLIES D-C TO LOAD) 


Fig. 13-45 Plate and load connections of typical thyratron amplifiers. 
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PREFACE 


Section 4 of the handbook on Servomechanisms contains Chapters 14 through 20, which 
discuss servo power elements and system design. The significant features of servo output 
members are presented in Chapter 14 (Power Elements Used in Controllers) and in Chapter 
15 (Mechanical Auxiliaries Used in Controllers). Chapter 16 is devoted to a discussion of the 
typical procedure that can be used as a guide when designing a servo system ; this is followed 
by descriptions in Chapter 17 of two representative servo systems from existing Army 
equipments. Supplementary design information is given in Chapter 18 (Auxiliaries Asso- 
ciated with Servomechanisms), Chapter 19 (Constructional Techniques) and Chapter 20 
(Supplementary Tables, Formulas, and Charts). 

For information on other servomechanism components and on feedback control theory, 
see one of the following applicable sections of this handbook : 

ORDP 20-136 Section 1 Theory (Chapters 1-10) 

ORDP 20-137 Section 2 Measurement and Signal Converters (Chapters 11-12) 

ORDP 20-138 Section 3 Amplification (Chapter 13) 

An index for the material in all four sections is placed at the end of Section 4. 


IV 
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CHAPTER 14 

POWER ELEMENTS USED IN CONTROLLERS* 


14-1 INTRODUCTION 


The following types of power elements or 
motors used in servomechanisms are dis- 
cussed in this chapter : direct-current and al- 
ternating-current electrical motors, hydraulic 
and pneumatic motors, and magnetic-particle 
clutches. A comparison between a-c and d-c 


motors appears in Par. 14-2.1 ; problems of 
hydraulic motors, pneumatic motors, and 
magnetic clutches are listed in Pars. 14-4, 
14-5, and 14-6, respectively. The choice of 
which output motor to use is discussed in 
Par. 16-3.4. 


14-2 DIRECT-CURRENT MOTORS 


14-2.1 USAGE OF D-C MOTORS 

Of the two classes of motors available for 
servo applications, direct-current motors, in 
comparison with alternating-current motors, 
have the following advantages : 

(a) Speed is easily controllable. 

(b) By varying field excitation, high 
power gains are possible for speed control. 

(c) High efficiency is obtained for motors 
larger than 100-watt rating. 

(d) Dependable rotary electric amplifiers 
to drive larger size motors are readily avail- 
able. 

Direct-current motors have the following dis- 
advantages : 

(a) Commutator produces electrical noise. 

(b) Brushes wear out (conditions of cold, 
dry air appear to accelerate wear) . 


(c) Brushes have an undesirable electrical 
characteristic of acting as a nonlinear resis- 
tance (an almost constant voltage drop occurs 
across the brush; this voltage drop must be 
exceeded when starting the motor before a 
proportional input-output relationship can be 
obtained). 

(d) Brushes add coulomb friction (for 
small motors, 10 to 20 watts, this becomes 
of consequence) . 

(e) The added complexity of a demodula- 
tor is required if an a-c signal is used in the 
error detector and amplifier. 

The types of d-c motors used in servo ap- 
plications are the series motor, the separately 
excited shunt motor, and the permanent-mag- 
net motor. Series motors have high starting 
torque and poor speed regulation. Shunt mo- 
tors have lower starting torque but better 


*By P.E. Smith, Jr. 


14-1 




POWER ELEMENTS AND SYSTEM DESIGN 


GENERATOR 


D-C MOTOR 



POWER OUTPUT 
(VARYING SPEED AND 
REVERSIBLE 
ROTATION) 


AMPLIDYNE 


D-C MOTOR 



POWER OUTPUT 
(VARYING SPEED AND 
REVERSIBLE 
ROTATION) 


Fig. 14-1 Rotary electric amplifier circuits for control of d-c motor. 
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speed regulation than series motors. Perman- 
ent-magnet motors are easy to drive since no 
power is used for the field. A limitation is 
that the field may be demagnetized if the mo- 
tor is badly overloaded. Conventional d-c mo- 
tors are unidirectional devices. The armature 
rotation of series and shunt motors can be 
reversed by reversing the current flow 
through either the armature or field but not 
both simultaneously. Permanent-magnet mo- 
tors are reversed by reversing the direction 
of armature current; high torques on rever- 
sal are obtainable. 

Many means are available for controlling 
the speed or armature position of d-c motoi’s; 
they are 

(a) Rotary electric amplifiers 

(b) High-vacuum tube amplifiers 

(c) Gas-filled tube amplifiers 

(d) Magnetic amplifiers 

(e) Relay amplifiers 

The generator, a basic rotary electric ampli- 
fier (Fig. 14-1A) , operates at a constant speed 
and produces an output voltage that is pro- 
portional to the input signal applied to 
its field. The output voltage developed across 
the low impedance of the generator armature 
excites the d-c motor armature with compara- 
tively low power losses. The amplifying ac- 
tion of the generator produces power gains 
up to 100. A variation of the basic rotary 
electric amplifier is the amplidyne (Fig. 14- 
1B). A short-circuited brush connection in 
the armature of the amplidyne makes it possi- 
ble to obtain high power gains of 3000 to 
10,000. By this means, it is feasible to control 
5- to 10-hp motors from a source capable of 
delivering only 5 to 10 watts of input signal. 
The higher power gain of the amplidyne is 
achieved at the expense of a slower response. 
Rotary electric amplifiers (see Par. 13-4) are 
used when large motors are to be controlled ; 
when drive motors less than 1/4-hp rating are 
to be controlled, this type of amplifier be- 
comes impractical. 


High-vacuum tube amplifiers (see Par. 
13-1) are used to control d-c motors when the 
motor is small enough so that a rotary elec- 
tric amplifier is impractical. The amplifier 
output may be used to excite either the arma- 
ture or field of the motor. Armature control 
by high-vacuum tubes is limited to motors not 
larger than 1/20-hp rating because the entire 
motor output power is derived from the arm- 
ature circuit. Field control (Fig. 14-2) may 
be used with motors whose ratings do not 
exceed 1/2 hp ; this assumes an amplifier out- 
put of 20 watts and a motor field-to-arma- 
ture power gain of about 25. To compensate 
for the normal characteristics of a field-ex- 
cited motor to exhibit increased speed at de- 
creased field excitation and reduced torque at 
high speed, a constant armature current is re- 
quired. Partial compensation is obtained by 
using a current-limiting resistor in series with 
a high-voltage supply for the armature/ 1 ’ 
To prevent large induced voltages from be- 
ing developed in the field windings when the 
field current is cut off for reversal, some pro- 
tective device should be used to limit the volt- 
age rise. For small motors, each field winding 
may be shunted by a fixed resistor/ 2 ’ 

Gas-filled tube amplifiers (see Par. 13-1) 
can control motors about ten times larger 
than is feasible with high-vacuum tube ampli- 
fiers. Typical circuits using thyratrons with 
either a-c or d-c control signals are shown in 
Fig. 14-3. The split-field series motor 
control circuit shown in Fig. 14-3A uses no 
plate transformer. In Fig. 14-3B, the plate 
transformer provides circuit isolation from 
the a-c supply and a better match of a-c sup- 
ply voltage to tube and motor characteristics. 
In the circuit shown in Fig. 14-3C, two 
gas-filled diodes allow a common cathode in- 
put circuit to be used without a plate trans- 
former. When VI is conducting, armature cur- 
rent passes through it and diode V4. When 
V2 is made conducting, current passes 
through it and diode VS. Resistors R 1 and R2 
maintain the common cathode connection at a 
fixed potential to ground during the time nei- 
ther triode is conducting. For gas-filled tube 
amplifiers, Burnett 16 ’ states that the best 
system response may be obtained by the use 
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Fig. 14-2 High-vacuum tube 


circuit for control of 


d-c motor. 


14-4 


CONTROL SIGNAL INPUT CONTROL SIGNAL INPUT CONTROL SIGNAL INPUT 


POWER ELEMENTS USED IN CONTROLLERS 



SUPPLY 

A. SPLIT-FIELD SERIES MOTOR (NO PLATE TRANSFORMER) 


— POWER OUTPUT 




POWER 

OUTPUT 


C SHUNT MOTOR (NO PLATE TRANSFORMER) 


Fig. 1 4-3 Gas-filled tube circuits for control of d-c motors. 
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of armature control powered from a multi- 
phase supply. He also states that, with 3- 
phase power, a 10-hp velocity servo with a fre- 
quency response flat to 15 cps is possible; 
position control with a flat response to 10 cps 
with the same motor is claimed. 

Magnetic amplifiers (see Par. 13-3) pro- 
vide more reliable control of d-c motors than 
do vacuum-tube or relay amplifiers. Figure 
14-4 shows a typical magnetic amplifier with 
two cores for controlling the position of a 
series motor with split-field windings.* 7 ’ By 
reversing the polarity of the input signal, 
either direction of motor rotation can be 
obtained. If a separately excited motor with 
constant-voltage field supply were used, ex- 
cessive circulating current would result when 
the motor operates in one direction. <S) Mag- 
netic amplifiers can be used to control the 
speed of d-c motors by field control or arma- 
ture control. (9) One circuit (Fig. 14-5) foruni- 
directional speed control uses a large induct- 
ance in series with the armature circuit to 


obtain sloping speed-torque characteristics 
very similar to the uncontrolled motor but 
with greater slope. (10) If compensation pro- 
portional to the armature current is added, 
nearly flat speed-torque characteristics can be 
achieved. 

Relay amplifiers (see Par. 13-5) are used 
to control d-c motors when size and weight 
are primary considerations and reliability 
is secondary. A single-pole, double-throw po- 
larized relay (Fig. 14-6A) provides a simple 
means for controlling a series motor with 
split-field windings. No motor damping is 
provided when the relay is not energized 
(contacts open) . If motor damping is desired, 
two single-pole, double-throw relays which 
are alternately energized may be used (Fig. 
14-6B). To minimize relay contact current, 
field control of a shunt motor can be used. In 
this case, the armature should be powered 
from a constant current source. The protec- 
tion of relay contacts is discussed in Par. 
13-5. 



Fig 14-4 Magnetic amplifier circuit for control of series motor. 
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Fig. 14-5 Magnetic amplifier circuit for unidirectional control of shunt motor. 


14-2.2 STATIC CHARACTERISTICS OF 
D-C MOTORS 

In the general case for all types of d-c mo- 
tor control, the following equations express 
the steady-state behavior of the motor : 

V, = I„R„ + KI, o> (14-1) 

T = KIfl a (14-2) 

where 

V, = armature terminal voltage, in volts 
/„ = armature current, in amperes 
I, = field current, in amperes 
R u — armature resistance, in ohms 
K — a constant 

T = torque produced by motor, in newton- 
meters 


The above general equations may be modi- 
fied for the following particular types of mo- 
tor control : 

(a) Armature control with constant field 
current 

(b) Field control with constant armature 
current 

(c) Field control with constant armature 
voltage 

(d) Series motor control 

14-2.3 Armature Control with Constant 
Field Current 

Since the field current is constant in this 
type of control, the term Kl, may be com- 
bined in a new term K u and substituted into 
Eqs. (14-1) and (14-2). Then Eq. (14-2) is 
substituted into Eq. (14-1) which is solved 
for a) to obtain 


to = speed of armatui’e-shaft rotation, in 
radians/sec (<o = 2jt X rpm/60) 
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Fig. 14-6 Relay amplifier circuits for control of d-c motors. 
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Solving Eq. (14-3) for T 


K K 2 

T = to (14-4) 

Ra Ra 

The stall torque TV which occurs at the maxi- 
mum armature terminal voltage V, M is found 
from Eq. (14-4) when T = TV, V, = V,„, and 
to — 0. 


T ”=lr v " 

Solving Eq. (14-5) for 


(14-5) 


Ki_ _ Tjl 
Ra V Ul 


(14-6) 


Substituting Eq. (14-6) into Eq. (14-4) 


T= a, (14-7) 

The no-load speed at the maximum arma- 
ture terminal voltage VV is found from Eq. 
(14-3) when qj = wj,, V t = F (J/ , and T — 0. 


Wj/ = 


K, 


Solving Eq. (14-8) for 


h. 

V t M 


(14-8) 


Kx_ = J_ 

V iM co*r 


(14-9) 


Substituting Eq. (14-9) into Eq. (14-7) 


T _ T m V t _ (14-10) 

Vim (tin 

Dividing Eq. (14-10) by TV results in 



Fig. 14-7 Static torque-speed characteristics of 


armniurft-confrnllecJ d-c motor. 


To dimensionalize a plot of T/T versus o>/ro.i/ 
characteristics, find the value of no-load speed 
ws, in radians/sec and the value of stall 
torque TV. 

From Eq. (14-1), w is defined as 2k X 
rpm/60. At no-load speed, o> = o>.u which is 

2k X 3000 

(D.tf = 

60 

= 314 radians/sec 


T V t o»_ 

T U V t M CO.l/ 


(14-11) 


A plot of T/T u versus oo/coj, characteristics 
with V t /V til as a parameter is shown in Fig. 
14-7. The curves of this figure are nondimen- 
sionalized and based on Eq. (14-11). 

If the manufacturer’s data for a particular 
motor are known, the curves can be dimen- 
sionalized for that motor. For example, a 
motor has an armature resistance of 5 ohms 
and a no-load speed of 3000 rpm at a maxi- 
mum armature terminal voltage of 90 volts. 


At the point co/co , v = 1 on Fig. 14-7, the no- 
load speed o), v is 314 radians/sec. All other 
points on the co/w. w axis are dimensioned pro- 
portionally. 

Substituting 314 for a) Jf and 90 for V tM in 
Eq. (14-9) and solving for K x gives 


K x 


V 


m 


ItiM 


90 
~ 314 

= 0.286 
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From Eq. (14-5), the stall torque is 


T„ = 


Ki 

Ra 
0.286 


V m 
X 90 


(14-5) 


— 5.15 newton-meters 

At the point T/Ty = 1 on Fig. 14-7, the stall 
torque Ty — T — 5.15 newton-meters. All 
other points on the T/Ty axis are dimensioned 
proportionally. A value of 90 volts is assigned 
to curve V,/V n , = 1 (maximum armature ter- 
minal voltage), and the other curves are 
dimensioned proportionally. 

14-2.4 Field Control with Constant 
Armature Current 

The armature current must be maintained 
constant for linear operation of field-con- 
trolled motors. The torque is given by Eq. 
(14-2) which applies directly in this case. 


T — KIfI a (14-2) 

With the maximum field current I,y applied, 
the maximum torque Ty which results is 


Ty = KI (14-12) 
Dividing Eq. (14-2) by Eq. (14-12) results in 


= ( 14 - 13 ) 

Figure 14-8 is a plot of T /Ty versus 
characteristics with If/I/y as a parameter. 
Note that the figure and Eq. (14-13) are 
nondimensionalized and that the torque is 
independent of the motor speed. 

14-2.5 Field Control with Constant 
Armature Voltage 

Equations (14-1) and (14-2) express the 
steady-state behavior of this type of control. 
The nondimensionalized equation is* 


T_ 

Ty 



(14-14) 
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Static torque-speed characteristics of 
field-controlled d-c motor, constant 
armature current. 


Fig. 14-8 


where 

I fm maximum field current 

T m = stall torque at I, = l t y 

id I, = no-load (zero-torque) speed for 
If = I nr 

A plot of Eq. (14-14) is shown in Fig. 14-9. 

1 4-2.6 Series Motor Control 

Since the armature current is the same as 
the field current in this type of control, the 
term / ) can be substituted into Eqs. (14-1) 
and (14-2) to obtain 

V t — la Ra "h KI a (O 

T — KI a 2 


See Appendix on page 14-24. 
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Fig. 14-9 Static torque-speed characteristics of 


field-controlled d-c motor, constant 


armature voltage. 



Fig. 14-10 Static torque-speed characteristics 


of series motor. 


Solving Eq. (14-16) for /„ and substituting 
into Eq. (14-15) gives 

v t = Qx (Ra + K 0 > ) (14-17) 

By defining co„ = R„/K and T M as the stall 
torque at V UI , the maximum armature ter- 
minal voltage, it can be shown that 



A plot of T/Tt, versus co/co„ characteristics 
with V ,j V u , as a parameter is shown in Fig. 
14-10. The curves in this figure are non- 
dimensionalized and based on Eq. (14-18). 


14-2.7 DYNAMIC CHARACTERISTICS OF 
D-C MOTORS 

The dynamic characteristics of d-c motors 
involve additional parameters besides those 
that describe the static characteristics. The 
effect of the armature or field inductance and 
the mechanical inertia and load must be con- 
sidered. The dynamic characteristics of the 
following types of motor control are dis- 
cussed : 

(a) Armature control with constant field 
current 

(b) Field control with constant armature 
current 

(c) Field control with constant armature 
voltage 

(d) Series motor control 

(e) Rotary electric amplifier control 

(f ) Electronic amplifier control 
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14-2.8 Armature Control with Constant 
Field Current 

The dynamic characteristics for the arma- 
ture-controlled motor are expressed by the 
equations 

V, = I„ R„ -)- Klf u> L„ s I a (14-19) 

T = T u + Js to (14-20) 

where 

s = the complex frequency operator 

L a — armature inductance, in henries 

J = inertia of motor, gear train, and load 
referred to the motor shaft, in kilo- 
gram-meters 2 

T u = load, bearing, and motor windage 
torque referred to the motor, in 
newton-meters 

If the load, bearing, and motor windage 
torque has a component which can be approx- 
imated as proportional to the speed w, the 
load torque may be expressed as 

T u -T h + Bw (14-21) 


where 

Bo) = viscous friction component of load 
torque 

T l = all effects of load torque except J 
and Bm 

Equations (14-19), (14-20), and (14-21) are 
combined and expressed in block diagram 
form in Fig. 14-11. Block diagram formula- 
tion is explained in Par. 3-5. 

14-2.9 Field Control with Constant 
Armature Current 

The following equations describe the dy- 
namic behavior of a field-controlled motor, 
assuming an ideal constant-current source 
for the armature: 

V, = /, R, + L, s I, (14-22) 

T - T,. + B<d + J sat (14-23) 

where 

V, = field terminal voltage, in volts 

R, = field resistance, in ohms 

L, — field inductance, in henries 

Equations (14-22) and (14-23) are combined 
and expressed in block diagram form in Fig. 
14-12. 


U 
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Fig. 14-11 Block diagram for armature-controlled d-c motor. 
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14-2.10 Field Control with Constant 
Armature Voltage 

The dynamic behavior for the field-con- 


trolled motor with constant armature voltage 
is expressed by the equations 

Vt = hRa + KIv+L^± 

at 

(14-24) 

T = KI,h 

(14-2) 

T =T l + Bu + J — 
dt 

(14-25) 

The terms KI, go and KI,I a contain the pro- 
ducts of two variables, and introduce a non- 
linearity. If the back-emf term KI/io is 
denoted as V b , the variation in the quantities 
V b and T can be written as 

\V b = dVb M, + 376 A<o 

3 h 3<o 

(14-26) 

AT = A/. 

3 h dh 

(14-27) 


Add the average value V ^ to the variation 
\V b ; and add the average value T„ to the 
variation AT. Then 


T = T 0 + AT = T 0 + M, + A/„ 

dl, 3/a 

(14-29) 

The partial derivatives become 


\ (14-30) 


J 

The average values of the various variables 
are : terminal voltage V t0 ; armature current 
I ao ; speed a> 0 ; torque T 0 ; and field current I,„. 
In terms of average values only, Eqs. (14- 
24), (14-2), and (14-25) become 

V, 0 = ho Ra + KI, 0 (0 0 (14-31) 

T„ — Kl, 0 I a o (14-32) 

T 0 =T Lo + Bw 0 (14-33) 


dVj, 

3 h 
dVb 
3<o 
3 T 
3 h 
3 T 
3 h 


Kio 

Kir 

KI a 

KI, 


V b = V b0 + \V b = V b0 + A// + 3li.A<a (14-28) 

3 // 3w 



Fig. 74-12 Block diagram for field-controlled d-c motor, constant armature current. 
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The average field voltage is the product of 
the average field current and the field re- 
sistance; i.e., V fo = I fo R,. For a position 
servo, w 0 can be considered as zero. In this 
case 

V lo = I ao R a (14-34) 

T 0 — KI l0 I a0 = T Lo (14-35) 

Insert the expressions 
la — ho + AI a 


Klf* = V b = V b0 + AF 6 
o) = w 0 -f Am 
h — ho + AI f 

etc. into Eqs. (14-24), (14-2), and (14-25) 
after making use of Eqs. (14-28) through 
(14-30) to obtain 


V t = R a (I ao + M a )+L 


dM a 

dt 


-|- KI fo Wo -)- K (w 0 -f- Aw) A If -\- K {I f 0 AI,) Aw 


(14-36) 


T — KI,J a0 -f- K (/„„ -)- A I a ) A 7/ -)- K ( If,, -f- A7/) A7„ 


(14-37) 


T — J d( AA + B<o u + BAw +T l „ + \T l 
dt 

(14-38) 

Substitute the average values given by Eqs. 
(14-34) and (14-35) into Eqs. (14-36) 
through (14-38) to obtain 


V, = I„ n R a + AI„R a + L iSMA . + 27lAo) M, + Kl, a Aw ( 14-39) 

dt 

T„ = KI,„I a0 + Kl„„ Mf + 2KAI„ A I, + KI, 0 AI a = J + B<a 0 t + BAw + T,. 0 + AT,. 

dt 

(14-40) 


Subtract V to — I ao R a from Eq. (14-39) and 
KIi 0 I a0 = T Lo from Eq. (14-40) and let all 
second-order differentials be zero (recall that 
w„ = 0) to obtain 


\V, = 0 — AI, 1 R a + L 


d(AIg) 

dt 


+ 7 {If,, Aw 

(14-41) 
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AT = KI ao M f + KI f0 AI a 


Substitute Eq. (14-45) into Eq. (14-44). 


= J ^ + gAco + AT,, (14-42) 


Solve Eq. (14-41) for Al a and use the Laplace 
notation to obtain 


AI a = 


KIf 0 Aco 


/?„ ( 1 -)- x s ) 


(14-43) 


where 
t = L/R a 


Substitute Eq. (14-43) into Eq. (14-42). 


AT = KI„o AI, - 


( KI,„ )- Am 
ha ( 1 4" X S ) 


■ — . ( Js -f- 2?) Aco -}- AT l 


(14-44) 


From Eqs. (14-34) and (14-35) 
(KI,„) 2 _ T,J _ T,JR„ 
Ra la,. 2 Ra F, 0 2 


(14-45) 


AT = KI an AI, 



Ra (1 + VS) 


= (Js B)Aw -f AT l 


(14-46) 


Equation (14-46) is shown in block diagram 
form in Fig. 14-13. Note that in Fig. 14-13 
all variables are increments; the A notation 
is dropped for convenience. If T Lo — 0, Fig. 
14-13 reduces to that of Fig. 14-12. 

1 4-2.1 1 Series Motor Control 

The dynamic characteristics for the 
series-connected motor are expressed by the 
equations 


F( = I a Ra 4" Kh<*> “b hash (14-47) 

T =T L + Bu + Jsw (14-23) 

The runaway speed of the series motor de- 
pends upon the load ; for example, point X 
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Fig. 14-13 Block diagram for field-controlled d-c motor, constant armature terminal 

voltage, incremental behavior. 
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shown in Fig. 14-10 indicates the runaway 
speed for a certain viscous load. By neglect- 
ing the armature inductance L a and by as- 
suming negligible dynamics throughout the 
rest of the system, it is possible to make a 
phase-plane solution of Eqs. (14-47) and (14- 
23). If the describing function method of 
solution to the problem is contemplated, com- 
puter solutions of Eqs. (14-47) and (14-23) 
for to(f) will allow determination of an ap- 
proximate transfer function. See Ch. 10 for 
an explanation of the describing function 
method and phase-plane solution of nonlinear 
problems. 


basic rotary electric amplifier (Fig. 14-1A), 
the block diagram shown in Fig. 14-11 can be 
used to represent its operation if the genera- 
tor armature inductance and resistance are 
combined with that of the driven d-c motor. 
Also, the generated voltage V 0 is assumed to 
equal the motor terminal voltage V t . By mak- 
ing term q of Eq. (13-72) equal to k and 
equal to unity, this equation may be rewritten 
as 


v _ aiFi(s) _ a f Vf(s) 

1 -f- T iS 1 -f- T fS 


(14-48) 


where the terms are as defined in Par. 13-4. 


14-2.12 Rotary Electric Amplifier Control 

To compute the dynamic response of a ro- 
tary electric amplifier, its transfer function 
must take the source into account. For the 


The transfer function relating the motor 
speed <o to the generator field voltage V r and 
the load torque T L is given by the following 
equation : 


w(s) = 


K ° 

1 

r«/P/(s) i 


ll + ffj 

U/,l 

. i + x I s . 



T 2 s+ 1 


B(l + K„) 


Tl(s) 


(T lt s+l) (T b s + 1) 


(14-49) 


where 

K _ (KI f V 
R t B t 

R t = total armature resistance of gener- 
ator and driven motor, in ohms 

B t — total viscous damping referred to 
motor shaft, in newton-meter-sec 


T a 


T, + T 2 + V(T 1 + r 2 ) a - 4(1 + K 0 ) (T x T 2 ) 

1 +K 0 


Tt + T 2 - V(7\ + T 2 y- - 4(1 + K 0 ) (Ti T 2 ) 

1 + K 0 
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J T — total inertia referred to motor 
shaft, in kilogram-meters 2 

hr = total armature inductance of gen- 
erator and driven motor, in henries 


KI t — stall torque to armature current 
ratio of motor 

For larger motors, it may occur that Eq. 
(14-49) yields complex values of T a and T t 
denoted as ( a + jb ) and ( a — jb ). In this 
case, Eq. (14-49) can be rewritten with a 
new denominator resulting in 


w(s) = 


K 0 


1 


a, F/(s) 

— 

T%s -f- 1 


T l s 

[l + K 0 \ 

iKIf 

. 1 + x / s ■ 

[b(1 + X 0 )J 





8 1 

2 

+ 2- 


+ 1 



<B„ I <D„ 


(14-50) 


where 

1 


t = a«n 

For the case of the amplidyne type of 
rotary electric amplifier (Fig. 14-1B), the 
expression for the generated voltage V„ given 
by Eq. (14-48) must be modified. Refer to 
Par. 13-4. 

14-2.13 Electronic Amplifier Control 

Two cases of electronic amplifier control 
are considered — one for the armature-driven 
motor, and the other for the field-driven 
motor. When an amplifier is used to drive an 
armature, and the armature is in the plate 
circuit, the amplifier can be represented by 
an equivalent voltage source ( V„ — \iE s ) in 
series with an internal resistance R s . If the 
internal resistance is added to the armature 
resistance, Eq. (14-49) will apply by letting 
x, be zero, V, be E g , and a, be p. 

When an amplifier is used to drive a motor 
field (constant armature current), the trans- 
fer function that determines the dynamic 
response is found by the aid of Fig. 14-12 to 
be 


\lEg(s) T L (s) 


w(s) = 
where 


Rr{T c s 1) 

T dS 1 


B 


(14-51) 


T. 
R . 


L, 

Rt + Rs 

= amplifier internal or source resis- 
tance, in ohms 


Rr “ Rf -(- Rg 



9 


= amplifier gain = 


\V, 

\E„ 


14-2.14 MEASUREMENT OF D-C MOTOR 
PARAMETERS' 1 


The parameters of the d-c motor that are 
of interest in servomechanism applications 
are 


R a = armature resistance 
L 0 = armature inductance 
Rf — field resistance 
L, = field inductance 
K — motor constant 
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J — armature inertia 
B = viscous damping 


These parameters may include contributions 
from the source or from the load attached 
to the motor. In the measurements described 
in the paragraphs that follow, only the con- 
tributions of the motor itself to the parame- 
ters are considered. 

1 4-2. 1 5 Armature Resistance 

If the manufacturer’s data for armature 
resistance R„ are not available, it may be de- 
termined by the application of Ohm’s Law, 
R — E/I. While keeping the armature blocked 
to prevent rotation, the applied armature vol- 
tage necessary to maintain rated armature 
current is measured. In the absence of arma- 
ture rotation, there is no back-emf to oppose 
the applied armature voltage; therefore, a 
much lower applied voltage than rated volt- 
age will produce rated current. The applied 
voltage at various angular armature positions 
should be measured and averaged to calcu- 
late the resistance R a . The applied voltage 
should be connected to the motor terminals 
so that the IR drops of the brushes at rated 
current are included. However, if some non- 
linear representation of IR drop for brushes 
is used for computer studies, the brushes 
should be short-circuited during the measure- 
ments for R„. For the more accurate repre- 
sentation, the IR drop of the brushes as a 
function of armature current /„ should be 
measured and inserted in the applicable block 
diagram and computer representation. 

14-2.16 Armature Inductance 

Precise measurements of the armature in- 
ductance L„ are often unnecessary because this 
parameter does not affect appreciably the 
principal time constant of the motor. Prob- 
ably the most convenient method of measuring 
L a , and one of sufficient accuracy, requires an 
a-c voltmeter and an a-c ammeter. A 60-cps 
voltage is first applied to the armature which 
is blocked to prevent rotation; the field is 
excited at rated d-c field current. Measured 


values of the voltage E across the armature 
and the armature current I are substituted 
with the known value of armature resistance 
R a in the equation 



where 


(14-52) 


X = reactance of armature inductance, in 
ohms 

Once the reactance is known, the armature 
inductance can be calculated from the equa- 
tion 



(14-53) 


An alternate method of measuring the arm- 
ature inductance is to observe the transient 
growth of current when the armature is ex- 
cited by a step voltage. (8) The armature should 
be blocked to prevent rotation and the field 
should be excited at rated current. The step 
change in voltage is applied by closing a 
switch connected in series with the armature, 
a series resistance /?», and a d-c source. The 
armature inductance can be calculated from 
the time-constant relationship of the voltage 
rise across the series resistance as observed by 
the aid of a cathode-ray oscilloscope ; that is, 


L a = (T*) (R a + R.) (14-54) 


where 


T* — observed time constant of armature 
and series resistance R s , in sec 

14-2.17 Field Resistance 

In the absence of manufacturer’s data, the 
field resistance R, can generally be determ- 
ined by measurement with an ordinary ohm- 
meter. If the resistance is too low to be read 
accurately on an ohmmeter, a Wheatstone or 
Kelvin bridge can be used. 

14-2.18 Field Inductance 

The field inductance L, may be determined 
by either of the methods described to meas- 
ure the armature inductance. Rated d-c arm- 
ature current should be used to obtain more 
accurate measurements of L t . If the induct- 
ance is determined by finding its reactance. 
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an a-c current whose rms value is about 1/2 
the rated d-c current should be used. If the 
inductance is determined by the transient 
method, a step voltage that will result in a 
steady-state field current of 1/2 to 3/4 the 
rated value should be used. 

14-2.19 Motor Constant 

The motor constant K may be determined 
from a measurement of the stall torque at a 
known armature current and a known field 
current. By solving Eq. (14-2) for K, the mo- 
tor constant is 

K=^~ (14-55) 

'f'a 

The stall torque should be measured at vari- 
ous angular positions of the armature, and an 
average of the maximum and minimum values 
should be used. If the motor is used with a 
constant field input, the value of normal field 
current should be used during the test. 

A second method of determining the mo- 
tor constant is to measure the armature cur- 
rent and speed for a given terminal voltage 
V,. Knowing the armature resistance, the 
motor constant is then calculated from Eq. 
(14-1) by solving for K to obtain 

K= V i -JaRa (14-56) 

I/O) 

14-2.20 Armature Inertia 

If the armature can be easily removed from 
the motor, the armature inertia J can be 
measured by use of a piano-wire torsion pen- 
dulum. A small diameter wire, but one strong 
enough to support the armature, should be 
used. The longer the wire used, the lower the 
period of the pendulum, and the more accur- 
ate the measurements obtained. The pendu- 
lum should be calibrated first by measuring 
its period with a body of known (or calcu- 
lable) inertia and simple geometry. Then, 
only the armature should be used ; from the 
resulting period, the inertia is calculated by 

j =Jc (14-57) 


where 

J = unknown inertia of the armature, in 
kil ogram-meters 2 

J c = known inertia of the body used for 
calibration, in kilogram-meters 2 

Tj = period when armature is used, in sec 

T c = period when body of known inertia is 
used, in sec 

The armature inertia can be determined by 
a retardation test without removing the arma- 
ture from the motor. This test consists of 
measuring: (1) the time T x for the armature 
to coast from full speed to half speed when the 
armature power is removed ; and (2) the time 
T- 2 , obtained in the same manner, but when an 
additional body of known inertia is coupled to 
the armature. Let the ratio T x /T« be T R . Then 



where 


J a — known inertia of body added to arma- 
ture, in kilogram-meters 2 

Solving Eq. (14-58) for armature inertia / 

'='■ • (rhs) <14 - 59) 

If a tachometer is used to measure the motor 
speed during the retardation test, the tacho- 
meter inertia should be subtracted from the 
inertia found by Eq. ( 14-59) to obtain the true 
armature inertia. A satisfactory method of 
measuring motor speed without using the 
tachometer is with the d-c speed bridge/ 121 

The armature inertia can be calculated from 
the following equation based on the inertia of 
a cylinder, if the armature dimensions and 
material are known : 

J cvl = 1/2 Mr- (14-60) 

where 

J ry i = inertia of the cylinder, in in.-lb-sec 2 
W 

M = — = mass of the cylinder, in lb- 

9 sec 2 /in. 
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W =Kplr 2 

P = weight density, in lb/in. 3 
I — cylinder length, in in. 
r = cylinder radius, in in. 
g = 386 in./sec 2 

14-2.21 Viscous Damping 

The viscous damping B should be determ- 
ined when the motor is operating without a 
load and at rated field input. The armature 
current should be measured when only 
enough voltage is applied to the armature to 
obtain rated motor speed. The total arma- 
ture input power is then 

V t I a = I a -R a + Bun 2 (14-61) 

Solving for the viscous damping results in 

B — ^ V,Ia ~ I(,2Ra ^ (14-62) 

wr 

where 

B = viscous damping, in newton-meter-sec 

The measurement should be repeated at 1/2 
rated speed and the two results averaged to 
obtain a more accurate value for B. 

14-2.22 Typical Parameter Values 

The typical parameter values of eight d-c 
motors are listed in Table 14-1. This table 
can be used as a guide to indicate the approxi- 
mate values that can be expected. The “stall 
torque/inertia” quantity is a Figure of Merit 
indicating the acceleration that can be ex- 
pected from the motor when unloaded. The 
motor time constant R„J/K 2 characterizes the 
motor when the viscous damping B, arma- 
ture inductance L a , and load inertia are ne- 
glected. This simplification is often valid and 
useful in block diagram representations. 

14-2.23 D-C TORQUE MOTORS 

D-c torque motors are special motors whose 
output is a rotary displacement that is pro- 
portional to the control-winding input. To 
achieve linear operation, the output displace- 
ment is usually limited to an over-all rotation 


of 10 to 20 degrees. As a result, torque mo- 
tors are best adapted for the control of hy- 
draulic control devices. In many applications, 
the rotary-displacement output is converted 
by a simple mechanical linkage into a transla- 
tional displacement. 

14-2.24 Description of Typical Torque Motors 

The construction of a typical torque motor 
used to drive a hydraulic control valve is 
shown in Fig. 14-14A. The magnetic circuit 
for the polarizing flux consists of perman- 
ent magnets N-S, magnetic yokes Y-Y, pole 
pieces P-P, rotor (armature) R, and the air 
gaps between the rotor and the pole pieces. 
Two control coils surround the rotor and 
are connected in push-pull (Fig. 14-14B) so 
that the magnetomotive forces of the control 
components i of the coil currents add to pro- 
duce the control fluxes </>,., but the magneto- 
motive forces of the quiescent current /« can- 
cel. When the coil currents are balanced (con- 
trol components i are zero), the rotor is held 
in a neutral position by a spring. However, if 
the rotor is disturbed slightly or if the coil 
currents are unbalanced, the fluxes at one 
pair of diagonally opposite gaps increase, 
and the fluxes at the other pair of gaps de- 
crease. The resultant force turns the rotor un- 
til equilibrium is reached against the spring or 
against stops. Without a spring, the rotor is 
unstable in the neutral position and, once dis- 
turbed, the rotor tends to clap immediately 
against the poles. Drive rods for hydraulic 
control valves are attached near the ends of 
the rotor at radius r. By using flexible drive 
rods, the rotational forces produced by the 
torque motor are converted into translational 
forces at the hydraulic control valves. 

14-2.25 Static Characteristics 

The torque developed by a typical torque 
motor (Fig. 14-14) is expressed by the equa- 
tion 

T = K,i + K 2 6„ (14-63) 

where 

T = torque produced by motor, in lb-in. 

i = control component of coil current, in 
amperes 
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TABLE 14-1 


TYPICAL VALUES OF D-C MOTOR PARAMETERS 


Motor 

No. 

Type 

Nominal 

Size 

(hp) 

Rated 

Voltage 

(volts) 

Motor 

Constant 

(newton- 

meters/ 

ampere) 

Armature 

Resistance 

(ohms) 

Inertia 

(kilogram- 

meters 2 ) 

Stall 

Torque 

(newton- 

meters) 

Stall 

Torque/ 

Inertia 

(sec 2 ) 

Motor 
Time 
Constant 
R.,J/k 2 

1 

shunt 

0.008 

115 

0.23 

280 

1.1 x io-* 

0.095 

8600 

0.061 

2 

permanent magnet 

0.003 

6 

0.011 

2.15 

0.24 X IO' 5 

0.025 

10,200 

0.043 

3 

permanent magnet 

0.009 

6 

0.0091 

0.82 

0.37 X 10 * 

0.062 

17,000 

0.036 

4 

permanent magnet 

0.022 

6 

0.0093 

0.38 

0.53 X 10 * 

0.141 

27,000 

0.023 

5 

permanent magnet 

0.064 

26 

0.015 

2.64 

0.37 X 10-* 

0.135 

37,000 

0.043 

6 

permanent magnet 

0.080 

26 

0.0143 

1.85 

0.23 X IO’* 

0.181 

34,000 

0.047 

7 

shunt 

0.6 

80* 

100** 

0.198 

5.82 

2.9 X 10- 4 

2.72 

9300 

0.043 

8 

shunt 

2.5 

65* 

110** 

0.329 

1.57 

1 x io- s 

13.6 

13,200 

0.016 


♦Armature voltage 
♦•Field voltage 
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d 0 = angular displacement of rotor, in 
radians 

K i = constant (typical value is 200 lb-in./ 
ampere) 

K, — constant (typical value is 300 lb-in./ 
radian) 

The torque produced by the motor is opposed 
by a spring with constant K a (typical value is 
560 lb-in./radian) . The static characteristic of 
the torque motor is shown in Fig. 14-15A, with 
the angular rotor deflection plotted as a func- 
tion of the control current. 


Y 



y 

A. CROSS SECTION OF MAGNETIC CIRCUIT AND COILS 



Fig. 14-14 D-c torque motor, permanent- 
magnet type. 


Adapted from ‘A Permanent-Magnet-Type Electric Actuator for 
Servovalves’, by R. H, Frazier and R. D. Atchley, Dynamic 
Analysis and Control Laboratory, Report No. 66, June 1, 1952. 
Massachusetts Institute of Technology. 


14-2.26 Dynamic Characteristics 

The dynamic behavior of a typical torque 
motor (Fig. 14-14) is described by the equa- 
tions 


Kji — . J 0 s-d u -(- B 0 s6 a (K k — K>) d 0 


(14-64) 


E,. = \ie x = R x i 4 - L 0 si -j- 0.1135 K x s 6 0 


where 


(14-65) 


J 0 = inertia of load, in lb-in. -sec 2 

B 0 = viscous damping of load, in lb-in.-sec 

E,. = control-winding input voltage, in 
volts 

p = voltage gain of one tube in output 
Stage of push-pull amplifier 

e x = total voltage applied from grid-to- 
grid of amplifier output stage, in 
volts 

R\ — 2r P 4 - R = total control-circuit 
resistance, in ohms 

r„ — plate resistance of one tube in 
amplifier output stage, in ohms 

R = total resistance of control winding, 
in ohms 

L 0 — self-inductance of control winding 
(two coils in series and rotor in 
neutral position), in henries 

K i = torque per unit current, in lb-in./ 
ampere 

The dynamic behavior of the torque motor 
is summarized in terms of the frequency re- 
sponse as shown in Fig. 14-15B. An indica- 
tion of the frequency response of other torque 
motors used to drive hydraulic control valves 
may be obtained from the information tabu- 
lated for hydraulic-amplifier dynamic re- 
response in Par. 13-6. 

14-2.27 Modified Servomotors 

Most servomotors can be modified to serve 
as a torque motor by adding a gear train to 
provide the small motions usually required of 
the torque motor. The motor and gear train 
can be converted into a position source by op- 
posing the motor torque with that of a 
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CONTROL CURRENT IN MILLIAMPERES 
A. STATIC CHARACTERISTIC 



B. FREQUENCY RESPONSE 


Fig. 14-15 Characteristics of d-c torque motor. 


From ‘A Permanent-Magnet-Type Electric Actuator for Servo- 
valves', by R. H. Frazier and R. D. Atchley, Dynamic Analysis 
and Control Laboratory, Report No. 66, June 1, 1952, Massa- 
chusetts Institute of Technology. 

spring. In this case, the steady-state behavior 
is 

S o -EeIs. (14-66) 

K* 

T m — K m E c (14-67) 

where 

0 o = angular displacement of motor- 
spring combination, in radians 

R,j = gear reduction ratio of gear train 

T„, = torque produced by motor, in lb-in. 

K„ — spring constant of opposing spring, 
in Ib-in./radian 


K„ = motor torque per volt constant, in 
lb-in./volt 

E,. = control-winding input voltage, in 
volts 

Equations (14-66) and (14-67) apply to a 
d-c motor with E c applied to the armature 
and with a constant field input ; to a d-c mo- 
tor with E c applied to the field and with a 
constant armature input; or to a 2-phase a-c 
servomotor. 

14-2.28 CONVERSION FACTORS AND UNITS 

The conversion factors and units commonly 
required when making calculations and meas- 
urements to determine the performance of 
d-c motors are listed in Table 14-2. 
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TABLE 14-2 CONVERSION FACTORS AND UNITS 


Quantity 

To Convert 
English Units 

To 

Metric (Mks) Units 

Multiply 

By 

mass (M) 

lb-sec 2 /in. 

kilograms 

175 

inertia (J) 

lb-in.-sec 2 

kilogram-meters 2 

0.113 

force (F) 

lb 

newtons 

4.45 

torque (T) 

lb-in. 

newton-meters 

0.113 

viscous damping (B) 

lb-in.-sec 

newton-meter-sec 

0.113 

spring constant (K,) 

lb-in. 

newton-meters 

0.113 


APPENDIX FOR PARAGRAPH 14-2. 


Solve Eq. (14-1) and (14-2) for torque. There results 
KI,V, 


T = 


Ra 


KIfV t KIfU) 
R a X V, 


(l) 


With zero speed and maximum current, I fi[ , the stall torque T M is seen to be KI, U V,/R„. 
Divide the expression for T from Eq. (1) by T u on the left and the equivalent expression 
on the right. There results. 


T 

T it 


h_ 


If x, KIf<i> 

In, X V, 


Solve Eq. (1) for the no-load speed u>u, at current //„, which is given by : 




- 1 


V t 

Rewrite Eq. (2) as follows: 
T I, 


= ( 1 

T)t If. \l \ I/M 


Kit ^ Will fit y. 


V, 


-) 

w„ / 


( 2 ) 


(3) 


(4) 


Substitute Eq. (3) into Eq. (4) to arrive at the following [which is Eq. (14-14)] 
T 


M. ‘-) 

I /.if \ '/.)/ <i>n / 
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14-3 ALTERNATING-CURRENT MOTORS 


14-3.1 TYPES OF A-C MOTORS USED IN 
SERVOMECHANISMS 

The following' three types of a-c motors 
are commonly used as servomotors (output 
members of servomechanisms) : 

(a) 2-phase motors (commonly used in 
continuous linear servomechanisms) 

(b) Single-phase motors (commonly used 
in relay servomechanisms) 

(c) Torque motors with restricted rota- 
tion (commonly used to control the input to 
hydraulic amplifiers) 

Amplification for driving servomotors may 
be furnished by magnetic, transistor, or 
vacuum-tube amplifiers (see Ch. 13) . Typical 
schematic diagrams showing the use of servo- 
motors and amplifiers are included in this 
paragraph. 

14-3.2 Amplifier Control of Servomotors 

Figures 14-16 through 14-19 show the 


schematic diagrams of a few servomotor con- 
trol circuits using amplifiers : 

(a) Figure 14-16 shows a shaded-pole 
motor in a 60-cycle servo application. Wound 
shading coils are used, and the main wind- 
ing is continuously excited. 

(b) Figure 14-17 shows a 2-phase 60-cycle 
servomotor controlled by a vacuum-tube am- 
plifier. A feedback loop is used to reduce the 
amplifier internal impedance presented to 
the motor winding, thus increasing the in- 
herent motor damping. A high amplifier in- 
ternal impedance would have the opposite 
effect; in some cases, excessive impedance 
can reduce the damping to zero or even make 
it negative. (For 400-cycle operation, the 
size of amplifier coupling capacitors must be 
changed.) 

(c) Figure 14-18 shows a 2-phase servo- 
motor controlled by power transistors. 

(d) Figure 14-19 shows several magnetic 
amplifier circuits proposed by Geyger. <13> The 






SHADING 

COILS 


NOTE: ADDITIONAL AMPLIFICATION AND COMPENSATION MAY BE REQUIRED. 


Fig. 74-16] Amplifier control circuit for shaded-pole motor. 
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Fig. 14-17 Amplifier control circuit for 2-phase servomotor. 
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Fig. 14-18 Schematic of a transistor amplifier used with a 2-phase servomotor. 
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Fig. 14-19 Full-wave output-stage circuit of a magnetic servo amplifier having inherent 
dynamic-braking properties: (A) with two separate control winding elements N' c N", 

(B) with series-connected d-c control winding elements N', N",. 

( C ) with series-connected a-c control winding elements N' c N" r 


By permission from Magnetic-Amplifier Circuits, by W. A. 
Geygrer, Copyright 1957, McGraw-Hill Book Company, Inc. 
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CHAPTER 15 

MECHANICAL AUXILIARIES USED IN CONTROLLERS* 


15-1 GEAR TRAINS 


15-1.1 PURPOSE 

Gear trains are most frequently used in 
controllers to transmit motion from the ser- 
vomotor to the load with an appropriate 
change in speed. The transmitted power can 
range from a small fraction of a horsepower 
for instrument-type servomechanisms to sev- 
eral horsepower for large gun or launcher 
drives. 

Gear trains are also used to transmit input, 
feedback, and error-signal information, when 
an advantage will be gained by this use of 
gear trains, as in a completely mechanical- 
hydraulic servomechanism. In most cases, 
such gear trains transmit very small amounts 
of power. 

The discussion of gear trains will be con- 
fined to gears with involute tooth form, be- 
cause this tooth form is used almost exclu- 
sively for engineering purposes. Other tooth 
forms which result in rolling action between 
meshing teeth have been made, but these 
special tooth forms are confined to very spe- 
cial applications, and cutters for their manu- 
facture are not normally available. 

15-1.2 DEFINITIONS 

The most important parts of a gear are 
defined in the following subparagraphs (Fig. 
15 - 1 ) : 


• By J. 0 . Silvey 


(a) The pitch line or pitch circle of a gear 
is that circle which has the same tangential 
velocity as the pitch circle of a second gear, 
when the two gears are properly meshed and 
rotated together. The pitch circle is located 
slightly closer to the tops of the gear teeth 
than it is to the bottoms of the spaces be- 
tween teeth. 

(b) The pitch diameter of a gear is the 
diameter of the pitch circle. In bevel gears, 
it is the largest diameter of the pitch cone. 

(c) The circular pitch is the distance 
(normally expressed in inches) on the cir- 
cumference of the pitch circle between cor- 
responding points of adjacent teeth. Circular 
pitch is equal to n times the pitch diameter 
divided by the number of teeth on the gear. 

(d) The diametric pitch is equal to the 
number of teeth on the gear divided by the 
pitch diameter. 

(e) The addendum is the radial distance 
between the pitch circle and the tops of the 
teeth. 

(f) The dedendum is the radial distance 
between the pitch circle and the bottoms of 
the spaces between the gear teeth. The de- 
dendum of a gear is always slightly larger 
than the addendum to provide clearance for 
the cutter of generated gear teeth, and for 
the tops of the teeth of a mating gear. 

(g) The face width is the length of the 
teeth along the axis of the gear. 
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PITCH 

CIRCLES 



Fig. 7 5 -? | Most important parts of a gear. 
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(h) The pressure angle is the angle be- 
tween a tangent to the tooth profile at the 
pitch circle and a radius to this pitch point. 
Pressure angle is also the angle of inclina- 
tion of the sides of the teeth in the basic 
rack. 

(i) The center distance is the shortest dis- 
tance between gear axes of a pair of mating 
gears. For gear pairs with parallel shafts, 
the center distance is the distance between 
axes. 

(j) The backlash is the play between mat- 
ing teeth or the shortest distance between 
the nondriving surfaces of adjacent teeth. 

(k) The gear ratio of a pair of mating 
gears is the ratio of the number of teeth on 
the gear divided by the number of teeth on 
the pinion. 

15-1.3 GEAR TYPES 

The following five types of gears are in 
common use (Fig. 15-2) : 

(a) Spur gears (Fig. 15-2A) are used 
more in control work than any other type 
gear. They are the least expensive to manu- 
facture, have high mechanical efficiency, and, 
except where the gear ratio is high, can be 
operated to either increase or decrease speed. 
Spur gear teeth are parallel to the gear axis, 
producing negligible thrust along their shafts 
when driven. Four spur-gear systems will 
satisfy most requirements. They are classi- 
fied by pressure angle and tooth form, and 
have been standardized by the American 
Standards Association. (,) These four systems 
are as follows : 

(l) lU-l/2-deg composite. Gears of this 
system are machined by milling one tooth 
space at a time, a series of eight cutters 
being required to cover the range between 
a 12-tooth gear and rack. Gears of the other 
three systems are machined by a hob or 
shaper. 

(2) H-l/2-deg full-depth toot h. Gears of 
this system are usually produced by hob- 
bing and have the same strength as gears of 
the composite system. However, full-depth 


pinions of standard proportions but with less 
than 32 teeth will have the teeth undercut, 
and the undercut may become excessive for 
smooth operation of gears with less than 22 
teeth. 

(3) 20-deg full-depth tooth. This system 
produces stronger gear teeth than the 14-1/2 
degree system. Teeth are produced by hob- 
bing or shaping and are not undercut in 
gears with more than 18 teeth. Undercut 
may be excessive in gears with less than 14 
teeth. 

(4) 20-deg stub tooth. This system pro- 
duces the strongest teeth, which are hobbed 
or shaped. It also produces pinions with the 
least number of teeth without undercut. By 
increasing the diameter of the pinion above 
that specified by standard gear proportions, 
the undercut of small pinions can be reduced. 
The center distance of the gear pair must be 
increased to accommodate the larger-diameter 
pinion. 

(b) Helical gears. The teeth of helical 
gears (Fig. 15-2B) are cut in the form of a 
helix on the pitch cylinder, the helix angle 
variable between widely separated limits. 
Some end thrust is developed when helical 
gears are driven. Helical gears operate 
quieter, and produce smoother action than 
spur gears of equal precision. However, heli- 
cal gears are more expensive to produce. 
When helical gears are mounted with their 
shafts at right angles to each other, they are 
called spiral gears, or crossed helical gears. 
Two side-by-side helical gears, with equal 
pitch diameters and equal but opposite heli- 
cal angles, comprise a herringbone gear. Such 
a gear can be cut in a single piece of stock, 
or it can comprise two separate gears 
mounted together (side-by-side as a unit) 
on the same shaft. Herringbone gears trans- 
mit no thrust to their bearings because the 
thrusts of the two helical gears are equal but 
act in opposite directions. 

(c) Internal gears. The primary uses for 
internal gears (Fig. 15-2C) are as clutches, 
splines, and as components of planetary -gear 
systems. 
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E, WORM AND WORM GEAR 


I Fig. ?5-2~l Types of gears. 
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(d) Bevel gears. These gears (Fig. 15-2D) 
are mounted with their shafts at an angle 
to each other. When the gear ratio is unity, 
and the shafts are at an angle of 90°, bevel 
gears are called mitre gears. The teeth of 
bevel gears may be straight or helical, either 
type always producing end thrust when 
driven. To change the gear ratio of bevel 
gears, both gears of a pair must be changed. 

(e) Worms and worm gears. Worms and 
worm gears (Fig. 15-2E) are mounted with 
their shafts at right angles to each other. 
The worm may have a single thread or sev- 
eral threads. Worm-and-gear systems are 
often used to obtain a large speed reduction 
in a small space, but the mechanical efficiency 
is low because the action between teeth is of 
a sliding nature, instead of rolling. Normally, 
worm drives can only be driven by rotating 
the worm, not by rotating the gear, because 
of the low helix angle of the worm. 

15-1.4 DESIGN FUNDAMENTALS' 3 ’ 

The subsequent paragraphs cover in some 
detail the following design fundamentals : 
backlash, dynamic load, gear accuracy, beam 
strength of teeth, Y factor, margin of safety, 
and limit load for wear. Equations and tables 
are supplied to supplement the descriptive 
text. The presented method of computing 
permissible gear load is adequate for the 
great majority of gearing problems encoun- 
tered in control systems. If extremely small 
size or high speed is required in a gear train, 
other methods, such as those employed by 
Almen, (27) McFarland, (28) and others should 
be used. In general, the design of such gears 
requires a great deal of experience and should 
be done by a gear expert. 

15-1.5 Backlash 

Backlash between meshed gears is the gap 
or clearance required between nondriving 
surfaces of adjacent teeth to prevent bind- 
ing. High-speed gearing requires more back- 
lash than low-speed gearing. If appreciable 
heat is generated by the gears, enough addi- 
tional backlash must be provided to permit 
thermal expansion of the gear material. In 
any gear-train design, the backlash between 


gear pairs must also be great enough to pre- 
vent binding due to eccentricities of the bear- 
ings, shafts, and gear-pitch circles. Backlash 
standards for general-purpose spur gearing 
have been established by the American Stand- 
ards Association, (2 - M) and a method of speci- 
fying backlash in fine-pitch gearing has also 
been adopted. (r,) 

The required amount of backlash can be 
obtained by cutting the teeth thinner than 
the theoretical optimum dimensions. This is 
achieved by cutting the teeth deeper than 
normal. In most cases, the teeth of each gear 
of a mating pair are cut thinner by an 
amount equal to half the required backlash 
to retain as much strength as possible in 
each gear. However, where small pinions are 
used, all of the backlash should be obtained 
by cutting the teeth of the mating gear thin- 
ner by an amount equal to the total required 
backlash. The excess depth of cut X to pro- 
vide the required backlash when both gears 
are cut deeper is 

X— — — — - (for both gears) (15-1) 

4 sin <f> 

and, when only one gear is cut deeper 

X = — — (one gear only) (15-2) 

2 sin 4> 

where 


B — amount of backlash, in in. 

X = excess depth of cut to provide back- 
lash, in in. 

<f> = pressure angle of generating tool 

15-1.6 Dynamic Load 

The maximum momentary load set up by 
the operating or dynamic conditions is called 
the dynamic load and is given by 


TJ _ 0,05 V(FC+W) 
0.05F + V FC +W 

where 


(15-3) 


W = = total applied load, in lb 

(15-4) 

W„ = total dynamic load, in lb 


15-5 




POWER ELEMENTS AND SYSTEM DESIGN 


V = pitch-line velocity, in fpm 

HP = number of horsepower transmitted 

C — deformation factor (see Table 15-1) 

F — face width of gears, in in. 

For planetary and differential gear trains, 
the velocity of actual tooth engagement must 
be used to determine the amount of dynamic 
load. For materials not listed in Table 15-1, 
the value of deformation factor C may be 
determined as follows: 

(for 14-1/2-deg tooth 
1 1 form) 

(15-5) 

O-Hli (for 20-deg full depth 
1 1 form) 

sT + 

(15-6) 


C = 


C = 


C = 


where 


(for 20-deg stub tooth 
1 1 form) 

~e7 + ~e7 

(15-7) 


e = error in action, in in. 

E x and E-, = modulus of elasticity of mate- 
rials 

To solve Eqs. (15-5) through (15-7) the 
error in action e of the gears must be known. 
Judging from test results, the error in action 
on well-cut commercial gears ranges from 
about 0.002 inch on gears of 6 dp (diametric 
pitch) and finer, to about 0.004 inch on gears 
of 2 dp. When the gears are cut with great 
care, these errors are reduced. On ground 
gears made with extreme care, as well as on 
cut gears where every effort is made to 
achieve the utmost accuracy, the errors are 


TABLE 15-1 VALUES OF DEFORMATION FACTOR C 



Tooth Form 

Error in Action (in.) 

Material 

(deg) 

0.0005 

0.001 

0.002 

0.003 

0.004 

0.005 

Cast iron and cast iron 

14-1/2 

400 

800 

1600 

2400 

3200 

4000 

Cast iron and steel 

14-1/2 

550 

1100 

2200 

3300 

4400 

5500 

Steel and steel 

14-1/2 

800 

1600 

3200 

4800 

6400 

8000 

Cast iron and cast iron 

20 (full depth) 

415 

830 

1660 

2490 

3320 

4150 

Cast iron and steel 

20 (full depth) 

570 

1140 

2280 

3420 

4560 

5700 

Steel and steel 

20 (full depth) 

830 

1660 

3320 

4980 

6640 

8300 

Cast iron and cast iron 

20 (stub) 

430 

860 

1720 

2580 

3440 

4300 

Cast iron and steel 

20 (stub) 

590 

1180 

2360 

3540 

4720 

5900 

Steel and steel 

20 (stub) 

860 

1720 

3440 

5160 

6880 

8600 


Adapted from Manual of Gear Design, Vol. II. by Earle Bucking- 
ham, The Industrial Press, New York City, with permission. 
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reduced to even smaller amounts. The fore- 
going conditions of error in action are listed 
in Table 15-2 and are designated as Classes 
1, 2, and 3. 

15-1.7 Gear Accuracy 

The noise of gear operation is usually a 
very good indication of gear accuracy. Table 
15-3 gives some idea of the order of accuracy 


required at different pitch-line velocities, and 
should serve as a guide for selection of the 
proper class of gear to meet specified speed 
conditions. Where extreme quietness of gear 
operation is required, a higher order of ac- 
curacy than shown in the table will be re- 
quired. However, the values in the table 
should keep operating noise and the intensity 
of the dynamic load within reasonable limits. 


TABLE 15-2] MAXIMUM ERROR IN ACTION BETWEEN GEARS AS A 
FUNCTION OF CLASS 


Diametric 

Pitch 

Class 1 

Class 2 

Class 3 

1 

0.0048 

0.0024 

0.0012 

2 

0.0040 

0.0020 

0.0010 

3 

0.0032 

0.0016 

0.0008 

4 

0.0026 

0.0013 

0.0007 

5 

0.0022 

0.0011 

0.0006 

6 

and finer 

0.0020 

0.0010 

0.0005 


Adapted from Manual of Gear Design, Vol. II, by Earle Bucking- 
ham, The Industrial Press, New York City, with permission. 


TABLE 15-3 1 MAXIMUM ERROR IN ACTION BETWEEN GEARS AS A 
FUNCTION OF PITCH LINE VELOCITY 


V 

(ft/min) 

Error 

(in.) 

V 

(ft/min) 

Error 

(in.) 

V 

(ft/min) 

Error 

(in.) 

V 

(ft/min) 

Error 

(in.) 

250 

0.0037 

1500 

0.0019 

2750 

0.0010 

4500 

0.0006 

500 

0.0032 

1750 

0.0017 

3000 

0.0009 

5000 

and 

over 

0.0005 

750 

0.0028 

2000 

0.0015 

3250 

0.0008 


1000 

0.0024 

2250 

0.0013 

3500 

0.0007 


1250 

0.0021 

2500 

0.0012 

4000 

0.0006 



Adapted from Manual of Gear Den gn, Vol. II, by Earle Bucking- 
ham, The Industrial Press, New York City, with permission. 
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15-1.8 Beam Strength of Teeth 

To calculate the beam strength of the gear 
teeth, the Lewis equation can be used to 
determine the safe static strength. 

W b = a,vFy (15-8) 

where 

W h = safe static beam load on teeth, in lb 

p = circular pitch, in in. 

F = face width, in in. 

St = safe static bending stress for mate- 
rials, in psi 

y = tooth form factor 

Values of y for various tooth forms are given 
in Table 15-4. The flexural endurance limit 
of a gear material will give a satisfactory 
value for the safe static bending stress s,. 
Fatigue tests on steel indicate that this en- 
durance limit follows the Brinnell hardness 
number quite closely. Endurance limits are 
listed in Table 15-5. The static beam strength 
of the gear tooth should always be greater 
than the dynamic load ; thus 


malleable material in the mating gear, and 
will thus materially increase the surface en- 
durance limit of the gear. The value of the 
limiting static load for wear should be equal 
to or greater than the value of the dynamic 
load, and is given by 

W„- = DFKQ (15-12) 

where 


W, ( - — limiting static load for wear, in lb 
D = pitch diameter of pinion, in in. 

F = face width, in in. 

K = load-stress factor 
Q = ratio factor 
For spur gears 


Q =• 


2 N„ 


For internal gears 


Q = 


K = 


where 


2 N„ 

N„ - N p 

s in 4 > 
~ 1.400 




(15-13) 


(15-14) 

(15-15) 


W 6 = 1.25 W d for steady loads (15-9) 
W h — 1.35 lF rf for pulsating loads (15-10) 
Wt, — 1.50 W d for shock loads (15-11) 
where 


N g — number of teeth in gear 

N p = number of teeth in pinion 

4> = pressure angle of gears 

s,. = surface endurance limit of material, 
in psi 


= safe static beam load on teeth, in lb 

W d — total dynamic load, in lb 

These values should be modified when found 
desirable by experience. 

15-1.9 Limit Load for Wear 

The limit load for wear depends upon the 
surface endurance limits of the materials, the 
radii of the curvature of mating profiles, and 
upon the relative hardness of the mating sur- 
faces. A harder material in the pinion will 
cold-work the surface of the softer and more 


Ei and E-> = modulus of elasticity of mate- 
rials 

Values of the load-stress factor K are given 
in Tables 15-6 and 15-7 for various combina- 
tions of materials, taking into consideration 
the cold-working received in operation. The 
classification “cast iron” also includes the 
ordinary semi-steel. Some of the high-test 
and semi-steels, and other special alloys of 
cast iron, have a greater modulus of elasticity 
than cast iron. For these materials, the value 
of K and the value of the dynamic load W,, 
for such materials must be calculated directly 
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TABLE 1 5-4 VALUES OF TOOTH FORM FACTOR y FOR VARIOUS 

TOOTH FORMS 


Number 
of Teeth 

14-1/2° Composite 
and Involute Form 

20° Full Depth 
Involute System 

20° Stub 
Tooth System 

12 

0.067 

0.078 

0.099 

13 

0.071 

0.083 

0.103 

14 

0.075 

0.088 

0.108 

15 

0.078 

0.092 

0.111 

16 

0.081 

0.094 

0.115 

17 

0.084 

0.096 

0.117 

18 

0.086 

0.098 

0.120 

19 

0.088 

0.100 

0.123 

20 

0.090 

0.102 

0.125 

21 

0.092 

0.104 

0.127 

22 

0.093 

0.105 

0.129 

24 

0.095 

0.107 

0.132 

26 

0.098 

0.110 

0.135 

28 

0.100 

0.112 

0.137 

30 

0.101 

0.114 

0.139 

34 

0.104 

0.118 

0.142 

38 

0.106 

0.122 

0.145 

43 

0.108 

0.126 

0.147 

50 

0.110 

0.130 

0.151 

60 

0.113 

0.134 

0.154 

75 

0.115 

0.138 

0.158 

100 

0.117 

0.142 

0.161 

150 

0.119 

0.146 

0.165 

300 

0.122 

0.150 

0.170 

Rack 

0.124 

0.154 

0.175 


Adapted from Manual of Gear Design, Vol. II, by Earle Bucking- 
ham, The Industrial Press, New York City, with permission. 
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TABLE 15-5] VALUES OF SAFE STATIC BENDING STRESS s, (psi) 


Material 

Brinnell Hardness 

Number 

s, 

Gray iron 

160 

12,000 

Semi-steel 

190 

18,000 

Phos. bronze 

100 

24,000 

Steel 

150 

36,000 

Steel 

200 

50,000 

Steel 

240 

60,000 

Steel 

280 

70,000 

Steel 

320 

80,000 

Steel 

360 

90,000 

Steel 

400 

100,000 


Manual of Gear Design, Vol. II, by Earle Buckingham, The 
Industrial Press, New York City, with permission. 


from their own specific properties. The sur- 
face endurance limit of gear material is a 
measure of the load limit in psi that the ma- 
terial will tolerate before deformation oc- 
curs. The values of surface endurance limit 
s c for steel appear to vary quite consistently 
with the Brinnell hardness number up to 
about 400 Brinnel hardness. Values of s ( . for 
hardness numbers from 150 to 400 are listed 
in Table 15-6. When the Brinnell hardness 
number is much higher than 400, the steel 
does not appear to have a definite endurance 
limit. The values given in Table 15-7 are sug- 
gested for use with steels harder than 400 
Brinnell hardness. Table 15-7 also gives 
values for the load-stress factor K for these 
harder steels. The load-carrying ability of a 
pair of metal spur gears, for example, may be 
limited by either the beam strength of the 
gear tooth, or by the surface endurance limit 
of the material. The lower of these two 
values should be used to establish the load- 
carrying ability of any given pair of gears. 


Spur gears designed to conform to the pre- 
ceding requirements can be expected to op- 
erate successfully with average loads. How- 
ever, if heavy inertia loads are to be coupled 
rigidly to the gears, the dynamic load should 
be calculated in accordance with the method 
described by Buckingham.* 38 ' 

Other types of gears such as internal, heli- 
cal, bevel, and worm gears are used so infre- 
quently in control work that the particulars 
of their design are not included here. If use 
of any of these types is contemplated, the 
follpwing references should be consulted : 

(a) Internal gears — Buckingham* 3 ' and 
Kent* 4 ' 

(b) Helical gears — Kent* 4 ' and 
Buckingham***' 

(c) Bevel gears — Jones* 7 ' 

(d) Worm gears — Kent, < 4 > Bucking- 
ham, ***' and Jones 
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TABLE 15-6 VALUES OF LOAD-STRESS FACTOR K FOR VARIOUS MATERIALS 


Material 

Brinnell 

Material 

Brinnell 


K 

K 

in Pinion 

Number 

in Gear 

Number 

Sc 

(14-1/2°) 

(20°) 

Steel 

150 

Steel 

150 

50,000 

30 

41 

Steel 

200 

Steel 

150 

60,000 

43 

58 

Steel 

250 

Steel 

150 

70,000 

58 

79 

Steel 

200 

Steel 

200 

70,000 

58 

79 

Steel 

250 

Steel 

200 

80,000 

76 

103 

Steel 

300 

Steel 

200 

90,000 

96 

131 

Steel 

250 

Steel 

250 

90,000 

96 

131 

Steel 

300 

Steel 

250 

100,000 

119 

162 

Steel 

350 

Steel 

250 

110,000 

144 

196 

Steel 

300 

Steel 

300 

110,000 

144 

196 

Steel 

350 

Steel 

300 

120,000 

171 

233 

Steel 

400 

Steel 

300 

125,000 

186 

254 

Steel 

350 

Steel 

350 

130,000 

201 

275 

Steel 

400 

Steel 

350 

140,000 

233 

318 

Steel 

400 

Steel 

400 

150,000 

268 

366 

Steel 

150 

Cast iron 


50,000 

44 

60 

Steel 

200 

Cast iron 


70,000 

87 

119 

Steel 

250 

Cast iron 


90,000 

144 

196 

Steel 

150 

Ph. bronze 


50,000 

46 

62 

Steel 

200 

Ph. bronze 


70,000 

91 

124 

Steel 

250 

Ph. bronze 


85,000 

135 

204 

Cast iron 


Cast iron 


90,000 

193 

284 


Manual of Gear Design, Vol. II, by Earle Buckingham, The 
Industrial Press, New York City, with permission. 
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TABLE 15-7 VALUES OF LOAD-STRESS FACTOR K FOR HARDENED STEEL 


10,000,000 Repetitions of Stress 

20,000,000 Repetitions of Stress 

Brinnell 

Number 

$C 

K 

(14-1/2°) 

K 

(20°) 

Brinnell 

Number 

Sr 

K 

(14-1/2°) 

K 

(20°) 

450 

188,000 

421 

575 

450 

170,000 

344 

470 

500 

210,000 

525 

718 

500 

190,000 

430 

588 

550 

233,000 

647 

884 

550 

210,000 

525 

718 

600 

255,000 

775 

1058 

600 

230,000 

630 

861 

50,000,000 Repetitions of Stress 

100,000,000 Repetitions of Stress 

450 

147,000 

257 

351 

450 

132,000 

208 

284 

500 

165,000 

324 

443 

500 

148,000 

261 

356 

550 

182,000 

394 

544 

550 

163,000 

316 

432 

600 

200,000 

476 

651 

600 

179,000 

382 

522 


Manual of Gear Design, Vol. II, by Earle HuckinRham, The 
Industrial Press, New York City, with permission. 


15-1.10 NONIDEAL CHARACTERISTICS OF 
GEARS AND GEAR TRAINS 

In many control applications, the nonideal 
characteristics of gears are of extreme im- 
portance. In some applications, for example, 
the choice of gear trains is actually dictated 
by these characteristics. The subsequent para- 
graphs cover the following nonideal charac- 
teristics : inaccuracies, friction, inertia, back- 
lash, and compliance. 

15-1.11 Inaccuracies 

Three types of inaccuracies are present to 
some extent in all gears. (r,) These inaccuracies 
are : 

(a) Departure of tooth form from the true 
involute. The error in action figures given in 
Table 15-2 indicate the deviation from the 
true involute form that may be expected in 
actual production gears. Tooth errors of less 


than 0.0002 inch at the pitch line are diffi- 
cult to achieve, and are obtained only by a 
high degree of accuracy in the machine on 
which the gears are cut. Often, however, such 
highly accurate gears are obtained from a 
routine production run by careful selection. 
In general, the more-precise profiles are ob- 
tained only at increased cost. Most gears for 
use in control work can be obtained with 
tooth-profile errors of less than 0.001 inch, 
and gears of 20 diametric pitch or finer can 
be produced with tooth errors of less than 
0.0005 inch at little additional cost. 

(b) Errors in tooth spacing. Tooth-spac- 
ing errors are the result of indexing errors, 
and usually are a result of the inaccuracy of 
the machine on which the gear is cut. Gears 
with a maximum tooth-spacing error below 
15 seconds of arc are seldom produced, the 
usual maximum accumulated spacing errors 
being about 3 minutes of arc. 
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(c) Eccentricity of the gear pitch circle. 
Eccentricity is produced primarily by errors 
in holding the gear blank in exact alignment 
while the teeth are being cut. Eccentricities 
can be held as low as 0.00025 inch on suit- 
ably designed gears, but larger values should 
be specified as permissible if they are com- 
patible with other design values. It should be 
remembered that bearing and shaft eccentri- 
cities also contribute to the total pitch-line 
eccentricity of a gear when it is installed in a 
gear train. 

In the majority of control system applica- 
tions, gear inaccuracies become calibration 
errors. Two examples of applications where 
this occurs are : the gears driving the feed- 
back synchros of a gun mount ; and the gears 
driving the synchros of a gun director. Unless 
extreme accuracy is required, gear inaccura- 
cies in themselves contribute little to control 
system inaccuracies. However, eccentricities 
of the gears may necessitate an excessive 
amount of backlash in the gear train, and this 
may produce system instability or low system 
gain. The designer must therefore consider 
the accuracy requirements of a system when 
specifying permissible tolerances in gear ac- 
curacy. 

15-1.12 Friction!”- 30 > 

Spur, internal, and bevel gearings usually 
do not have sufficient friction to warrant con- 
sideration. Spiral gears or worms with helix 
angles below 10°, however, are extremely 
inefficient because of friction. In general, 
spiral gears or worms with helix angles 
below 20° are not reversible; i.e., the worm 
cannot be rotated by applying torque to the 
worm gear. In control systems, nonreversible 
gearing should not be used between the 
servomotor and the feedback device if the 
load has any inertia or other source of over- 
driving torques. When the load tends to 
overhaul the servomotor, the worm or heli- 
cal gear locks, and the result is extremely 
poor servo performance. Improperly designed 
planetary-gear drives sometime exhibit the 
same characteristics because high stresses on 


the gear teeth produce excessive deformations 
and consequent high friction. 

15-1.13 Inertia 

Gearing inertia is often an important por- 
tion of the load on a servomotor. The inertia 
of any gear in a gear train, referred to the 
driving point, is 

J r — — (15-16) 

N- 

where J is the actual gear inertia, and N is 
the gear ratio between the reference point 
and the gear being considered. If the con- 
sidered gear rotates slower than the refer- 
ence point, N is greater than unity. If the 
considered gear rotates faster than the refer- 
ence point, N is less than unity. The total 
moment of inertia of the gear train is the 
sum of all the reflected inertias. The inertia 
of small-diameter gears is obviously lower 
than the inertia of larger gears, and the size 
of the gears in a train can be kept small by 
mating them with pinions having a minimum 
number of teeth. In practice, therefore, the 
total reflected inertia of a gear train can be 
reduced by using several gear pairs with ra- 
tios of 2:1 or less, instead of a single pair 
with a large ratio. It is often necessary to 
compromise between reflected inertia and the 
backlash introduced by a large number of 
gear meshes. 

15-1.14 Backlash 

Backlash results in a region of input mo- 
tion within which no variation of the output 
can be detected. When placed within a con- 
trol-system closed loop, this type of “dead 
zone” may produce system instability, and 
usually causes the system to oscillate at a low 
frequency, through an angle of one to five 
times the backlash angle. Backlash can be re- 
duced by making the driving gear large (to 
reduce the angle of backlash) or by using 
gears with small backlash. Backlash can be 
eliminated by spring loading the gears. 

Three methods of eliminating backlash by 
spring loading are shown in Fig. 15-3. The 
method shown in Fig. 15-3A uses a spring 
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COMPRESSION 



B. SINGLE MESH SPRING LOAD 



Fig. 1 5-3 Methods of eliminating backlash. 
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on the output shaft to exert enough continu- 
ous torque to maintain a load on one side of 
the gear teeth. This method can be used only 
when there is ample torque available to drive 
the load, and only when the angle of rota- 
tion of the gear is limited to a few revolu- 
tions. In Fig. 15-3B, the gear is split in half, 
forming two identical gears. One gear is at- 
tached rigidly to the shaft, and the other is 
free to rotate on the shaft when driven by 
expansion of the spring. When the gears are 
to be meshed with a pinion, the free gear is 
rotated manually on the shaft to compress 
the spring. After meshing, the free gear is 
released and the spring presses the teeth on 
the two halves of the split gear against op- 
posite sides of the pinion teeth, thus main- 
taining bidirectional contact between pinion 
and gear teeth. The method shown in Fig. 
15-3C is similar to the split-gear method, ex- 
cept that it can be used to simultaneously 
load several gear meshes. In this method, the 
pinion on shaft A is split and spring loaded, 
thereby loading the entire train. The gear 
trains shown in Fig. 15-3B and 15-3C are 
capable of revolving continuously and there- 
fore have a constant loading torque. Any of 
the three spring-loaded gear-train systems 
shown in Fig. 15-3 adds to the torque required 
to drive the gear train because it adds to the 
load on the bearings and to deformation of 
the gear teeth. 

The optimum amount of spring loading 
applied to a gear train can sometimes be de- 
termined only by trial-and-error. Theoreti- 
cally, the spring load should be at least equal 
to the maximum torque the gears are required 
to transmit. In practice, however, the spring 
load can often be reduced below this value, 


with a resulting decrease in friction in the 
train. Such decreased loading torques are 
practicable in applications where the load is 
primarily inertia, and errors during accelera- 
tion are permissible. 

15-1.15 Compliance 

All gear trains have an effective spring con- 
stant as the result of elasticity of the mate- 
rials. In the presence of heavy inertia or 
coulomb-friction loads, the compliance (re- 
ciprocal of spring constant) of the output 
gear train of a servomechanism may result in 
a low system gain, or a highly undesirable 
resonant frequency. Gear-train compliance 
comes from the following three sources : 

(a) Elastic deformation of the gear teeth 

(b) Torsion and bending of the shafts 

(c) Deformation of the bearings and hous- 
ing. 

Normally, torsion and bending of the shafts 
are the only significant factors. The total 
compliance of a gear train can be computed 
by adding the compliances of each gear shaft 
after referring them to a common point. The 
referred compliance of a shaft is 

C r =N-C (15-17) 

where 

C — actual compliance of the shaft 

N = gear ratio between shaft and 
reference 

C r — referred compliance 

N is greater than 1.0 when the actual shaft 
rotates slow r er than the reference shaft, and 
is less than 1.0 when the actual shaft rotates 
faster than the reference. 
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Next Page 


15-2 MECHANICAL DIFFERENTIALS 


15-2.1 PURPOSE 

Mechanical differentials are used to obtain 
the algebraic sums of two or more motions. 
When more than two motions are to be 
summed, two or more differentials are em- 
ployed to achieve the required result. The 
following discussion covers geared differen- 
tials and differential linkages. 

15-2.2 GEARED DIFFERENTIALS 

The geared differential is the conventional 
type of mechanical differential. The most 
common configurations are shown in Fig. 
15-4. Differentials constructed entirely of 
spur gears are made. However, most differen- 
tials incorporate bevel-gear meshes. Bevel- 
gear differentials are shown in Figs. 15-2A 


and B. In both types of differentials, the re- 
lation between the rotation of the three 
shafts is 

20 s = <9, -f 6-, (15-18) 

where <9,, 8 ■>, and 8 :t are the angles shown in 
Fig. 15-4. 

The number of teeth on meshing gears of 
a differential is usually selected so that sev- 
eral revolutions of the gears will be made be- 
fore any particular mesh of gear teeth is re- 
peated. This design reduces and distributes 
gear wear. Both the good and bad character- 
istics inherent in any other type of gear train 
are also existent in geared differentials. Be- 
cause of the large number of gear meshes in 
a differential, the amount of backlash is 



B. BEVEL-GEAR DIFFERENTIAL 


Fig. 1 5-4 Geared differentials. 
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CHAPTER 16 

TYPICAL PROCEDURE* 

16-1 INTRODUCTION 


The design of servo systems to meet a set 
of specifications can be carried out by either 
a trial-and-error or an optimization proce- 
dure. The method used for a particular de- 
sign depends to a large extent upon the na- 
ture of the specifications and the manner in 
which they are stated. In many cases, the 
way the specifications are stated is controlled 
by the techniques that are most familiar to 
the specifier. 

The trial-and-error design procedure is 
widely used and has the advantage of being 
based on well-established and familiar tech- 
niques. An optimization procedure, as de- 
scribed in Ch. 8, is tied very closely to the 
performance index that is being optimized. 
If the performance index is representative 
of actual conditions, the optimization proce- 
dure is able to determine once and for all 
whether the specifications are compatible 
and if so, whether they can be met. No such 
certainty is possible if a trial-and-error 
method is used. The major disadvantage of 
the optimization procedure is that the per- 
formance indices which are easily handled 
by analytical techniques do not correspond 
too closely to the behavior that is significant 
to the specifier. Most performance indices 
that are close approximations to significant 
behavior are thus far practically impossible 
to treat by analytical methods, although ana- 
log computers can be used in some cases. An 


*By L.A. Gould, P.E. Smith, Jr., and J.E. Ward 
(Par. 16-8 by J.E. Ward) 


idealization of a practical performance index 
can be made, however, so that the idealiza- 
tion is amenable to analysis. An example is 
the use of the integral-square error criterion 
as an approximation to the peak error criter- 
ion for transient inputs. This is justified 
since systems designed to minimize the in- 
tegral-square error will probably also mini- 
mize the peak error. An example of a practi- 
cal performance index significant to the spe- 
cifier and still analytically convenient for 
the designer is the use of the mean-square 
error criterion in applications where noise 
is present at the input or where the input is 
best represented as a stochastic signal. 

Because of the difficulties involved in the 
use of optimization procedures in practical 
cases, a compromise is needed. One possibil- 
ity is to use idealized performance indices in 
an optimization procedure and then use the 
resulting optimum system as a guide in the 
trial-and-error method. 

For those cases where the specifications 
are direct descriptions of the desired closed- 
loop transfer function (bandwidth, settling 
time, peak overshoot, etc.), the design proce- 
dure is reduced to one of merely synthesizing 
a transfer function having the desired char- 
acteristics. Since the direct specification of 
the system transfer function is a statement 
that omits inputs and disturbances, the free- 
dom of the designer is severely limited. The 
specifier should be sure to specify inputs 
representative of the actual inputs that the 
servo will encounter during operation. 
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16-2 GATHERING OF SPECIFICATIONS 


The first step in the design of a servo- 
mechanism is to define what the system is 
to do and how well it is to do it. As pointed 
out in Ch. 1, a servomechanism may perform 
any or all of the following functions : 

(a) Bring about a change in the actual 
value of the output so that it is in conformity 
with a desired value at all times. 

(b) Minimize the effect of disturbances; 
i.e., variables other than the desired value of 
the output. 

(c) Minimize the effect of varying compo- 
nent performance on the output. 

The designer must first determine which one, 
or combination, of these functions is to be 
achieved. 

The degree of excellence to which the ser- 
vomechanism must carry out the above func- 
tions is established by the servo performance 
specifications. These specifications, furnished 
by the system designer, are based on a set 
of system specifications established by the 
ultimate user of the system. 

Servo performance specifications must be 
given in terms of the desired value of the 
output of the servomechanism for a given 
value of the input signal to the servomecha- 
nism. The input signal encountered may be 
one of the following types : 

(a) Aperiodic, noise free 

(b) Aperiodic, with noise 

(c) Periodic, noise free 

(d) Periodic, with noise 

(e) Stochastic, noise free 

(f) Stochastic, with noise 

Noise is regarded as any input-signal varia- 
tion that is not a measure of the information 
carried by the input. The desired value of 
the output will be expressed in terms of a 
signal consistent with the input signal and 
will therefore be one of the types listed. 

Some typical specifications for the six types 
of input signals listed above are as follows : 


(a) Aperiodic, noise free (step input). 

( 1 ) The system error shall neither exceed 
a specified maximum value at any time nor 
exceed a specified value after the transient 
is over; or, alternatively 

(2) The integral-square system error shall 
not exceed a specified value ; or, alternatively 

(3) The integral of the time-multiplied 
absolute value of the system error shall not 
exceed a specified value. 

In addition to one of the preceding require- 
ments, it may also be specified that, after the 
transient due to the step input has died out, 
the system error shall not exceed a specified 
amount in the presence of a specified load 
(disturbance) that occurs at some specified 
point in the system. Other possible error 
specifications are listed in Ch. 7. 

(b) Aperiodic, with noise (step input). 

(1) The square root of the sum of the 

squares of the two components of system 
error shall not exceed a specified value. The 
first component of the system error is that 
found for an input step with zero noise ; the 
second component is the value of the output 
when the input is the noise alone. 

Other aperiodic signals commonly considered 
are ramps, impulse, pulse, and various inputs 
chosen to simulate target behavior, such as 
arc-tangent curves or an input expressed as 
a power series in time t. For inputs of the 
latter class, it may sometimes be specified 
that the error coefficients or the error con- 
stants, such as the velocity constant or the 
torque constant, shall have certain maximum 
or minimum values, respectively. These con- 
stants, in a sense, are derived specifications 
for they actually are chosen with the idea of 
meeting a certain maximum allowable value 
of the system error. 

(c) Periodic, noise free (only fundamen- 
tal frequency present) . 

(1) The output/input frequency response 
shall be characterized by a specified M p oc- 
curring at a frequency of w m radians/sec ; or, 
alternatively 
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(2) The output/input magnitude ratio 
shall be within a band of some specified num- 
ber of decibels over a specified frequency 
range, and the phase shift shall not exceed a 
specified number of degrees over this same 
frequency range. 

(d) Periodic, with noise. 

(1) The square root of the sum of the 
squares of the two components of the system 
error shall not exceed a specified value. The 
first component of system error is the magni- 
tude of the error due to a sinusoidal input 
of specified amplitude and frequency. The 
second component is the rms value of the 
output when the input is the noise alone. 

(e) Stochastic, noise free. 

(1) The system error shall not exceed a 
specified rms value when the input autocor- 
relation function has a given value. 

(f) Stochastic, with noise. 

(1) The system error shall not exceed a 
specified rms value when the input-signal 
autocorrelation function, the input-noise 
autocorrelation function, and the signal-to- 
noise crosscorrelation function are given. 

System performance in response to a given 
load, disturbance, or combination of disturb- 
ances occurring at points different from the 
input must also be specified. The load or dis- 
turbance can be classed as aperiodic, periodic, 
or stochastic. Typical load specifications, 
given in terms of the load signal, are as 
follows : 

(a) Aperiodic load. 

(1) The output shall not deviate from the 
desired value by more than a specified 
amount in the presence of a step change in 
load of a given value ; and 

(2) The output shall not deviate from the 
desired value by more than a specified 
amount for a steady load of specified value ; 
and 

(3) The output shall recover to within a 
specified value of deviation before the elapse 
of a given time. 

(b) Stochastic load or disturbance. 

(1) The output due to a stochastic load 


or disturbance of given autocorrelation func- 
tion shall not have an rms value in excess of 
a specified value. 

In addition to the specifications on system 
performance discussed above, the servo- 
mechanism design is influenced by environ- 
mental conditions. The designer must know 
the allowable values of such physical proper- 
ties as over-all servo weight and size. Char- 
acteristics of the available source of power 
must also be known. Important among 
these characteristics are: 

(a) Form, such as 60-cps or 400-cps alter- 
nating current, hydraulic oil at 3000 psi, 
compressed air at 10 psi, 440-volt direct cur- 
rent, etc. 

(b) Capacity, such as 115 volts, 15 am- 
peres, 3000 psi at a maximum of 2 ft 3 /min, 
etc. 

(c) Regulation, such as 115 ± 1 volt at 
400 ± 2 cps. 

The ambient temperature range is significant 
since it may necessitate the choice of compo- 
nents having special temperature character- 
istics. Other ambient conditions such as pres- 
sure and humidity may be significant. Ap- 
plicable military specifications for fulfilling 
environmental conditions must, of course, 
be followed in the production model. The 
constraints imposed by safety requirements 
should also be known ; e.g., flammable hy- 
draulic oil may be forbidden in certain ap- 
plications. Finally, cost may be an important 
consideration, especially if large numbers of 
units are to be constructed. 

It may often happen that the specifications 
given to the servo designer are either incom- 
plete, incompatible, or incomprehensible. In- 
compatibility has been discussed in the begin- 
ning of this chapter. Incomplete specifica- 
tions are those that fail to limit the designer 
to any particular servo performance. Incom- 
prehensible specifications must be clarified 
through consultation with the specifier. In 
the event that the specifier does not have 
information about the input signal or- dis- 
turbance, it may be necessary to take suffi- 
cient measurements in order to determine an 
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autocorrelation function. Radar noise may 
have to be measured and its autocorrelation 
function found. Typical target paths may 
have to be decided upon and translated into 
input-signal variations. In general, designer 
and specifier have to work together to resolve 
the difficulties raised by incomplete specifica- 
tions. As a last resort, where formulation of 
precise and complete specifications is impos- 
sible, estimation based on past experience or 
on the experience of similar servomechanisms 
must be used. 

As a rule, it is more convenient to carry 
out the trial design in terms of frequency 
response as discussed in Chs. 5 and 6. Since 
the input-output specifications may be in 
terms of transient behavior, some means of 
conversion is useful. Once the synthesis has 
been completed, analytical determination of 
the exact transient response will have to be 
carried out. For example, if transient rise 


time and output overshoot are specified, the 
approximate equivalent frequency-response 
specifications may be deduced through use 
of the methods outlined in Ch. 7. If the input 
is given in terms of a specified time function, 
and if the maximum allowable system error 
is specified, it may be feasible to determine 
the various rates of change of input, estimate 
the error coefficients that result in a total 
error within specifications, and then proceed 
with the design to achieve these error co- 
efficients as outlined in Ch. 7. 

If the performance specifications do not 
include a degree of stability in terms of over- 
shoot or frequency response, the designer 
may arbitrarily pick a value of M p to be used 
in the trial-and-error method employing fre- 
quency-response techniques. A value of 1.5 
decilogs is a reasonable start for many sys- 
tems. The effect of varying the M v on the 
different performance indices should be as- 
sessed. 


16-3 CHOICE OF TRIAL COMPONENTS* 


16-3.1 GENERAL 

Once the servo performance specifications 
have been assembled, a list of suitable power 
elements, sensing elements, error detectors, 
and amplifiers can be drawn up. If the load 
imposed on the servomechanism is known, 
the size of the output member or power mem- 
ber may be determined. The procedure sug- 
gested by Newton (,) may be followed. The 
method that leads to a choice of motor and 
gear train (gear ratio) is summarized in 
this section. Newton’s method is applicable 
to any sort of power element. (See Chapter 
14 for descriptions of various sorts of power 
elements). It is necessary to characterize the 
power element in terms of it£ peak available 
torque, T„,., its maximum allowable velocity, 


*See Appendix on page 16-8 for equation derivations. 


v, „>, and the inertia associated with its output 
shaft, J,„. Other procedures for choice of out- 
put motor can be found in Chestnut and 
Mayer (5) and Ahrendt. (6) 

16-3.2 DETERMINATION OF MOTOR SIZE 

To determine motor size, the following 
trial-and-error procedure is used : 

(a) On the basis of the application specifi- 
cations, compute the load peak power P r , P and 
the load time constant x r . P by means of the fol- 
lowing equations : 

P /./■ — V r.r (J i. 0,i,n “h T / /.) (16-1) 

r ,,p=— (16-2) 

&/./• 

where 
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v u > = load peak velocity 

J L = load inertia 

a LP = load peak acceleration 

T lp = load peak torque other than inertial 

t LP = load time constant 

v LP , T lp , a L p are assumed to act at random, and 
a consistent set of units are used so that x LP 
has a dimension of seconds. One consistent set 
of units might be the following: v LP in ra- 
dians/sec, T lp in ft-lb, a LP in radians/sec 2 , J L 
in ft-lb-sec 2 , and P L p in ft-lb/sec. Other equal- 
ly correct sets could be used if desired. 

(b) Estimate a preliminary figure for the 
required motor peak power P iIP . (This first 
guess may be taken to be the load peak power 
multiplied by a factor equal to one plus a frac- 
tion indicated by the designer’s experience. A 
good number is 1.3.) 

(c) Referring to data tables for the line 
of motors under consideration, tentatively 
choose the motor with the next greater peak 
power than the estimated figure. Denote this 
motor peak power by Pmp-act- 

(d) Compute the ratio of the motor time 
constant x„ P to the load time constant x LP by 
use of Eq. (16-3) and the value previously 
found in Eq. (16-2). 

t „p ± V " p T ' a ‘- A Pi,p ( 16-3) 

" T>,p2 \ ~ 

Jm ) \ J. M / 

where 

x MP = motor time constant 


Vmp = motor peak velocity available for the 
motor chosen in (c) 

T MP = motor peak torque available for the 
motor chosen in (c) 

J M — motor inertia for the motor Chosen 
in (c) 

Py P = motor peak power = v iIP T WP 

and a consistent set of units are used so that 
t MP has a dimension of seconds. 

(e) Find the minimum motor- to-load peak 
power ratio Pmp/Plp for this time-constant 
ratio by means of the appropriate relation 

Pmp > 1 ^ jf Xmp < 

P LP J _ T|JP t LP 2 

Xlp 

PiIP 4 if T '- p > J_ 

P lp Xmp Xlp 2 

(f) Using this minimum power ratio and 
the value of P L p from Eq. ( 16 - 1 ) , compute the 
minimum allowable motor peak power 
Pmp-min- Find Pmp-act/Psip-3hn> which is de- 
fined as an “over-power” factor F 0 . F„ must be 
equal to, or greater than, unity. If it is not, 
return to step (c), pick a larger motor, and 
repeat steps (d) to (f). Continue until a mo- 
tor with F 0 ^ 1 is found. 

16-3.3 DETERMINATION OF GEAR RATIO 

The gear ratio R between motor and load 
can be found from the following equations, 
which yield minimum and maximum values 
of ft: 




1 


/ 


-fen, 

( Xmp \ 

‘i 

l / 1 - 4 

min 

\ x,,p ) 


f 

• 

F 0 JJ 


for HUL ^ JL 

Xlp 2 
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( 16 - 5 ) 


(16-6) 


(16-7) 


for 


tj ip 

ti.r 



16-3.4 SELECTION OF OUTPUT MEMBER 
AND REMAINING ELEMENTS 

The proper size motor may be available in 
either hydraulic or electric form. The choice 
between the various types of output members 
must be made on the basis of available power 
supply and on the relative advantages and 
disadvantages of the various output mem- 
bers cited in Ch. 14. Although it is possible 
to find some hydraulic or electric motor to 
position any given load, it may be found that 
the weight of the hydraulic motor is sub- 
stantially less than that of the electric motor 
in certain cases (see Newton (,) ). However, 
the total weight of the servo including ampli- 
fiers and auxiliaries must be considered; it 
is possible that the weight of power supplies 
may lessen the comparative advantage of the 
hydraulic motor in some applications. Ready 


availability of energy in convenient form 
elsewhere in a system may vitally influence 
the choice of which type of servomotor to 
use. Ease of maintenance and trouble-free 
operation are factors which must be consid- 
ered in the light of expected ambient condi- 
tions. Up-to-date manufacturers’ data should 
be considered for these items as well as in 
matters of size, weight, and cost of modern 
component parts. A general comparison of 
motor types which serves to illustrate some 
of the significant relative factors appears in 
Table 16-1. Final choice must be guided by 
up-to-date manufacturers’ information. 

Having chosen the output member, the 
designer must now choose the remaining ele- 
ments. The set selected must be compatible ; 
e.g., the output member may require force 
to cause its output to vary. Hence, a source 
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of force (such as a hydraulic amplifier or 
an electromechanical transducer) must be 
chosen based on availability and capability 
of the various types. An amplifier with an 
output of proper form and capability must 
then be chosen to drive the force source. The 
dynamic behavior of the various components 
chosen for the trial set should be reasonably 
compatible. For example, if a hydraulic valve 
and piston are chosen as an output member 
in order to achieve a servo natural frequency 
of 30 cps, it would be poor practice to stroke 


the valve from a synchro differential having 
a 2-cps natural frequency. On the other hand, 
if a servo with a narrow bandwidth is de- 
sired, the use of expensive hydraulic compo- 
nents with wide frequency response is not 
recommended. The measuring and error- 
sensing device (including the reference) 
must be chosen with particular attention 
given to accuracy, since the accuracy of the 
servomechanism is based on that of its meas- 
uring device. 


TABLE 16-1 


COMPARISON OF SERVOMOTORS 



D-C 

Servomotors 

A-C 

Servomotors 

Pneumatic 

Actuators 

Hydraulic 

Motors 

Magnetic- 

Particle 

Clutches 

Efficiency 

High 

Low 

High 

High 

Low 

Commutators 
and brushes 

Problem 

None 

None 

None 

None 

Filter required 

Electrical 
Radio Noise 
Suppression 

None 

Remove 

foreign 

particles 

Remove 

foreign 

particles 

None 

Flammability 

Low 

Low 

None 

High 
(unless 
special oils 
used) 

Low 

Explosion hazard 

High 

Medium 

Low 

Low 

Medium 

Coulomb friction, 
stiction, dead-spot 

High 

Low 

Medium 

Medium 

Medium 

Lifetime 

Medium 

Long 

Medium 

Medium 

Short 
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APPENDIX FOR PARAGRAPH 16-3 


DERIVATION OF EQUATIONS PERTAINING TO CHOICE 
OF MOTOR AND GEAR TRAIN 

Assumptions 

Motor has capability of delivering peak torque T„ P 
Motor can operate at peak velocity v iJP 
Motor has an inertia 

Load requires a speed-independent torque T LP 
Load requires a peak velocity v,. P 
Load requires a peak acceleration a,. P 
Load inertia is J L 

Gear-train reduction ratio from motor to load is R. 


Units. Any self-consistent set can be used. Two examples : 

Torque 

Velocity 

Acceleration 

Inertia 

newton-meters 

radians/sec 

radians/sec- 

kg-meter 2 

foot-lbs 

radians/sec 

radians/sec 2 

lb-ft-sec-’ 


Derivation 

Peak motor torque must at least equal total load torque referred to motor ; thus : 

TV ^ J ' a/ ' D + T '“ + RJ„ a u . (1) 

R 


Peak motor speed must at least equal required load speed referred to motor; thus: 

v.\u> 5 : Rvj_ P ( 2 ) 

From Eq. (2), the gear ratio must be as follows: 

(3) 

Vi, P 

Eq. (1) sets upper and lower limits on R. Equation (3) sets an independent upper limit on 
R. In order for the motor to drive the load, the minimum ratio allowed by Eq. (1) must 
be less than or equal to the maximum value allowed by Eq. (3) . Solve Eq. (1) for minimum 
value of R ; thus : 

Rmt. = 1/ — —ILL II a ' !> ± 111 (4) 

2</.i( a u . \ 4 J M - a- u , J M a,. P 
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Combine the limits from Eqs. (3) and (4) ; thus: 


Tup 

2J.U dpp 


1-1/1- 


4ffl/,p (J L &LP + T j p ) 


Note that Eq. (5) involves motor capabilities and load requirements independent of gear 
train. Two conditions can be found from Eq. (5) . First, the radical must be real ; therefore : 

~ 4 app ( J r. dip -)- Tip) ( 6 ) 


To find another condition, rewrite Eq. (5) as follows: 


I j j 4 d LP (J 

> ( Tii 


dLP -\- T /,/>) 


(T.up 2 /Jm) 


> 1-2 


dr,p ) Vmp Tup 
Vlp I Tmp 2 

J u 


Two cases arise. Cdse I. If 

2d IP Vj jp Typ > ^ 

Vlp (T]/p 2 /J y) 

then the right side of Eq. (7) will be less than zero, and so long as the radical is real, Eq. 
(7) will be satisfied. Thus, for Case I, no additional constraint is found from Eq. (7). 

Case II. If 

2d r ,p ^ v U p T M p < j 

Vlp Tup'/ J .u 

when Eq. (7) is satisfied, then Eq. (6) will automatically be satisfied. To find the condi- 
tions for satisfying Eq. (7), square both sides. There results: 


dpp . Vmp T MP 

Vlp T mp '/J }i 


, d rP w Vmp T up 

1 X „ 


dl.P J L dj,p -f - T L p 
T MP 2 / J M 


To summarize : 

Case I. If 

dpp Vmp Typ 

Vlp T mp 1 / J m 


( Vmp Tmp) 1 


Case II. If 


_ / di.p \ 

\ V,.p ) 


Vmp Tmp 

Tmp 2 / J m 


dip y, Vmp Tmp 
Vlp T M p 2 / J m 


= Vlp (J l dLP -f- T lp) 


then Tmp 2 /Jm must be greater than 4 d LP (J L d L p + T u >) ■ 
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The requirements for Cases I and II can be rewritten by multiplying the equations respec- 


tively by 

1 




Vt.p [Jr. &r P + T m. 

- CLi.p 

i — X 

Vun Tup IN 

(ID 


Vj.p 

Tup'/ J 31 \) 


and 





Vun Tup 

v LP (J L a LP +T LP ) (12) 

Now, define certain characteristic times or time constants. Thus : 


T.i//> = V '"' TilP 

Tm P -/J 31 

Tt.r = Vi. p /di.p 

Also define peak-load and peak-motor powers as : 

Vj.p (Ji, CLi. P + T U-) — P LP 

Vun X T 3i P — Put- 
in terms of these constants, the rewritten Cases I and II become : 

Case I. 

Pvt- > 1 Tun < 1 

P I.P j T 3t P Xt, P 2 

Tt.p 

Case II. 

Pun > ^ Tun Tu P ^ 1 

P t.n T i, p T t, p 2 

The results are used in the manner described in Par. 16-3.2. 


(13) 


(14) 


Gear Ratio 

The following derivation is for the equations used in the choice of a gear ratio. As mentioned 
in the chapter, it is always possible to find a motor to drive any load as specified. Then it is 
only necessary to find a gear ratio. The procedure ensures that once the motor is found, a 
realizable gear ratio will result. 

Multiply Eq. (1) by the factor 


/ Vi IP 1 

) (JO 

\ Pup > 

( XMP \ 1 

f Vi IP \ 

inn r 

< Vu> ) 


and rearrange Eq. (2) . Introduce the time constants. 
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The result is : 



and 


— ^ 1 (16) 

Vmp/Vj.p 


Consider a nondimensional gear ratio and combine Eqs. (15) and (16) so that the 

Vyp/ Vlp 


result is: 


1 

or 


1 — 1/ 

* 4 (Tmp/Tlp) 

V 

1 - Pup/Plp 


2 (^) 


R l + l/ 4 

■/P up l Vyr/ V i, p ) I 1/ i V Tlp 1 

I V 


(17) 


P up/ P lp 
2 (xup/tlp) 


The lower value of the two upper limits sets the upper bound on R. Define a motor over 
power factor as 


P HP- A 


— 

P LP 

~ /\ 

P HP 





P LP 

min 


(18) 


where 


P a p 


P t.r 


p 

is the minimum allowable power ratio and - vp ~ irT j s the actual power ratio 


for the motor chosen. From Eqs. (13) and (14), it is seen that 


1 

for the case where 

T.I/P ^ 1 

T t.p 2 

and 


*lp 


= 4 


Tj IP 
Tlp 
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\Jext Page 


for the case where 


( Tj ; p /T/, p ) — 


Solve Eq. (18) for the actual value of Ppm/Plp', thus: 


P UP- ACT 

P LP 



min 


Substitute the values for 


P.VP 

P LP 


into Eq. (19) to find : 


P.MP-ACT 

P LP 


P o T)//> < 1 

T»p T/.p 2 

t/.P 


and 


Pmp-.u 

P i.p 


= 4 F 0 


Imp 

Tr.r 


if 


V.I/P 

Tf.P 


1 

2 


( 20 ) 


Substitute Eq. (20) into Eq. (17). The two minimum values of R/ (vm P /v lp ) are found 
directly from the left-hand side of Eq. (17). The maximum values of R/(v iIP /v LP ) are 
found from either the upper or lower inequality of the right-hand side of Eq. (17). The 
condition as to whether the upper or lower inequality of Eq. (17) holds depends upon which 
of the two is the greater. These results all appear as Eqs. (16-4) through (16-7). 
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CHAPTER 17 

REPRESENTATIVE DESIGNS* 


17-1 INTRODUCTION 


The examples of servomechanism systems 
described in this chapter have been selected 
from Army equipments which now carry an 
unclassified designation. The objectives of 
presenting these designs is to illustrate the 
analytical procedures discussed in the earlier 
chapters and to show how various compo- 
nents may be integrated to meet a set of 
over-all requirements. It should be borne in 


mind that each new requirement necessitates, 
in general, a fresh approach to system syn- 
thesis in order to achieve best results, and 
that no single type of system organization 
can be regarded as the best design for all 
purposes. The user of the handbook is there- 
fore cautioned against applying the repre- 
sentative designs in this chapter to new sit- 
uations. 


17-2 A SERVO SYSTEM FOR A TRACKING-RADAR ANTENNA 


17-2.1 GENERAL 

The M33 Antiaircraft Fire-Control System 
employs electrical servos for driving the 
tracking-radar antenna in azimuth and ele- 
vation during the tracking of a target. A 
functional block diagram showing the inter- 
connection of the units is drawn in Fig. 
17-1. Only the elevation-control channel is 
illustrated since both channels are identical 
with the exception that the azimuth power 
servo amplifier drives four motors whereas 
the elevation servo amplifier drives a single 
motor. The units shown are those used in 
the automatic-tracking mode. 

17-2.2 PURPOSE 

The primary purpose of the azimuth and 
elevation servos is to steer the tracking- 
radar antenna so that an airborne target 
may be tracked automatically in two co- 


*By J. F. Reintjes and L. A. Gould 


ordinates as it moves through space. An- 
other purpose of the servos is to provide for 
rapid slewing of the tracking antenna to the 
angular position of the associated acquisi- 
tion-radar antenna. Still another purpose is 
to provide alignment (in elevation) of the 
optical system with the tracking-radar an- 
tenna. The two servos also supply angular- 
position data to a computer and to remote 
indicators. 

17-2.3 OPERATION 

An 1800-rpm conical-scan drive motor at- 
tached to an off-axis antenna feed (see Fig. 
17-1) spins the beam in space and, in so 
doing, places 30-cps amplitude modulation on 
the chain of echo signals received from a tar- 
get. After amplification and detection by the 
radar receiver, the 30-cps amplitude-modu- 
lated video echo pulses are applied to a pulse 
demodulator where the modulation signal is 
recovered from the video pulses. The 30-cps 
signal is then applied to an elevation-angle 
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ANTENNA FEED 



NOTE: ONLY THOSE UNITS USED IN AUTOMATIC-TRACKING MODE ARE SHOWN. 


Fig. 17-1 Simplified functional block diagram of 
M33 tracking-radar antenna in 


servo system for controlling 
elevation. 
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phase-sensitive detector (see Par. 12-4) to- 
gether with a 30-cps signal from a reference- 
signal generator coupled to the conical-scan 
drive motor at the antenna. The reference 
signal serves as a phase reference for the 
elevation angle of the antenna-beam axis 
measured with respect to the parabolic-reflec- 
tor axis. If the antenna is on target, no error 
signal is generated in the phase-sensitive 
detector. If the antenna is off target in eleva- 
tion, there is generated an error signal whose 
magnitude is a measure of the amount the 
antenna-beam axis is off target and whose 
polarity with respect to the elevation refer- 
ence signal depends upon whether the beam 
axis is above or below target. Hence, as the 
antenna tracks a moving target, the output of 
the phase-sensitive detector is a slowly vary- 
ing positive or negative voltage, the magni- 
tude and polarity of which are a measure of 
the elevation tracking error. 

The error signal from the phase-sensitive 
detector modulates a 400-cps carrier voltage, 
and the modulated carrier is then amplified in 
a low-power electronic servo amplifier. This 
amplifier consists of two stages of voltage 
amplification, a phase inverter, and a push- 
pull output stage (see Par. 13-1). The phase 
inverter provides two signals, 180° out of 
phase, for driving the push-pull output stage. 
The output of the low-power servo amplifier 
is then applied to the input of a 400-cps high- 
power servo preamplifier. Also applied to the 
preamplifier input is a 400-cps feedback volt- 
age from an a-c tachometer generator (see 
Par. 11-5) that is coupled to the elevation 
drive shaft of the antenna. An a-c velocity 
feedback voltage is thus provided in the servo 
system. Because the high-power servo-ampli- 
fier stage requires a push-pull d-c voltage 
input signal, the preamplifier also includes a 
demodulator. The input signal to the pream- 
plifier is therefore a modulated 400-cps car- 
rier signal and the output is the modulation 
envelope. 

The high-power servo amplifier controls 
the 400-cps 2-phase elevation drive motor and 
consists of a push-pull d-c amplifier driving a 
400-cps magnetic modulator (see Par. 12-3). 


The output of the magnetic modulator is a 
400-cps voltage whose amplitude is propor- 
tional to the difference between the output 
currents in each tube of the push-pull ampli- 
fier and whose phase is equal or opposite to 
that of the 400-cps excitation voltage of the 
magnetic modulator, depending upon which 
of the two tube currents is greater. The out- 
put signal is applied to the control winding 
of the 2-phase motor. 

17-2.4 OPERATIONAL BLOCK DIAGRAM 

The operational block diagram of the servo 
system for controlling the tracking-radar 
antenna in elevation is shown in Fig. 17-2. In 
this figure 

r = line-of -sight elevation angle 

c — antenna elevation angle 

e = actuating signal of servo system 

n — radar noise 

0 m = angle of servomotor shaft 

b = tachometer-generator feedback 

signal 

u — load-torque disturbance at anten- 

na reflector 

G,(s) = transfer function of radar set, 
elevation phase-sensitive detector, 
400-cps modulator, and low-power 
400-cps amplifier 

Gj(s) = transfer function of high-power 
400-cps preamplifier and phase- 
sensitive demodulator, high-power 
servo amplifier, and servomotor 
control field 

G; ( (s) = transfer function of servomotor 

G 4 ( s ) = transfer function of antenna me- 
chanical assembly 

Hi (s) = transfer function of tachometer 
generator 

H- 2 (s) — transfer function due to imperfect 
coupling between antenna reflec- 
tor and servomotor shaft 
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f 




Fig. 17-2 Operational block diagram of servo system for controlling 
M33 tracking-radar antenna in elevation. 


K = stiffness of antenna structure 

The rate feedback supplied by the a-c tach- 
ometer generator [Hx(s)] is imperfect be- 
cause the antenna structure is not absolutely 
rigid. The rate feedback therefore tends to 
improve the performance of the servomotor 
but is not completely effective in reducing the 
mechanical resonance of the antenna struc- 
ture. The dynamic behavior of the servo- 
motor and the antenna structure cannot be 
separated in the system, as indicated by the 
mechanical coupling loop. However, if the 
resonant frequency of the antenna structure 
is very high, only the inertia of the structure 
is important; the rate feedback is then a 
direct measure of the elevation angular veloc- 
ity of the antenna reflector. 

17-2.5 NOISE 

The presence of radar noise in the line-of- 
sight signal prevents the actuating signal e 


from being a true measure of the system 
error, y e = r-c. In order to minimize the 
effect of noise, the bandwidth of the system 
has been kept at a low value so that the servo- 
mechanism acts as a low-pass filter. 

17-2.6 DESIGN CHARACTERISTICS 

The following is a list of characteristics of 


the elevation servo system : 


Maximum power output 

120 w 

Maximum velocity 

500 mils/sec 

Maximum acceleration 

1000 mils/sec 2 

Maximum static error 

0.04 mil 

Main power requirements 

360 va 

Control power requirements 

360 va 

Resonant frequency 

1 cps 

M p 

1.5 dg 
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17-3 A POWER CONTROL SYSTEM FOR THE 
M-38 FIRE-CONTROL SYSTEM 


17-3.1 GENERAL 

The M-38 Fire-Control System* is a mobile 
75mm antiaircraft weapon designated as the 
Skysweeper. The power control system for 
this weapon (see Fig. 17-3) is an electrically 
controlled hydromechanical drive mounted on 
the carriage of the gun mount, and serves 
to position the gun in azimuth and elevation 
in accordance with command signals from the 
fire-control computer. The azimuth and ele- 
vation servo systems are essentially identical. 

17-3.2 OPERATION 

The fire-control computer provides either 
present or future target position data, de- 
pending upon the mode of computer opera- 
tion. These data are compared with positional 
data from the gun. If the desired and actual 
positions do not correspond, there is gener- 
ated an error-signal voltage whose amplitude 
is proportional to the difference between the 
desired and actual gun positions and whose 
phase is a measure of whether the gun lags 
or leads the desired position. The error signal 
is then amplified in a servo amplifier to a 
power level sufficient to drive a stroke-control 
servomotor. This servomotor, in turn, is 
geared and linked mechanically to the follow- 
valve control (pilot valve) of a power piston 
that regulates the oil delivery rate of a hydrau- 
lic pump and therefore the output velocity of 
the hydraulic motor connected to the output 
gearing. 

As indicated in Fig. 17-3, voltages from the 
computer are supplied to synchro control 
transformers as 1 :1 coarse data and 16 :1 fine 
data. The rotors of the synchros are con- 
nected mechanically to the output gearing. 
The resultant error-signal voltages, after be- 
ing combined with secondary signals to be 


f Formerly called the TS8 Fire-Control System. 


discussed below, are amplified and applied to 
the power amplifier. For large error-signal 
voltages, the coarse error signal predomin- 
ates and serves to swing the gun approxi- 
mately on target. For smaller angular errors, 
the fine error signal predominates and serves 
to keep the gun precisely on target. 

The coarse synchro control transformer 
rotor is geared to make one revolution for 
each revolution of the gun, whereas the fine 
synchro control transformer rotor makes six- 
teen revolutions for each gun revolution. As 
a result, the envelope of the coarse synchro 
signal undergoes two phase reversals for each 
revolution of the gun, while the envelope of 
the fine synchro signal undergoes thirty-two 
phase reversals. At the 3200-mil azimuth gun 
position, therefore, the coarse and fine volt- 
age envelopes are exactly 180° out of phase. 
Because of this 180° phase relationship, it is 
possible to synchronize the gun exactly 180° 
away from its correct position. 

To avoid this false synchronization, a small 
a-c synchronizing voltage, called an antistick- 
off voltage, is placed in series with the rotor 
voltage of the coarse synchro control trans- 
former. By proper adjustment of the phase 
angle and amplitude of this auxiliary voltage, 
it is possible to bring the coarse and fine 
synchro voltage envelopes into phase agree- 
ment in the region of possible false synchroni- 
zation (see Par. 11-3). 

The error signals from the coarse and fine 
synchro control transformers are in the form 
of sinusoidal voltages. The error voltage 
from the fine synchro control transformer is 
passed through an amplitude limiter so as to 
limit the maximum error it can correct to ap- 
proximately 25 mils. The coarse error-volt- 
age waveform, on the other hand, is reshaped 
so that its amplitude is essentially zero for 
signals corresponding to an error of 25 mils 
or less. Hence, the coarse error signal effec- 
tively controls circuit operation for tracking 
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errors greater than 25 mils and the fine er- 
ror signal controls circuit operation for er- 
rors less than 25 mils. 

The summing amplifier in Fig. 17-3 is sim- 
ilar to that described in Par. 13-1 ; the power 
amplifier consists of a phase inverter and a 
push-pull amplifier. The output of the latter 
stage drives the control winding of a 2-phase 
stroke-control servomotor, the direction and 
speed of motor rotation being dependent 
upon the amplitude and phase of the ampli- 
fier output signal. The servomotor controls 
the position of a follow valve in a hydraulic 
servo cylinder (see Par. 14-4) and thus regu- 
lates the volume and direction of fluid de- 
livery to the fixed-displacement hydraulic 
motor geared to the gun. Controlling fluid 
delivery controls the speed and direction of 
the hydraulic motor and hence the speed and 
direction of gun travel. 

The coarse and fine positional-signal-con- 
trol channel described above contains several 
internal feedback loops. In addition, an aux- 
iliary error-rate servo with its own error and 
feedback voltages, mixing circuit, amplifier, 
and servomotor is included in the over-all 
power control system. To reduce overshoot 
and to eliminate hunting of the stroke-con- 
trol servomotor, a stroke velocity signal is 
fed back to the summing amplifier through a 
phase-correcting network. The feedback volt- 
age is obtained from an a-c eddy-current gen- 
erator attached directly to the shaft of the 
stroke-control servomotor. The amplitude of 
the generator output voltage is proportional 
to the speed of shaft rotation of the servo- 
motor, and the phase of the voltage is de- 
pendent upon the direction of rotation. 

A second feedback path from stroke-con- 
trol servomotor to summing amplifier serves 
to suppress small oscillations of the servo- 
motor output shaft that would otherwise be 
transmitted to the gun. The stroke antijitter 
voltage is obtained from a modified synchro 
control transmitter that is friction-coupled to 
the stroke-control servomotor shaft. The 
transmitter rotor is excited from a potenti- 
ometer connected to a 6.3-volt a-c source. 
The potentiometer is adjusted to provide the 


minimum voltage consistent with the elimi- 
nation of gun jitter. The output of the trans- 
mitter is taken from two series-connected sta- 
tor windings, and thus the magnitude of the 
output signal is a function of the displace- 
ment of the rotor. The rotor is limited by 
means of stops to ±30° displacement. The 
output voltage of the transmitter is then rec- 
tified, filtered, and differentiated in a rate cir- 
cuit. All steady voltages are therefore 
blocked, but transient signals are passed on 
to the diode modulator circuit. 

The diode modulator circuit supplies the 
summing amplifier with square-wave signals 
that are in phase with the coarse and fine 
error signals and that vary in amplitude in 
proportion to the sum of the stroke anti jitter 
signal and an acceleration signal. The latter 
signal provides a means of anticipating sud- 
den changes in speed or direction of the gun 
and is obtained from a velocity signal in the 
computer. The velocity signal is supplied as a 
d-c voltage from a permanent-magnet gen- 
erator. After filtering to remove commutator 
ripple, the velocity signal is differentiated in 
order to obtain a voltage that is proportional 
to acceleration. The acceleration signal is 
then combined with the stroke anti jitter sig- 
nal as indicated above. 

The error-rate servo in Fig. 17-3 receives 
its input signals from the 16:1 speed trans- 
mitter in the computer. These signals are am- 
plified to drive the rotor of an a-c tachom- 
eter generator, the stator of which is driven 
by the gun gearing. The error voltage thus 
generated is applied, after being phase-syn- 
chronized and mixed with the other feedback 
signals, to the main summing amplifier. As 
long as the gun turns in synchronism with 
the fine-speed data from the computer, there 
is no relative motion between rotor and sta- 
tor of the a-c tachometer generator and no 
signal voltage is generated. Should the gun 
begin to lead or lag the point of synchroniza- 
tion, the phase and magnitude of the error- 
rate signal will accelerate or decelerate the 
gun and thus bring the gun velocity into 
agreement with the velocity of the computer 
synchro-transmitter rotor. 
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17-3.3 OPERATIONAL BLOCK DIAGRAM 

The detailed operation block diagram of 
the fine-speed portion of the power control 
system for the M-38 Fire-Control System is 
shown in Fig. 17-4. The nomenclature for 
this diagram is presented in Table 17-1. If 
the dynamic lags (G 8 , G 9 , G 10 ) associated 
with the motors and their driving members 
are neglected, and only low-frequency be- 
havior is considered, the block diagram can 
be reduced to the form shown in Fig. 17-5, 
where 


a)i = magnitude crossover frequency of 
error-rate servo 

o) 2 = resonant frequency of main control 
loop 

Ti = gain factor associated with error-rate 
stabilization 

T 2 = gain factor associated with antici- 
patory acceleration signal 



Fig. 17-4 Operational block diagram of fine-speed portion of power control 
system for M-38 Fire-Control System. 
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It is evident that the main control loop of 
this system is inherently unstable because of 
the presence of two integrations, one due to 
the stroke-control servomotor and one due to 
the hydraulic motor. The error-rate stabiliza- 
tion signal is therefore introduced to supply 
the damping that is necessary for stable oper- 
ation of the main control loop. If the magni- 
tude crossover frequency oil of the error-rate 
servo is high compared with the resonant fre- 
quency co 2 of the main control loop, the dia- 
gram in Fig. 17-5 can be reduced to the form 
shown in Fig. 17-6. In this form, it is evident 
that the gain factor T, associated with the 
error-rate stabilization directly controls the 
damping of the main control loop. Further- 
more, the addition of the acceleration signal 
raises the possibility of cancelling the transfer 
function of the main control loop (by setting 
T 2 = lM) and thus producing an extremely 
rapid response for the system. Because of the 
approximations made in the successive block 
diagram reductions, such a cancellation will 
not actually occur, but the response of the 
system can be effectively speeded up. This 
improvement, of course, is limited by the 
dynamic lags that have been neglected and by 
the restriction of linear operation that is im- 
plicit in the analysis. 


Control power 

requirements 200 w 

Resonant frequency 0.5 and 3 cps 



ERROR. RATE 
SERVO 


Fig. 1 7-5 Simplified block diagram of power 


control system for M-38 Fire-Control System. 


17-3.4 DESIGN CHARACTERISTICS 

The over-all azimuth servo characteristics 
are as follows : 

Maximum power output 5 hp 

Maximum velocity 1050 mils/sec 

Maximum acceleration 2000 mils/sec 2 

Maximum static error 0.75 mil 

Main power requirements 12 kw 


ANTICIPATORY 

ACTION 



STABILIZED MAIN 
CONTROL LOOP 


Fig. 17-6 Final block diagram of power control 


system for M-38 Fire-Control System. 
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TABLE 17-1 NOMENCLATURE FOR M-38 POWER CONTROL SYSTEM 


r = fire-control-computer target position data (reference input) 

dv • 

— = fire-control-computer velocity data 

c = gun position (controlled variable) 

e x = difference between reference input r and gun position c (main-loop actuating 
signal) 

e 2 — difference between reference input r and error-rate-servo output position m- 
( error-rate-servo actuating signal) 

m x = output signal of main-loop fine-speed control transformer 

m 2 = output signal of main-loop summing network 

m 3 = sum of stroke antijitter feedback signal b x and output signal m 2 of main-loop 
summing network 

m x = stroke-control servomotor position 

m : , — output signal of error-rate-servo control transformer 

m R — output signal of error-rate-servo summing network 

m- = error-rate-servo output position 


m 8 = acceleration signal 

b x = stroke anti jitter feedback signal 

b 2 = stroke velocity feedback signal 

b 3 = error-rate feedback signal 

64 = error-rate-servo velocity feedback signal 

65 = smoothed and differentiated synchro-transmitter signal 

K x = main-loop control-transformer sensitivity 

K 2 = error-rate-servo control-transformer sensitivity 

K 3 = gain factor relating stroke velocity feedback signal b 2 to stroke-control servo- 
motor velocity dm x /dt 

K x — gain factor relating differentiated synchro-transmitter signal b 7) to stroke-con- 
trol servomotor velocity dm x /dt 

K5 — gain factor relating acceleration signal m s to rate of change d/dt(dr/dt) of 
computer velocity data 

K t s = gain factor relating error-rate-servo velocity feedback signal b x to error-rate- 

servo output velocity dm-/dt 

K x = gain factor relating error-rate feedback signal b 3 to difference between error- 
rate-servo output velocity dm-Jdt and gun velocity dc/dt 

G s (s) r= transfer function relating stroke-control servomotor velocity dm x /dt to sum 
of stroke antijitter feedback signal b x and output m 2 of main-loop summing 
network 

G.,(s) = transfer function relating gun velocity dc/dt to stroke-control servomotor posi- 
tion ra 4 

G, 0 (s) •= transfer function relating error-rate-servo output velocity dm-Jdt to output m G 
of error-rate-servo summing network 
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CHAPTER 18 

AUXILIARIES ASSOCIATED WITH SERVOMECHANISMS* 


18-1 AUXILIARY PUMPS 


18-1.1 PURPOSE 

In a servo system incorporating a hydrau- 
lic transmission, hydraulic fluid (oil) lost by 
leakage from the main hydraulic pump and 
motor must be replaced, otherwise the system 
eventually runs dry and ceases to function. 
Automatic, continuous replacement of lost oil 
is accomplished by means of auxiliary pumps 
operating in conjunction with regulating de- 
vices. When it is used for this purpose, an 
auxiliary pump is called a replenishing pump, 
a supercharging pump, or a make-up pump. 
The replenishing pressure is usually below 
100 psi. 

Many hydraulic-transmission servo sys- 
tems also include hydraulic amplifiers, which 
control the stroke of the main hydraulic 
pump. Hydraulic amplifiers require oil at a 
pressure that may be as high as 1000 psi. 
Because of high pressure in large servo sys- 
tems of this type, two auxiliary pumps may 
be used : one to feed the amplifier and one to 
feed the replenishing system. In smaller 
servo systems of this type, one auxiliary 
pump may perform both functions. In a servo 
system utilizing a valve-controlled ram or 
hydraulic motor, the pump used to feed the 
valve is often considered a subsidiary device 
because the pump is not in the closed-loop 
control system. 


*By J.O. Silvey 


18-1.2 TYPES OF AUXILIARY PUMPS 

Any type of pump that supplies the neces- 
sary pressure and rate of flow is usually 
adequate for auxiliary service in a servo sys- 
tem. The type generally used in practice is 
the fixed-displacement pump driven at a con- 
stant speed. The fluid pressure is controlled 
by means of automatic pressure regulators or 
unloading valves and accumulators. Occasion- 
ally, variable-delivery piston-type pumps are 
used to maintain a constant pressure at all 
flow rates between zero and their rated maxi- 
mum. When used for this purpose, however, 
the pump is considered as merely one com- 
ponent of a pressure-control system. Vari- 
able-delivery pumps are discussed in Par. 
13-6. The fixed-displacement pump types dis- 
cussed in the following paragraphs are : 

(a) Gear pumps 

(b) Vane pumps 

(c) Piston pumps 
18-1.3 Gear Pumps 

A gear pump comprises two meshed gears 
enclosed by a close-fitting housing equipped 
with an inlet (suction) port and a discharge 
port (Fig. 18-1). One gear is shaft-driven 
by an external motor. Oil is carried from the 
inlet port to the discharge port in the spaces 
between the gear teeth, and is forced from 
these spaces where the gears mesh. 

Usually, spur or helical gears are used in 
gear pumps. Gear materials range from cast 
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INLET (SUCTION) PORT 



fig. 18-1 


Gear pump. 


iron through hardened alloy steel. The mate- 
rial used depends upon the service expected 
from the pump. 

Capacities of gear pumps normally used 
as replenishing pumps range from 1 to 60 
gpm (gallons per minute). Rated output 
pressures range from 15 psi for replenishing 
service to 2000 psi for intermittent heavy 
duty. 

Oil leakage from the high-pressure (dis- 
charge) side of the gears to the low-pressure 
(inlet) side is held to a minimum by the close 
fit of the housing along the sides of the gears 
as well as at the tips of the teeth. Because 
clearances cannot be held lower in a small 
pump than in a large one, internal leakage 
is larger fraction of the output flow in a 
small pump. For this reason, small-size gear 
pumps are less efficient than large pumps 
and are rated at lower pressures. The maxi- 
mum efficiency obtained from a large gear 
pump is about 80 percent. Small-pump effi- 
ciencies are below this figure. Leakage is also 
largely dependent upon operating pressure 
and the viscosity of the hydraulic fluid. The 


pump manufacturer’s recommendations 
should be followed when choosing a hydrau- 
lic fluid. If a particular hydraulic fluid has 
been specified, a pump designed to operate 
efficiently with that fluid should be used. 

In some gear pumps, the pressure on 
opposite sides of the gears is equalized by 
means of passages cut into the shaft of the 
driven gear. This prevents the gears from 
being forced against one side of the housing 
by unbalanced pressure, thereby decreasing 
wear and increasing efficiency. Some gear 
pumps are equipped with “wear plates’’ 
which are forced against the sides of the 
gears by discharge pressure. Wear plates 
decrease oil leakage, but they also increase 
mechanical friction within the pump, neces- 
sitating more driving power and increasing 
the wear rate. In some gear-pump designs, 
discharge pressure is used to lubricate the 
gear-shaft bearings through small holes in the 
housing between the discharge port and the 
bearings. 

18-1.4 Vane Pumps 

The simplest form of vane pump (Fig. 
18-2) consists of a stationary housing 
(stator) within which is a rotating, slotted 
cylinder (rotor) fitted with movable, radial 
vanes. The rotor is mounted eccentrically in 
the cylindrical interior (bore) of the stator. 
As the rotor turns, the vanes are forced 
against the hardened-steel ring (cam) on the 
outer periphery of the bore by centrifugal 
force, assisted by discharge pressure. In this 
way, the vanes move the oil from the inlet 
port to the discharge port. 

Most vane-pump designs specify hardened 
steel for the slotted rotor and the cam. High- 
speed steel is specified for the vanes in order 
to prevent rapid wear caused by heating of 
the vane tips as they rub against the cam. 

During each revolution of the rotor, the 
eccentricity of the device forces the vanes 
in and out of their slots. Thus, the volume 
of oil between any two vanes decreases and 
increases accordingly. The ports, at the top 
and bottom of the stator bore, extend along 
arcs concentric with the circumference of 
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DISCHARGE PORT 



Fig. 18-2 


Vane pump. 


the bore. The angular distance between the 
ports is made slightly greater than the angle 
between two adjacent vanes to prevent inter- 
mittent direct connection between the ports. 
In some vane-pump designs, the stroke can 
be varied by shifting the stator in relation 
to the rotor, thereby varying the eccentricity. 

High radial loads act on the shaft bearings 
of the vane pump shown in Fig. 18-2 because 
the discharge pressure prevails over one half 
of the rotor. Some vane-pump designs avoid 
these radial loads by using a double cam in 
the housing, as well as dual and diametrically 
opposite inlet and discharge ports. In such 
a design, each vane passes through two 
suction and two discharge cycles during each 
shaft revolution. Since the two rotor areas 
subjected to high pressure are equal and 
since the forces acting on the areas oppose 
each other, no net force acts on the shaft 
bearirtgs. 

The rated discharge of vane pumps ranges 
from 1 to 60 gpm. Continuous-pressure rat- 
ings are usually about 1000 psi ; intermittent 
ratings run to 1500 psi. Some vane pumps 


have been built that could deliver 3000 psi. 
The maximum over-all efficiency of the larger 
sizes of vane pumps is about 85 percent; 
smaller vane pumps are somewhat less 
efficient. 

18-1.5 Piston Pumps 

Piston pumps are almost always selected 
for auxiliary service when the required 
delivery pressure is more than 1500 psi. They 
may be used either as adjustable-delivery or 
fixed-delivery pumps. Their maximum deliv- 
eries range from 1 to 60 gpm. Rated pres- 
sures are as high as 5000 psi. The maximum 
mechanical efficiency obtained is about 85 
percent for pressures below 2000 psi and 
usually less than that above 2000 psi. There 
is no significant difference between the char- 
acteristics of axial and radial piston pumps. 
The operation of piston pumps is described 
in Par. 13-6. 

18-1.6 MAINTENANCE 

Most hydraulic pumps used on ordnance 
equipment evolved from industrial designs. 
Since industrial pumps are subjected to a 
use more severe than that found in most mili- 
tary systems, they are usually rugged enough 
for most types of military service, provided 
they receive an adequate supply of clean oil. 
The clean-oil requirement is the price that 
must be paid for continuous, trouble-free 
operation. Foreign particles in the oil abrade 
the close-fitting operating surfaces of a pump 
and ruin them. Excessive heating can also 
produce this result. Routine maintenance 
consists almost entirely of periodic inspec- 
tion of the oil supply and filters. The oil 
supply should be maintained at an adequate 
level ; the filters should be cleaned regularly 
and replaced when they no longer perform 
their function. 

18-1.7 LEAKAGE AND DRAINAGE 

A properly assembled pump should not 
leak at any point, except possibly around the 
drive shaft where it is almost impossible to 
make an absolutely oil-tight seal. Most pumps 
are fitted with shaft seals which control oil 
leakage. These seals are usually not intended 
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to sustain case pressures of more than 10 
psi but, in fact, depend upon the hydraulic 
fluid in the pump for lubrication of the shaft 
(see Par. 18-3). Most pumps are also fitted 
with drain ports to prevent build-up of 
excessive pressure within the pump case. 
Drain ports should be vented to the system 
sump from the top of the pump case. The 
drain ports should not be vented to the 


suction line because the vacuum of the suc- 
tion line may entrain pump-case air in 
the oil. 

18-1.8 COST 

Of the three types of pumps described 
above, vane pumps are the least expensive 
and piston pumps are the most expensive. 
The cost of gear pumps is between the costs 
of the other two. 


18-2 HYDRAULIC AUXILIARIES 


18-2.1 HYDRAULIC SYSTEMS 

INCORPORATING AUXILIARIES 11 1 

Figure 18-3 shows the hydraulic circuit 
and auxiliaries that are commonly used in 
a hydraulic transmission. Relief valves are 
connected across the output of the variable- 
delivery main pump to limit pressure if the 
hydraulic motor is overloaded. A fixed- 
delivery auxiliary pump supplies fluid to the 
hydraulic stroke control and replenishes any 
leakage from the main pump and hydraulic 
motor. Pressure to the hydraulic stroke con- 
trol is held at pressure P x by a pressure 
regulator, while the pump-replenishing pres- 
sure is held at pressure P-> by a throttling 
pressure regulator. Replenishing pressure is 
admitted to the main pump lines through 
check valves to make sure that it is admitted 
to the low-pressure line. In practice, the 
throttling pressure regulator is sometimes 
omitted and the hydraulic stroke control 
pressure is also used for replenishing. 

The auxiliaries used in a control-valve 
and hydraulic-ram system are shown in Fig. 
18-4. Fluid is supplied by a constant-delivery 
pump to an unloading valve. An accumulator 
performs two functions: (1) it stores fluid 
under pressure when system demand is low ; 
and (2) it supplies fluid to the system when 
the unloading valve is returning pump 
delivery to the sump or when the system 
demand cannot be met by the pump alone. 


Pressure-relief valves prevent excessive pres- 
sures in the lines to the ram. 

18-2.2 CHECK VALVES 

Check valves are automatic devices that 
permit a liquid or gas under pressure to flow 
through them only in one direction. In the 
flow direction, the valves open when the 
applied pressure reaches a small predeter- 
mined level and close again when the pres- 
sure drops below that level. Pressure in the 
opposite direction reinforces the force that 
keeps the valve closed. 

18-2.3 Ball Check Valves 

Figure 18-5 illustrates the ball check type 
of valve. When fluid under pressure is applied 
to port C, ball A is forced upward against 
compression spring B, and the fluid flows 
through the valve and out through port D, 
as the flow arrows indicate. If the pressur- 
ized fluid were applied to port D instead of 
to port C, ball A would be held more firmly 
in place on its seat and no flow would result. 
Valve spring B is made with a low spring 
constant and is installed with only a slight 
preload to minimize pressure drop through 
the valve. Other types of check valves operate 
on the same principle as the ball check valve, 
but use flat buttons instead of balls, and 
either lapped or resilient-plastic seating 
surfaces. 
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Fig. 18-3 Typical auxiliaries used with hydraulic transmission. 



MOTE: DASHED LINES INDICATE LEAKAGE DRAINS 


Fig. 1 8-4 Auxiliaries used in control-valve and hydraulic-ram system. 
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PORT C 


I fig. 18-0] Ball check valve or relief valve. 


18-2.4 PRESSURE-RELIEF VALVES 

For equipment protection, the pressure in 
hydraulic lines is relieved, or prevented from 
exceeding a predetermined value, by pres- 
sure-relief valves. Ball relief valves (Fig. 
18-5) are frequently used for this purpose. 
The ball spring is preloaded to the point 
where the valve will open when the pressure 
reaches the predetermined value. The valve 
opens when 



where 


P = pressure at port C above the pressure 
at port D, in psi 

A = cross-sectional area of the ball at its 
seating surface, in in. 2 

F — spring preload, in lb 

As the flow increases, the pressure at port C 
(Fig. 18-5) rises somewhat, because the 
spring must be compressed to accommodate 
the higher flow and because the high velocity 
of the oil between the ball and its seat reduces 
the pressure applied to a small area of the 
ball surface. 

For prevention of damage, it is desirable 
to limit the pressure in the two main lines of a 
hydraulic system and to permit excess oil 


to flow from the high-pressure line to the 
low-pressure line (see Fig. 18-4). Two ball 
relief valves are often used for this purpose 
and are connected between the main lines so 
that they permit flow in opposite directions. 
The main line carrying the higher pressure 
(beyond the predetermined level) discharges 
the excess oil to the other main line through 
the ball check valve connected for that flow 
direction. 

A double-acting relief valve (Fig. 18-6) 
can be used in place of the two ball check 
valves discussed above. In Fig. 18-6, ports 
A and B are connected to the main lines to 
be relieved and the drain in connected to the 
system sump. Pressure P x is applied over a 
piston area of n(a/ 2) 2 , and pressure P 2 over 
a piston area of ( jt/4) (6 2 — a 2 ). If pressure 
P, is higher than pressure P 2 and also high 
enough to force the piston downward against 
the compression spring, oil will flow from 
port A to port B when the passage between 
the ports is opened. The flow is in the opposite 
direction (from port B to port A) if pressure 
P 2 is higher than pressure Pi and also high 
enough to force the piston down far enough 
to open the passage between the ports. 

18-2.5 PRESSURE-REGULATING VALVES 

In some small hydraulic systems, it is 
economically advantageous to use a single 
fixed-delivery pump that has a delivery rate 
slightly higher than the maximum system 
demand. The pressure in the system is con- 
trolled by a pressure-regulating valve similar 
to that in Fig. 18-7. When the hydraulic sys- 
tem uses the entire pump delivery, keeping 
pump pressure low, the valve is held in the 
closed position by the compression spring. 
When the system uses only part of the 
delivery, the pump pressure rises and the 
piston is forced downward against spring 
tension until the port connected to the sump 
is uncovered. In this way, the unused portion 
of the delivery is returned to the system 
sump. If none of the delivery is used by 
the system, the entire delivery returns to 
the sump through the pressure-regulating 
valve. 
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Fig. 18-6 Double-acting relief valve. 



Fig. 18-7 Pressure-regulating valve. 


One problem presented to the designer of 
the pressure-regulating valve shown in Fig. 
18-7 is the noise produced by the mechanical 
oscillation of the piston about its regulating 
position. Oscillations of the piston are re- 
duced by means of damping chamber A 
formed by using a valve piston with two 
diameters. The damping chamber is con- 
nected to the pressure side of the piston by 


a small channel cut along the length of the 
smaller part of the piston. When the piston 
is forced downward by oil pressure, a small 
amount of this pressure is used to force oil 
through the small channel into the damping 
chamber, thereby slightly reducing the pres- 
sure on the small diameter of the piston. At 
the same time, the damping chamber is filled 
with oil. After the excess delivery has been 
discharged to the sump, the normal tendency 
of the compression spring is to rapidly force 
the piston upward. However, the oil trapped 
in the damping chamber opposes this action 
by compelling the spring-driven piston to 
force the trapped oil through the small chan- 
nel in the piston. In this way, rapid motion 
of the piston is damped out. The channel is 
small enough to stop oscillations of the 
piston, yet large enough to permit adequate 
regulator response speed. Actual channel 
dimensions are usually determined by experi- 
ment. 

Ball check valves (Fig. 18-5) are some- 
times used as pressure regulators, but are 
almost invariably noisy. However, some com- 
mercial regulators use ball check valves as 
pilot valves to actuate the main regulator. 
This combination of valves is usually quiet, 
but the speed of response may not be rapid 
enough for some applications. 

One important disadvantage of the pres- 
sure-regulating valve of Fig. 18-7, as well 
as the ball check valve used as a pressure 
regulator, is the amount of heat generated in 
the pumping of oil not used by the system. 
The work lost in generating this heat reduces 
the efficiency of a system using one of these 
pressure-regulating valves. In addition, the 
heat must be dissipated in some manner, 
either through water-cooled heat exchangers 
which occupy relatively little space or 
through air-cooling of the sump. The air- 
cooling method must be used in most ord- 
nance equipment because water is unavail- 
able. 

A throttling pressure regulator (Fig. 18-8) 
drops pressure from a regulated high pres- 
sure to a regulated lower pressure. When 
the lower pressure is too low, the compression 
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Fig. 18-8 Throttling pressure regulator. 


spring opens the valve by pushing the piston 
downward until passage A between the high- 
pressure and low-pressure ports of the valve 
is open. This permits the high-pressure oil 
to flow to the low-pressure side of the system. 
When the pressure in the low-pressure side 
reaches its normal value, the piston is forced 
upward, closing the passage. This type of 
regulator permits no more oil to flow from 
the high-pressure side than that required by 
the low-pressure side (the load). For this 
reason, it is not suitable for use as the sole 
regulator of the output of a fixed-delivery 
pump. When supplied with a regulated pres- 
sure of approximately 500 psi, throttling 
pressure regulators of this type can be 
used to regulate the replenishing pressure 
(approximately 50 psi) of a hydraulic 
transmission. 

18-2.6 ACCUMULATORS 2 ’ 

Accumulators are used to store hydraulic 
fluid under pressure. They therefore contain 
stored energy that is available on demand. 
Accumulators are used in some guided 
missiles as the sole source of energy used 
by the control system of the missile during 
flight. In other applications, accumulators 
store energy when the system demand is low 


and make it available for use when the sys- 
tem demand suddenly increases, thereby 
decreasing the average power demand of 
the system. 

18-2.7 Gravity Accumulators 

The simplest form of accumulator (Fig. 
18-9) consists of: (1) a vertical cylinder 
with a port at the bottom ; (2) a single-ended 
piston inside the cylinder, with the piston 
rod pointed upward; and (3) a weight 
secured to the piston rod. Oil under pressure 
is forced into the cylinder port, pushing the 
weighted piston upward to its limit of travel 
in the cylinder. Assuming there are no 
friction losses, the stored energy thus made 
available is the product of the weight (in 
lb, oz, etc.) and the downward distance the 
weighted piston travels to its lower limit 
when discharging the oil to the system. The 
gravity accumulator is suitable only for fixed 
installations and normally only for low pres- 
sures. However, It does have the advantage 
that its discharge pressure is constant for 
the entire distance of piston travel. Another 



Fig. 18-9 Gravity accumulator. 
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version of the gravity accumulator uses 
compression springs instead of a weight, but 
this type is usually large and high pressures 
are difficult to obtain. 

1 8-2.8 Hydropneumatic Accumulators 

Gas-filled, or hydropneumatic, accumula- 
tors are often used in ordnance equipment 
because of their small size and high pressure 
and because of the large quantity of available 
energy that they provide. 

A piston-type hydropneumatic accumulator 
(Fig. 18-10A) usually consists of a cylinder 
within which the gas and fluid are confined, 
and uses either a single-piece piston or a 
pair of opposed pistons operating in cylinder 
bores of different diameters. A drain is 
usually provided, as shown in Fig. 18-10A, 


to avoid possible seepage of hydraulic fluid 
into the pneumatic system, or vice versa. The 
gas is first brought up to specified pressure 
and the gas shutoff valve is closed. Then the 
fluid is brought up to pressure, thereby 
forcing the piston to compress the gas still 
further. The relation between the two pres- 
sures, assuming no friction at the piston 
seals, is 

P,A g = P h A » (18-2) 

where 

P h = hydraulic pressure, in psi 

Pf, — gas pressure, in psi 

A,, = area of hydraulic piston, in in. 2 

A g = area of gas piston, in in. 2 
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Fig. J8-10 Hydropneumatic accumulators. 
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Assuming that the gas expansion is iso- 
thermal, the energy available when the accu- 
mulator is discharged can be expressed by 

(18-3) 

where 

W = energy released, in lb-in. 

P„ = pressure in gas chamber when fluid 
chamber is empty, in psi 

V„ = maximum volume of gas chamber, in 
in. 3 

P i = initial gas pressure, in psi 

P 2 = final gas pressure, in psi 

In = natural logarithm (base e) 

Piston-type hydropneumatic accumulators 
have been made with capacities up to approx- 
imately 230 in. 3 , for a nominal system pres- 
sure of 3000 psi, but there is no reason why 
accumulators with larger capacities could 
not be made. For system pressures much 
above 3000 psi, however, providing adequate 
piston seals in this type of accumulator is 
a difficult problem. 

The bag-type hydropneumatic accumulator 
(Fig. 18-10B) consists of an outer metallic 
chamber and an inner flexible synthetic- 
rubber bag which separates the gas and the 
fluid. Customarily, the chamber is spherical 
or cylindrical with hemispherical ends. When 
an initial charge of gas is placed in the bag, 
a spring-actuated piston-type stop covers the 
hydraulic port to prevent extrusion of the 
bag into the port. Then hydraulic fluid is 
forced into the space between the bag and 
the interior wall of the chamber, thus produc- 
ing higher compression of the gas within the 
bag, until the gas and hydraulic pressures 
are about equal. The stored energy thus 
obtained is the same as in the piston-type 
accumulator. Commercial bag-type accumu- 
lators are available with total capacities 
ranging from 2 to 2300 in. 3 ; maximum pres- 
sure is 6000 psi. 


Low-pressure hydropneumatic accumula- 
tors have been made in which the gas and 
fluid are in direct contact (no bag or piston 
is used). This type of accumulator is not 
generally recommended because the gas dis- 
solves in the fluid at high pressure and comes 
out of solution when the pressure is removed, 
producing gas bubbles that may cause serious 
difficulties in the hydraulic system. 

18-2.9 UNLOADING VALVES 

Unloading valves (Fig. 18-11) are devices 
that: (1) permit delivery of pumped oil to 
the load when the load pressure is below a 
particular value; (2) permit return of 
pumped oil to the sump at a low pressure 
when the load pressure is above a preset 
value; and (3) prevent return of the system 
fluid to the sump when the pump is unloaded. 
Unloading valves are generally used with an 
accumulator connected to the load to provide 
a source of available power while the pumped 
oil is being returned to the sump. Unloading 
valves actually comprise a number of com- 
ponents within a common housing. In the 
type shown in Fig. 18-11, port P is con- 
nected to the pump, port 5 to the load, and 
port R to the sump. Port D is also connected 
to the sump, but through a separate line. 
When the system pressure is low, pump pres- 
sure opens check valve C which permits oil 
to flow to the system. Pilot valve V is held 
against its smaller upper seat by compression 
spring A, thereby connecting piston chamber 
L to port D. Bypass valve M is held against 
its seat by compression spring B and, con- 
sequently, full pump delivery flows to the 
system. 

When the system pressure rises above a 
predetermined value, it forces pilot valve V 
downward against the force of compression 
spring A ( Fig. 18-1 1 ) . Since the lower sphere 
and seat diameters of pilot valve V are larger 
than those of the upper sphere and seat, 
entrance of pressure into the upper valve 
chamber forces V to close on its larger seat. 
Oil from the system pressure line then flows 
into piston chamber L, forcing bypass valve 
M downward against the force of spring B. 


W=zP 0 V 0 In 
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Fig. 18-11 


Unloading valve. 


Pumped oil is now free to flow back to the 
sump from port P, past bypass valve M, and 
out through port R. Check valve C closes 
(as shown in Fig. 18-11) because the pumped 
oil is bypassed to the sump, making pump 
pressure lower than the system pressure. 

When the system pressure drops low 
enough to permit spring A to lift pilot valve 
V from its larger seat, V closes again on its 
smaller seat because of the valve proportions ; 
piston chamber L is connected to port D 
through V; spring B forces bypass valve M 


to close the passage between P and R \ and 
pump pressure opens check valve C, permit- 
ting delivery to the system. 

In some unloading valves of the type 
shown in Fig. 18-11, the passage to chamber 
L is restricted to prevent flutter of bypass 
valve M. Most unloading valves require 
extremely clean oil because even the slightest 
amount of foreign matter in the oil could 
prevent proper operation of pilot valve V, 
which moves only a few thousandths of an 
inch between its upper and lower seats. 
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18-3 ROTARY JOINTS 


18-3.1 DYNAMIC SEALS 

Dynamic seals must be used when a rotat- 
ing or translating shaft must pass through 
the wall of a chamber in which fluid must 
be confined. To obtain a reasonable life 
expectancy from the seal, it must be lubri- 
cated by the confined fluid. For this reason, 
successful seals always leak enough fluid to 
keep the shaft moist at the sealing surface, 
but this leakage should be extremely small. 

18-3.2 Glands 

One of the oldest and simplest forms of 
dynamic seal is the stuffing box or packing 
gland shown in Fig. 18-12. A soft, compres- 
sible material (for hydraulic fluid this is 
usually lead wool or asbestos) is packed into 
the hollow recess of the gland and com- 
pressed by the screw. These seals usually 
have relatively high friction and leakage, 
and their use is confined to applications 
involving low-speed shafts with rotary or 
translatory motion. When properly installed, 
glands are effective for low-pressure applica- 
tions. In most cases, glands are considerably 
larger than some other types of seals. 


18-3.3 O-Rings' 3 ' 7 > 

O-rings are employed primarily to seal 
translating shafts. They are not recom- 
mended for high-speed continuously rotating 
shafts, although they have been used for 
sealing oscillating shafts that rotate a maxi- 
mum of one revolution or less. As some com- 
pression of the O-ring is required to produce 
a seal, some friction is always present, even 
with zero pressure differential across the 
ring. For this reason, O-rings should not 
be used when friction forces must be mini- 
mized. Compared with O-rings, U-cups and 
V-ring seals produce somewhat lower friction 
forces at low pressure differentials. Two 
applications of O-rings are shown in Fig. 
18-13. The dimensions of standard O-rings 
are given in Air Force-Navy Aeronautical 
Standard AN6227. O-rings are usually fitted 


into rectangular grooves. For applications 
similar to the piston seal of Fig. 18-13A, 0- 
rings can be used with leather backing rings 
to increase the permissible pressure differ- 
ential across the piston from 1500 psi with- 
out the backing ring to 3000 psi with the 
backing ring. When O-rings are being in- 
stalled, they must be protected from 
scratches or cuts because even small surface 
defects produce high oil leakage. The surface 
against which the O-ring slides, as well as 
the bottom of the groove in which it is in- 
stalled, must be well-polished. 

1 8-3.4 U-Cup and V-Ring Packings 

These types of packings are commonly 
used to seal translating surfaces. Applica- 
tions and characteristics of U-cup and V- 
ring packings are given in the Mechanical 
Engineer’s Handbook. < 4 > 

18-3.5 Shaft Seals'*) 

Shaft seals are used to seal continuously 
rotating shafts when the pressure is below 
35 psi. Three types of construction are in 
general use (Fig. 18-14). In the construction 
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A. PISTON SEALED WITH O.RING 


B. LIMITED-TRAVEL 
VANE MOTOR SEALED 
WITH O-RINGS 


Fig. 18-13 Applications of O -rings. 
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illustrated in Fig. 18-14A, no back-up spring 
is used. The elasticity of the sealing material 
is utilized to keep the sealing material in 
contact with the shaft. In Fig. 18-14B, leaf- 
spring fingers are used to reinforce the sealing 
material elasticity. In Fig. 18-14C, a helical 
spring formed into a circle serves to keep the 
sealing lip in contact with the shaft. There 
is little difference in sealing efficiency between 
these three types. The sealing-lip material is 
usually leather or synthetic rubber. 

Installation of shaft seals requires great 
care in order to avoid even the slightest 
damage to the sealing lips. An arbor or 
collar, with one end rounded or tapered, is 


sometimes used to open the seal to the shaft 
diameter and to start it over a smooth por- 
tion of the shaft. Before shaft seals with 
synthetic-rubber sealing lips are installed, 
both the shaft and the installing tool must 
be oiled. Shaft seals are installed by pressing 
the external metal shell of the seal into a 
recess in the housing, with the seal oriented 
so that pressure of the fluid being sealed 
forces the sealing lip against the shaft 
(unless the pressure is very low). 

18-3.6 Face Seals 

High-speed shafts are sometimes sealed 
with face seals (Fig. 18-15) when the oil 
pressure ranges as high as 2000 psi. In this 
type of seal, two materials that have a low 
coefficient of friction are used to establish 
the dynamic seal and the dynamic sealing 
surfaces are lapped to obtain a very smooth 
finish. The static seal between the shaft and 
the rotating face of the dynamic seal must 
be flexible enough to accommodate a small 
amount of runout between the surfaces of 
the dynamic seal. Many arrangements are 
used to drive the rotating face and to provide 
the static seal. The dynamic sealing surfaces 
must be lubricated at all times; otherwise, 
the face seal will be damaged quickly by the 
heat resulting from dry friction. Descrip- 
tions of seals used to prevent low-pressure 
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Fig. 18-15 


Face seal. 


gas from leaking past a small shaft are 
given in references 8 and 9. 

1 8-3.7 High-Pressure Seals 

For high-pressure seals with low friction, 
an arrangement similar to that in Fig. 18-16 
is sometimes used. This seal is not recom- 
mended for high-speed shafts or in applica- 
tions requiring extremely low leakage from 
the pressure vessel. The seal will reduce 
leakage from the end of the shaft to a very 
small amount. Basically, the seal comprises 
a series of grooves around the shaft approxi- 
mately 1/16-inch wide and 1/32-inch deep. 
The effect of the grooves is to equalize the 
pressure around the entire shaft circumfer- 
ence and to keep the shaft centered in the 
housing. Oil leaking past the grooves is carried 
away by a drain line to the sump. Oil flow 
from the end of the shaft is prevented by 
a commercial shaft seal. The shaft and hous- 
ing should be made of materials having low 
coefficients of friction, preferably hardened 



Fig. 18-16 High-pressure seal. 
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steel which also prevents foreign particles 
from being embedded in the material. Clear- 
ance between the shaft and its passage in 
the housing should be low, and the edges of 
the grooves at the shaft surface should be 
sharp and clean. 

18-3.8 Friction 

All dynamic seals produce some friction 
and should not be used on shafts where 
friction must be kept to an absolute mini- 
mum. For example, the shafts of torque 
motors or free synchro receivers should not 
be sealed. These devices, provided they have 
no slip rings, can usually be submerged in 
oil with no ill effects; in fact, submerging 
them in oil appreciably decreases their tem- 
perature rise. 

Little quantitative information about seal 
friction is available, probably because of the 
wide variations that occur between seals that 
should produce the same frictional torque or 
force. Nevertheless, the following general 
comments can be made; 

(a) Synthetic-rubber packings have a 
tendency to break through the lubricating- 
oil film while a shaft is at rest and, con- 
sequently, may exhibit an initial starting 


friction that is considerably higher than the 
subsequent running friction. This tendency 
is much less pronounced with leather pack- 
ings, possibly because leather can absorb oil 
and thus become partially self-lubricating. 

(b) A smooth surface on the moving mem- 
ber of the seal produces less friction than 
a rough surface. 

(c) Synthetic-rubber seals cannot be used 
with fluids that produce excessive swelling 
of the rubber because high friction and rapid 
wear will result. 

(d) For O-rings : (7> 

(1) The use of leather backing rings in- 
creases seal friction on the shaft. 

(2) The squeeze of the O-ring should not 
be excessive. 

(3) The clearance between the shaft and 
the bore in which the O-ring moves should be 
held as low as practicable on the low-pressure 
side to prevent extrusion of the ring into the 
clearance. 

(4) O-rings with a durometer hardness 
reading of approximately 65 have somewhat 
lower friction than O-rings with a durom- 
eter hardness reading of approximately 90, 
provided there is no extrusion. 


18-4 LIMIT STOPS AND POSITIVE STOPS 


18-4.1 PURPOSE 

Stops are often desirable or even necessary 
in servomechanisms to limit output motion 
or travel. For example, azimuth drives of 
antiaircraft guns might well be limited to 
avoid the possibility of firing in a direction 
that would cause shells to fall on friendly 
troops. The elevation motions of tank and 
artillery guns are always limited, and stops 
are necessary to prevent equipment damage 
that might occur if it were possible to drive 
the guns into the travel limits at full speed 
and torque. 


18-4.2 CHARACTERISTICS 

Limiting stops may be either positive 
stops, which halt the output motion by over- 
powering the servomotor, or limit stops. 
Limit stops disconnect the normal servo- 
mechanism error signal and replace it with 
a signal originated by the output motion, 
which causes the output to stop. Because 
positive stops are easy to make, and operate 
directly on the output, some devices are 
equipped with both positive and limit stops. 
Positive stops are often necessary to avoid 
damage during manual operation of a device 
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that is operable either manually or by means 
of a servomechanism. 

When used alone (without limit stops), 
positive stops possess the disadvantage that 
it is possible to drive into them at full servo- 
motor speed. Under such conditions, the 
positive stops and the output drive system 
must be capable of withstanding the full 
output torque plus whatever acceleration 
torques may be originated in the stopping 
process. Usually, positive stops are not 
easily changed. However, because they are 
simple mechanical devices, they ordinarily 
require little or no maintenance. 

18-4.3 LIMIT STOPS 

Limit stops restrict the travel of a servo- 
mechanism by replacing the normal error 
signal with a signal that is a function of 
the system output. The replacement signal 
can reverse the direction of output motion, 
cut off output power, or cause the output to 
stop until a signal to move in the opposite 
direction is received. The simplest form of 
limit stop merely disconnects power from 
the control circuit. Limit stops of this type 
are seldom used because of the difficulty of 
starting the drive in the opposite direction, 
away from the limit. 


A limit-stop system utilizing switches in 
a simple reversing circuit is shown in Fig. 
18-17. In this system, two limit switches are 
actuated by a cam that is driven by the servo 
output. When either switch is actuated by 
the cam, the associated limit relay is ener- 
gized, thereby disconnecting the error signal 
from the servomotor and connecting one of 
the fixed reversing voltages ( V, or F_.) . 

The reversing voltage drives the servo- 
motor cam away from the limit but, because 
of the switching arrangement involved, the 
servo output oscillates at the limit until the 
error signal is reversed. However, if the 
error signal is reversed, the servomotor 
moves the cam away from the limit switch 
and normal operation is resumed. Two vari- 
ations of this circuit are: (1) omission of 
the relays by using switches capable of carry- 
ing the motor current; and (2) insertion of 
the reversing voltage ahead of the amplifier 
where current and voltage requirements are 
low. The switching circuit of Fig 18-17 is 
not recommended for large servos, but oper- 
ates very well with servos of moderate or 
low power that only go into their limits 
occasionally. 

Figure 18-18 shows a limit-stop system 
that is applicable to an electric servomecha- 
nism. In this system, a cam driven by the 



Fig. 18-17 Switching limit-stop system. 
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servomotor actuates the arm of a spring- 
centered potentiometer, near either end of 
the prescribed output travel. The output 
voltage of the potentiometer network is zero 
when the potentiometer arm is centered and 
increases when the arm is moved in either 
direction from center. The phase or polarity 
of the output voltage is governed by the 
direction of arm movement. 

The maximum output voltage of the 
potentiometer network (Fig. 18-18) is higher 
than the maximum output voltage of the 
saturating error amplifier. The potentiometer 
and the saturating error amplifier are both 
connected to the output-amplifier input 
through a summing network, the entire 
arrangement being set up in such a way that 
the potentiometer-network voltage always 
subtracts from the error voltage. When 
servomotor rotation nears either limit, the 
cam moves the potentiometer arm, thereby 
increasing the potentiometer-network output 
voltage. Thus, the voltage input to the output 
amplifier is reduced to zero and the servo- 
motor is stopped. This limit-stop system is 
a position servomechanism that uses the out- 
put of the saturating error amplifier as its 
command signal. Therefore, the exact posi- 
tion at which the servo output stops depends 


upon the magnitude of the saturating-ampli- 
fier output voltage. This system operates with 
little difficulty if d-c voltages are being 
summed. However, some difficulty can be 
expected if a-c voltages are used, because 
of the phasing of the two signals and because 
the waveforms of the mixed signals differ 
(the output of the saturating error amplifier 
is clipped, while the output of the potentiom- 
eter network is essentially sinusoidal). 

A mechanical limit-stop system, a form 
of position servo, is shown in Fig. 18-19. 
Error motion at a reasonably high force level 
is transmitted through both the spring- 
loaded force limiter and the box around the 
spring-centered limit-stop arm to the control 
valve. The valve controls the direction of 
rotation as well as the starting and stopping 
of the hydraulic motor, thereby controlling 
the position of the cam that actuates the 
limit-stop arm. When the cam is well clear 
of the limits, error motion is transmitted 
without interference to the control valve, 
which opens one valve port and causes 
rotation of the motor. If the cam eventually 
turns the limit-stop arm to one side, the boss 
on the arm shifts its enclosing box, forcing 
the control-valve piston back to neutral. This 
stops the hydraulic motor. The control valve 



Fig. 18-18 Electrical limit-stop system. 
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Fig. 18-19 Mechanical limit-stop system. 


can be moved far enough to- stop the motor 
without damaging the error-input mechanism 
because of the spring buffers provided in the 
force limiter. If error motion is obtained 
from a source that is not damaged when it 
is forcibly reversed against its full torque 
(as would be the case if a synchro or torque 
motor were used), the force limiter can be 
omitted. 

When the limit-stop arm is actuating the 
control valve, the motor, cam, and valve com- 
prise a closed loop which can be considered 
as a position servomechanism. As a result, 
the mechanical limit-stop system must be 
designed to suit the requirements of the 
servomechanism with which it is to operate 
in order to obtain stability (nonoscillating 
operation) of the device at the limits. 

In general, limit stops should be designed 
to rely on a minimum number of other 
devices for their operation. Electronic ampli- 
fiers or other devices that can be expected 
to fail occasionally should not be placed in 
the limit-stop closed loop. 


18-4.4 POSITIVE STOPS 

The simplest form of positive stop consists 
of a lug, attached to the moving member, 
that strikes a fixed member at the end of the 
desired travel (Fig. 18-20). If the output 
motion exceeds one revolution, lugged 
washers can be stacked on the output shaft 
so that their lugs overlap, as shown in Fig. 
18-21. The lug of the washer at one end of 
the stack is engaged by a lug on the shaft. 
As the shaft rotates, the lug pick-up action 
is cumulative until the lug on the washer at 
the other end of the stack is engaged by a 
fixed block or pin at the completion of the 
required number of revolutions. Lugged 
washers are often used on instrument servo- 
mechanisms. 

18-4.5 Buffers 

Springs are often incorporated in positive 
stops to produce buffer action that reduces 
the acceleration produced when the stops are 
engaged. Often, the addition of a piece of 
thick synthetic rubber to each side of the 
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Fig. 18-22 Spring and buffer slop. 


Fig. 18-20 Positive stop. 



Fig. 18-21 Stop with lugged washers. 


lug arrangement of Fig. 18-20 produces 
sufficient shock-absorbing action to prevent 
damage. In other applications, it is necessary 
to resort to a combination of spring and dash- 
pot type damping, similar to the system of 
Fig. 18-22, to obtain the desired deceleration 
without damage. 

Hydraulic cylinders can be equipped with 
buffer stops at each end of piston travel, as 
shown in Fig. 18-23. In this system, oil is 
trapped in the recessed end of the piston by 


PISTON 



Fig. 18-23 Buffer stop in hydraulic cylinder. 


the cylinder projection as the piston nears 
the end of the cylinder. The trapped oil can 
escape from the piston recess only through 
the restricted space between the wall of the 
piston recess and the surface of the cylinder 
projection, thereby producing viscous damp- 
ing of piston movement. Either the cylinder 
projection or the piston recess, or both, can 
be shaped to produce any desired retardation 
rate. Check valves are sometimes used to 
permit unrestricted flow of oil from the 
supply line into the damping chamber but to 
force oil flowing from the chamber to the 
line to pass through the restricted passage. 
This arrangement reduces the time required 
to move the piston away from the end of the 
cylinder. 
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CHAPTER 19 

CONSTRUCTIONAL TECHNIQUES* 

19-1 BASIC CONSIDERATIONS 


In the design of any servomechanism or 
control system, a great many factors besides 
the response characteristics must be con- 
sidered. Many systems that have adequate 
response characteristics are completely un- 
satisfactory because too many adjustments 
are required, the adjustments must be made 
too often, maintenance is difficult, or the 
equipment cannot withstand environmental 


conditions. In ordnance equipments, it is par- 
ticularly important that much attention be 
paid to these details, not only because the 
equipment must be made reliable and simple 
to operate under conditions normally im- 
posed upon equipment and operator, but also 
to minimize the time required to train 
operators and maintenance organizations. 


19-2 COMPONENT LAYOUT 


19-2.1 PHYSICAL ARRANGEMENT 

Several physical aspects of component lay- 
out should be considered carefully during 
the design of a servomechanism. (1 - 2) Controls 
that must be used by the operator for success- 
ful operation of the device should be acces- 
sible at all times. For example, an amplifier 
balance control that must be adjusted each 
time the amplifier is turned on, or readjusted 
as the amplifier warms up, should be easily 
available to the operator. However, the con- 
trol should not be placed where it can be 
moved accidentally. Switches should be 
placed for convenient use and the switch 
position (on, off, or other) should be marked. 
If several switches are included on a panel, 
the function of the switch should also be 
marked. 


*By J. O. Silvey 


Controls requiring readjustment during 
maintenance should be inaccessible to operat- 
ing personnel. However, the controls should 
be easily accessible to maintenance personnel, 
perhaps requiring only the removal of a 
simple cover or cap. It should not be neces- 
sary to remove an entire unit to readjust 
the gain control of the main loop of a servo- 
mechanism incorporating an electronic am- 
plifier. Also, this control should not be 
accessible to the operator so that he can mis- 
adjust the system gain to an extremely 
oscillatory or badly overdamped condition. 
Access for routine maintenance should re- 
quire only the removal of a few covers, not 
the removal of an entire assembly. Also, 
parts with finite useful lives should be easily 
replaced. The replacement of electron tubes, 
for example, should be a simple task. Filters 
for hydraulic fluid should be arranged so 
that they can be removed for cleaning or 
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replacement without disturbing anything but 
the filter element; they should be connected 
so that only a negligible quantity of fluid is 
lost when a filter is removed. Controls and 
adjustments necessary for the initial align- 
ment of the device, but not requiring sub- 
sequent readjustment, should be arranged 
to prevent unintentional readjustment. Fur- 
thermore, these controls should be placed 
where only authorized ordnance maintenance 
personnel are permitted to make adjustments. 

Dials and instruments that must be read 
quickly and accurately should be placed 
where they can be seen easily and should 
be marked distinctively. Considerable psycho- 
logical testing to determine the most read- 
able instrumentation layouts has been done 
by the military (L ’>. Although the problems 
encountered in ordnance equipment are not 
identical with those for which the experi- 
ments were made, the general results of the 
tests are applicable. 

Components should be arranged within an 
assembly so that it can be disassembled and 
reassembled with no special knowledge or 
special tools. It is also very desirable that 
the number of parts be kept as low as prac- 
tical and that there be only one way of 
putting the parts together. 

19-2.2 THERMAL CONSIDERATIONS AND 
HEAT GENERATIONO. 4 , 5 ) 

Many of the devices used in servomecha- 
nisms develop undesired heat which must be 
dissipated. Where space is not a limitation 
and air is free to circulate around the device, 
heat dissipation to the atmosphere may be 
accomplished with a temperature rise of only 
a few degrees above the ambient tempera- 
ture. However, if the volume and hence the 
area of the devices is small, the resulting 
temperature rise may be sufficiently high to 
damage the equipment. The high ambient 
temperatures that can be encountered by 
ordnance devices should be considered when 
designing control systems. 

The sources of heat in various control sys- 
tems differ so greatly from one another that 


it is necessary to evaluate each source separ- 
ately. Some of the most common heat sources, 
as well as the representative rates at which 
they liberate heat, are listed in Table 19-1. 
If the temperature at which a control system 
of a particular design is to operate appears 
to be excessive, the heating rates of the 
actual components should be obtained under 
service conditions. 

The heat generated in a control system 
must be adequately dissipated to prevent 
excessive temperature rises. In general, it is 
preferable that auxiliary cooling devices such 
as fans and heat exchangers should not be 
used. However, in some instances, auxiliary 
cooling devices may be required (for 
example, to avoid excessive size of the 
control system). 

The mounting of electronic components so 
that air can flow freely past the heat sources, 
particularly in an upward direction, is a well- 
established method of cooling amplifiers. 
Attaching a heat source (for example, a con- 
trol motor) to a large plate or structural 
member of high heat conductivity helps to 
decrease the temperature rise of the heat 
source. In hydraulic systems, the temperature 
of electrical equipment can often be lowered 
by submerging the electrical device in the 
hydraulic fluid. Because the fluid is in motion 
and has much greater thermal capacity than 
air, the temperature rise of the submerged 
electrical device will be much less than it 
would be in air. Normally, hydraulic fluid 
can be kept adequately cool by using a suffi- 
ciently large sump which, in turn, is air 
cooled. 

In most ordnance control equipment, the 
generated heat is transmitted to the sur- 
roundings by radiation or by convection of 
the air. Unfortunately, the laws of convection 
and radiation are so complicated that it is 
not usually practical to establish a single 
simple relation that will quickly give the 
heat dissipated by a hot body. 
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TABLE 19-1 HEAT LIBERATED BY CONTROL DEVICES 


Device 

Rate of Heat 
Liberation 

Remarks 

Vacuum-tube voltage-amplifier triode 

4 watts 


Vacuum-tube voltage-amplifier pentode 

3 watts 


Vacuum-tube power pentode (Type 6L6) 

25 watts 


Constant-speed 60-cps 
induction motor 

no load 

9 % output rating 


full load 

18% output rating 

Armature-controlled 
d-c motor 

field only 

6% power rating 


no load 

15% power rating 

full load 

25% power rating 

2-phase control motor 

no load 

300% of max output 
power 

Heating with only ref- 
erence field excited is 
approximately equal to 
maximum power out- 
put. 

stalled 

rated 

voltage 

400% of max output 
power 

Auxiliary pump 

20% of input power 

Minimum heat equals 
15% of input power. 
Actual loss depends 
upon duty cycle and 
pressure. 

Hydraulic motor 

15% of input, 
minimum 


Hydraulic amplifier 

50% of input power 

Minimum heat usually 
about 30% of input. 

Variable-delivery pump 

15% of input, 
minimum 
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19-2.3 Radiation 

Heat radiated by a hot body to a large, 
cool, black body that completely surrounds 
the hot body can be determined by 

Qx = 36.9 X 10- 12 e(7V - T 2 *) (19-1) 

where 

Qi = radiated heat, in watts/in. 2 

e = emissivity of hot body (see Table 
19-2) 

T, = absolute temperature of hot body, 
in °K 

(Temperature in degrees Kelvin = 
273 -f temperature in degrees 
Centigrade.) 

T 2 = absolute temperature of cool sur- 
rounding body, in °K 

The heat radiated by a hot body can also be 
determined by 

Q> = 17.2 x 1(H° e(7V - TV) (19-2) 


TABIE 19-2 | EMISSIVITY OF VARIOUS 
SURFACES 


Surface (100°F) 

Emissivity 

Polished aluminum 

0.04 

Polished copper 

0.03 (approx.) 

Copper covered with 
oxide 

0.78 

Polished iron 

0.24 

Oil paint 

0.94 

White paint 

0.90 to 0.95 

Black paint 

0.96 

Aluminum paint 

0.3 to 0.6* 


* Depending upon amount of aluminum and kind 
of lacquer. 


where 

Q 2 = radiated heat, in Btu/(hr) (ft 2 ) 

e = emissivity of hot body (see Table 
19-2) 

T„ = absolute temperature of hot body, 
in °R 

(Temperature in degrees Rankine 
= 460 + temperature in degrees 
Fahrenheit.) 

T h — absolute temperature of cool sur- 
rounding body, in °R 

When the radiation loss is to be computed 
for a device that is enclosed in a chamber, 
the temperature to be used for T 2 or T h in 
Eqs. (19-1) or (19-2) is the temperature 
of the chamber walls. If the device is out- 
doors, the temperature to be used for the 
surroundings is not so easily obtained. The 
safe approach is to use the temperature of 
the surrounding outdoor air as the value of 
T 2 or T b , although this will, in nearly all 
cases, yield values for heat dissipation which 
are lower than those actually encountered. 
A clear, blue sky reflects little radiant 
energy. In calculations involving heat dis- 
sipation of devices exposed to direct sunlight, 
it is necessary to dissipate the heat absorbed 
from solar radiation as well as the heat 
generated within the device. Neglecting 
atmospheric absorption and assuming that 
the solar radiation falls on a black body, the 
heat resulting from the sunlight is approxi- 
mately 420 Btu/ft 2 (hr) if the surface is nor- 
mal to the solar rays. <6> Dust, water vapor, 
ozone, and other substances in the atmos- 
phere reduce the solar heat to a value of 
approximately 290 Btu/ft 2 (hr), or lower, at 
the surface of the earth. 

19-2.4 Free Convection by Air 

Free convection by air occurs when the 
air is initially at rest ; subsequent air motion 
results from the expansion produced by the 
heat extracted from the warm body. In ord- 
nance equipment that is operated outdoors, 
this type of convection occurs only when 
there is no wind. Heat loss due to convection 
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is dependent upon the attitude of the surface 
relative to the vertical, the dimensions of 
the surface, and the temperature difference 
between the surface and the surrounding air. 

For a high vertical surface, the process of 
free convection by air is somewhat as 
follows: Cool air is drawn in toward the 
surface at the bottom. However, because of 
the viscosity of the air, the layer of air in 
immediate contact with the surface does not 
move, forming a boundary layer through 
which the heat must be conducted. When the 
air close to the surface becomes heated, it 
rises slowly, and the flow is laminar or 
viscous. As the heated air moves upward 
along the surface, the air becomes increas- 
ingly warmer, its cooling ability decreases, 
and its velocity increases. Eventually, the 
air flow becomes turbulent, and as cooler air 
is brought in by the eddies of the turbulence, 
the cooling ability of the air increases. 

Experiments* 41 indicate that heat loss by 
air convection from a surface may be 
approximated by the expression 

H c = A c ej-' 4 (19-3) 


where 

H c = heat loss, in microcalories/cm 2 (sec) 

e c — temperature difference between sur- 
face and air, in °C 

log (A,. - 50) = 2.22 - — 

20 

h = height of surface, in cm 

A more convenient approximate relation for 
heat loss by air convection is 

Qr = AyHyOy (19-4) 

where 

Q ( . = heat loss, in Btu/hr 
A F = area of vertical surface, in ft 2 

— temperature difference between 
surface and air, in °F 

— variable whose value is obtained 
from Table 19-3 

The values of H F in Table 19-3 are based 
on values in Table 8B of reference 4 that 
were obtained from tests made with heated 
cylinders which were either suspended in air 


TABLE 19-3 VALUES OF 


[H F in Btu/(hr)(ft 3 )(°F)] 


Surface 

Height 

(in.) 

OF 

20°F 

40°F 

60°F 

80°F 

100°F 

120°F 

140°F 

180°F 

100 

0.60 

0.75 

0.87 

0.93 

1.01 

1.06 

1.12 

1.23 

69 

0.65 

0.75 

0.88 

0.96 

1.03 

1.10 

1.15 

1.24 

35 

0.65 

0.8 

0.87 

0.92 

0.98 

1.02 

1.07 

1.13 

23 

0.7 

0.8 

0.88 

0.95 

1.0 

1.05 

1.10 

2.17 

11.3 

0.75 

0.9 

1.00 

1.06 

1.12 

1.17 

1.23 

1.32 

5.9 

1.10 

1.3 

1.38 

1.44 

1.51 

1.55 

1.60 

1.66 

3.2 

1.65 

1.8 

1.95 

2.03 

2.12 

2.2 

2.27 

2.38 

1.8 

2.0 

2.4 

2.55 

2.70 

2.86 

2.98 

3.10 

3.28 
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by thin supports or supported by columns no 
larger in diameter than the heated cylinder. 
Other tests made with a vertical, flat plate 
(34 inches square) indicate that a decrease 
of approximately four percent in convection 
cooling results when a floor is placed immedi- 
ately below the vertical plate. The reduction 
in natural convection cooling that would 
result from a floor placed immediately below 
the cylindrical surfaces used for Table 19-3 
is not known. A second plate placed parallel 
to, and at a distance of more than two inches 
from, a vertical heated surface has no effect 
on the air convection cooling. Large hori- 
zontal heated surfaces facing upward release 
approximately 30 percent more heat than 
the vertical cylinders tested for Table 19-3. 
Also, large horizontal heated surfaces facing 
downward release approximately 30 percent 
less heat by convection than the cylinders 
tested for Table 19-3. 

19-2.5 Conduction 

Heat transmitted through a material by 
conduction follows the law 



where 

Q t = heat transmitted, in Btu/hr 

A = area of path of heat flow (perpen- 
dicular to direction of heat flow) , 
in ft 2 


K = thermal conductivity of material, in 
Btu/hr (ft) (F°) 

(F° = temperature difference, in °F) 

8 — difference in temperature of two sides 
of material, in °F 

L — thickness of material, in ft 

The thermal conductivities of some materials 
are listed in Table 19-4. The conversion fac- 
tors for the coefficients of heat transfer are 
given in Table 19-5. 

19-2.6 EQUIPMENT AND PERSONNEL 
SAFETY MEASURES 

Ideally, any failure of a servomechanism 


TABLE 19-4 THERMAL CONDUCTIVITY OF 


METALS AND ALLOYS AT 212°F 


Material 

Thermal Conductivity 
[Btu/ (hr) (ft) (F°) ] 

Aluminum 

119 

Brass (70-30) 

60 

Copper 

218 

Lead 

20 

Silver 

238 

Steel AISI-1020 

26 

Stainless steel 

9.4 

AISI-304 


Pine wood — 

0.09 

across grain 



should cause an alarm indication and result 
in complete cessation of the output. Also, 
the device should be constructed so that 
personnel injury or equipment damage is 
impossible. It is difficult, however, to elimi- 
nate a servomechanism output for all system 
failures and to make an alarm system that 
will indicate failures reliably. The practical 
requirements that arise in the use of many 
service equipments make the exercise of 
common sense and the fulfillment of an 
adequate training program the only real in- 
surance against injury to personnel. Never- 
theless, much can be done to reduce the 
probability of equipment damage and injury 
to personnel. Each device should be studied 
with regard to its specific requirements in 
order to properly evaluate the safety devices 
that should be included. 

Limit stops and positive stops (Par. 18-4) 
are often used to prevent damage to equip- 
ment. Positive stops are usually accom- 
panied by slip clutches, over-current relays, 
or hydraulic relief valves so as to avoid 
damage to the servomotor or associated 
devices when the servomechanism output 
strikes the positive stop. 
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Interlocking relays are often used to pre- 
vent operation of a servomechanism when 
a component has failed ; for example, loss of 
plate voltage to a vacuum-tube amplifier 
can be used via an interlocking relay to de- 
energize the motor of an associated ampli- 
dyne. Solenoid-operated bypass valves and 
disconnect-linkages are often used to prevent 
motion of hydraulic or mechanical devices 
when the servo electric power fails. When it 
is necessary that the output of the servo go 
to one limit in case of failure, it is some- 
times possible to use relays or spring-loaded 
solenoids to apply a false error signal that 


will cause the output to slew to the prop, 
limit. 

Most power servomechanisms used to drive 
guns and tank turrets have more than enough 
torque to crush any portion of the human 
anatomy that happens to be in the path of 
the output. It is important that the output 
be equipped with guards to prevent personnel 
injuries where moving members are close to 
fixed members. These guards must not inter- 
fere with normal operation of the weapon. 
Adequate protection against accidental con- 
tact with high-voltage electric circuits should 
also be provided. 


TABLE 19-5 1 CONVERSION FACTORS FOR COEFFICIENTS OF 
HEAT TRANSFER 


Multiply 

number 

of 

obtain \ ' 

1 

o 

<+H 

O 

d 

X 

\ 

a 

PQ 

o 

w 

Cl 

d 

-♦-> 

% 

% 

O 

o 

y— s 

s 

O 

\ 

Xfl 

+-> 

03 

£ 

Kg-calories/(hr) (cm 2 ) (C°) 

Gram-calories/ (sec) (cm 2 ) (C°) 

Btu/(hr) (ft 2 ) (F°) 

i 

144 

490 

1760 

2050 

7380 

Btu/(hr) (in. 2 ) (F°) 

6.94 

xio- 3 

1 

3.424 

12.2 

14.2 

51.3 

Watts/(in. 2 ) (F°) 

2.04 

XKH 

0.292 

1 

3.58 

4.16 

15.0 

Watts/ (cm 2 ) (C°) 

5.68 

xio-* 

8.19 

xio- 2 

0.279 

1 

1.16 

4.23 

Kg-calories/(hr) (cm 2 ) (C°) 

4.88 

Xl(H 

7.04 

xio- 2 

0.240 

0.859 

1 

3.60 

Gram-calories/ (sec) (cm 2 ) (C°) 

1.355 

xio-* 

1.95 

xio- 2 

6.67 

xio- 2 

0.236 

0.277 

1 
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19-3 VIBRATION ISOLATION 64 9,0,1 ,2) 


The necessity of vibration isolation for the 
proper functioning of any piece of ordnance 
equipment is undesirable. A thorough search 
for an alternate device should be made before 
using a device that requires vibration isola- 
tion. Some devices are sufficiently delicate 
to require isolation from the vibration of the 
base upon which they will be mounted ; other 
devices produce vibration which must not 
be transmitted to the base. For such devices, 
vibration isolation is necessary. 

Figure 19-1A shows a typical vibration 
isolation mounting. The vibration mounts 




METAL 

PLATE 

BASE 



Fig. 19-1 Vibration isolation mounting. 


consist of a piece of rubber bonded to two 
pieces of metal in such a way that any motion 
transmitted from one piece of metal to the 
other must pass through the rubber. One 
piece of metal is attached to the base, and 
the other is attached to the device that is 
to be isolated. The elastic and internal damp- 
ing properties of rubber make it well-suited 
for use in vibration isolation devices, 
although metallic springs, cork, and other 
materials are also used. Vibration isolation 
is obtained by making the resonant frequency 
of the device and its vibration mounts 
appreciably lower than the forcing frequency 
which is to be attenuated. 

By analysis of the equivalent circuit (Fig. 
19-1B) of the vibration isolation mounting 
(Fig. 19-1A), an expression for the ampli- 
tude of vibration of the isolated load is 
given as 


y = x 


2C— + 1 

co„ 



2 C — — h 1 


(19-6) 


where 

y = amplitude of vibration of isolated load 
in ft 

x = amplitude of vibration of base, in ft 


£ = — I -JL — = damping ratio 
2 \ mk 

f = damping of vibration mounts, in 
lb-sec/ft 

g = 32.2 ft/sec- = acceleration of gravity 

m — mass of isolated load, in lb 

k — combined spring constant of vibration 
mounts, in lb/ft 

s = Laplace operator 


to,, 



= undamped resonant fre- 
quency in radians/sec 
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Fig. 19-2 Frequency response of vibration isolation mounting. 
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The amplitude of the ratio y/x as a function 
of the ratio of the forcing frequency (a>) 
to the resonant frequency (a)„) is plotted 
in Fig. 19-2 for values of X, equal to zero 
and 0.2. It can be seen that, for the damped 
or undamped condition, extremely large am- 
plitudes occur when the forcing frequency 
equals the resonant frequency. Most devices 
equipped with vibration mounts either pass 
through the mount resonant frequency 
quickly or are only occasionally excited by 
a forcing frequency equal to the resonant 
frequency. Most vibration isolation mount- 
ings have a resonant frequency that is less 
than half the forcing frequency. The reson- 
ant frequency must be in the order of one- 
tenth of the forcing frequency if less than 
5 percent of the amplitude of the forcing 
frequency is to be transmitted through the 
vibration isolation mounts. 

The natural frequency of a mass that is 
mounted for vibration isolation in the ver- 
tical direction is determined by the weight 
of the load and the static deflection of the 
mounts when supporting the weight of the 
load. As the deflection y (ft) produced by a 
weight w (lb) acting on a spring with a 
constant k (lb/ft) is 


y = w/k (19-7) 

the natural frequency of the mass will be 

5.67 ,. . 0.902 

co„ = / = —= radians/sec = — == C ps 

\ v \/v y/y 

(19-8) 

where y is in feet, or 
3.13 

0 )„ = — = cps 

vy 

where y is in inches. 

The analysis given here is simplified to 
include only motion along a line perpendic- 
ular to the mounting surface, assuming loads 
for which the center of mass is equidistant 
from the isolation supports. In practice, it 
is necessary to consider rotary vibration of 
the load, particularly if vibrations can occur 
parallel to the mounting surface or if rotary 
forcing vibrations can occur about any axis. 

Vibration isolation can be made unneces- 
sary in some cases by eliminating the vibra- 
tion at its source. Various friction, viscous, 
and tuned damping devices have been used 
for this purpose. Static and dynamic balanc- 
ing are also used to eliminate vibration 
caused by rotating devices. 


19-4 SHOCK ISOLATION (M " > " 1I) 


The indiscriminate use of shock isolation 
devices should be avoided because their use 
often makes conditions worse instead of 
better. Therefore, servomechanisms should 
be equipped with shock mounts only when 
absolutely necessary. A large variety of elec- 
trical and mechanical devices are available 
which, without shock protection, will with- 
stand shocks higher than those normally 
encountered under service conditions. Even 
electron tubes, delicate as they may seem, 
can often operate satisfactorily without shock 
protection. If precautions are taken in the de- 
sign of the control system components, there 
should be no need for devices to reduce shock 


intensity in the majority of ordnance servo- 
mechanisms. Table 19-6 lists typical vibration 
and shock values encountered in ordnance 
equipment. 

The physical construction of mounts for 
shock isolation is identical with that of 
mounts for vibration isolation. In general, 
the underlying basis for both types of mounts 
is the same in that they serve to lower the 
acceleration and hence the force applied to the 
device to be protected. The resonant fre- 
quency of loads supported by resilient shock 
mounts is often set at approximately 20 cps 
because a resonant frequency of 20 cps 
provides adequate protection against most 
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TABLE 19-6 TYPICAL VIBRATION AND SHOCK VALUES ENCOUNTERED IN 

ORDNANCE EQUIPMENT 




Frequency 

Maximum Acceleration 

Equipment 

Source 

(cps) 

in g’sf 

Trucks and on- 

springs 

2-5 


carriage guns 

tires 

8-15 

5-7 


structures 

60-200 


Tank 


3 times speed 

5 (on black top road) 



of tank (in 
mph) 

25 (cross country) 



2( on level gravel road) 


muzzle blast 6 ft 

impulse 

1000-1500 (exterior) 


from equipment 


300-1250 (interior) 


moderate non- 
penetrating 
ballistic impact 

impulse 

400 


heavy non- 

impulse 

(1800 (fore & aft) 


penetrating 


vehicle J 900 (lateral) 


ballistic impact 


[ 275 (vertical) 




. (260 (fore & aft) 
equipment j 375 (latera|) 


fMaximum damage due to ballistic impact appears to be caused by accelerations of approximately 3000 g. 


Data from letter to Jackson & Moreland, Inc., Boston, Mass., 
Record No. 5817, from Ordnance Corps, Frankford Arsenal, 7 
August 1956. 


shocks. Furthermore, most vibrations that 
might excite the system and cause the spring- 
mass system to resonate are below 20 cps 
and hence are not amplified by the shock 
mounts through sympathetic vibration. 

The analytical model of a shock-mounted 
device is shown in Fig. 19-3. In the figure, 
k m is the spring constant and /„, is the damp- 
ing of the shock mount. The mass of the 
frame to which the shock mounts are 
attached to support the load is mi. The mass 


of the protected device is m- 2 , k,, is the spring 
constant, and is the damping of the sup- 
port. An example of a shock-mounted device 
is an instrument mounted in a heavy cabinet 
which, in turn, is mounted on resilient shock 
mounts. The amount of protection provided 
by the shock mounts depends as much upon 
the dynamic characteristic of the system 
involving k ih f d , and m 2 as it does upon the 
dynamic characteristics of the shock mounts 
and the mass m t . If it is assumed that m i 
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t. 


Fig. 19-3 Analytical model of shock- 
mounted device. 


is so large that its motion is unaffected by 
motion of m 2 , the following general charac- 
teristics are true of the system: 

(a) To be of any significant value, the 


shock mounts must be such that the resonant 
frequency of m x —k m system is less than half 
the resonant frequency of the m 2 —k d system. 
This means that the mounting of the pro- 
tected device on the chassis or frame must be 
relatively stiff. If the two frequencies co- 
incide, the acceleration of m 2 becomes ex- 
tremely large for any reasonable value of 
damping. If the resonant frequency of the 
m x —k m system is much above the resonant 
frequency of the m 2 —k ri system, the result- 
ing acceleration of m 2 is essentially the same 
whether or not shock mounts are used. 

b) The acceleration of m 2 , as well as the 
acceleration of m x , rises when the shock- 
mount damping is increased. However, 
some damping is necessary to prevent vibra- 
tion for excessive lengths of time after a 
shock occurs. 

(c) For a shock consisting of an impulse 
(which might be represented by a sine wave 
with a time duration of a half-cycle) at posi- 
tion x in Fig. 19-3, the acceleration of m, 
is greatest when the shock duration is half 
the resonant period of the m x —k m system, 
provided there is no damping (/„,). The peak 
acceleration occurs after the shock impulse 
has again returned to zero. 
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CHAPTER 20 

SUPPLEMENTARY TABLES, FORMULAS, AND CHARTS* 

20-1 MASS MOMENT OF INERTIA 


20-1.1 DEFINITION 

The mass moment of inertia of a body with 
respect to any axis is defined as 

J = fr 2 dm (20-1) 

where J is the moment of inertia of the body, 
dm is an element of mass of the body, and r is 
the perpendicular distance of dm from the 
axis about which the inertia is to be found. 
The integral must be evaluated over the entire 
volume of the body. The dimensions of mass 
moment of inertia are ML 2 . The relations be- 
tween the commonly used units of mass mo- 
ment of inertia are listed in Table 20-1. 

20-1.2 DATA FOR EQUATIONS 

Table 20-2 is included to facilitate writing 
equations involving torque, moment of inertia, 
and acceleration. When writing equations 
using torque in units of the first column of the 
table and moment of inertia in units of the 
second column, divide the moment of inertia 
by the number in the third column of the table 
to obtain acceleration in terms of radians per 
second per second. 

20-1.3 PARALLEL-AXIS THEOREM 

If the moment of inertia of a body about an 
axis through its center of mass is known, and 
if it is desired to obtain the moment of inertia 
about an axis parallel to that particular 
centroidal axis, then 

/ = /„ + Mr 2 (20-2) 


*By J. O. Silvey 


where 

7 = moment of inertia about the new axis 

I 0 = moment of inertia about the centroidal 
axis 

M = mass of the body 

r = distance between centroidal axis and 
the new axis 

Equation (20-2) is called the parallel-axis 
theorem and is proven in most kinematics 
tests. 

20-1.4 PRINCIPAL AXES OF INERTIA 

For any particular point within a body, 
there is one axis about which the moment of 
inertia is a maximum and another axis about 
which the moment of inertia is a minimum. 
These two axes are perpendicular to each 
other. These axes, together with the axis 
through their point of intersection and per- 
pendicular to the plane formed by them, are 
called the principal axes of inertia of the body. 

20-1.5 PRODUCT OF INERTIA 

The product of inertia of a body with re- 
spect to two mutually perpendicular planes is 
defined as 

Gab — f a,b dm (20-3) 

where a and b are the perpendicular distances 
from mass element dm to the two planes. A 
body must have three products of inertia 

G xy = / xy dm, G„ z = / yz dm, G :x 

= fxzdm (20-4) 
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TABLE 20-1 RELATIONS BETWEEN UNITS OF MASS MOMENT OF INERTIA 


Multiply 

number 

gram-cm 2 

oz-in. 2 

lb-in. 2 

lb-ft 2 

slug-ft 2 

To 

obtain J Bj^ 

gram-cm 2 

1 

182.9 

2926 

4.214 x 10“ 

1.356 X 10 T 

oz-in. 2 

5.467 X 10- 3 

1 

16 

2304 

7.412 X 10 4 

lb-in. 2 

3.418 X 10“ 

0.0625 

1 

144 

4632 

lb-ft 2 

2.373 X 10“ 

4.340 X 10- 4 

6.944 X 10“ 

1 

32.17 

slug-ft 2 

7.375 X 10“ 

1.349 X 10“ 

2.159 X 10“ 

0.03108 

1 


TABLE 20-2| RELATIONS BETWEEN TORQUE, MOMENT OF INERTIA, 

AND ACCELERATION 


A torque of 

Will accelerate a body having a 
moment of inertia of 


To 

1 dyne-cm 

1 gram-cm 2 

1 


1 gram-cm 

1 gram-cm 2 

980.7 


1 oz-in. 

1 oz-in. 2 

386 

- rad/sec 2 

1 lb-in. 

1 lb-in. 2 

386 


1 lb-ft 

1 lb-ft 2 

32.17 


1 lb-ft 

1 slug-ft 2 

1 
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i 


2 


3 


4 


5 


6 7 8 9 10 


CYLINDER DIAMETER (INCHES) 


Fig. 20-1 Moments of inertia about the principal axes of cylinders one inch long. 
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The product of inertia of a body with respect 
to any two of the planes formed by the prin- 
cipal axes of the body is zero. 


20-1.6 INERTIA WITH RESPECT TO A LINE 
THROUGH THE ORIGIN 

The moment of inertia of a body with re- 
spect to any line passing through the coordi- 
nate origin is 

J = J x cos- a + J y cos 2 j3 -f J z cos 2 y 

— 2 G. VII cos a cos p — 2G„ Z cos (5 cos y 

— 2 G :x cos y cos a 

(20-5) 


where 


J x , J y , J z — moments of inertia about the 
x-, y-, and z-axes, respectively 

a, p, y = angles between the x-. y-, and z- 
axes, respectively 

G X y, Gyy, G Z X — products of inertia with re- 
spect to the yz- and zz-planes, the xz- and air- 
planes, and the xy- and ;//z-planes, respectively. 

If the coordinate system is so chosen that 
the x-, y-, and z-axes lie along the principal 
axes of the body, the products of inertia are 
zero and Eq. (20-5) reduces to 

J = J t cos 2 a -f J v cos 2 P -f J z cos 2 y 

( 20 - 6 ) 


20-1.7 TABULATED MOMENTS OF INERTIA 

Expressions for the moments of inertia of a 
large number of bodies are tabulated in the 
Handbook of Engineering Fundamentals* 1 * 
and the Handbook of Chemistry and 
Physics. (2) The moments of inertia of cylin- 
ders frequently used in control work are 
plotted in Fig. 20-1. 

20-1.8 COMPLICATED SHAPES 

The moment of inertia of a body with a 
complicated shape can be approximated by 
dividing the body into a number of parts hav- 
ing simple shapes, computing the inertia of 
each part, and then adding the inertias of the 
individual parts. If the shapes of the parts can 
be approximated by simple geometric shapes, 
the tabulated expressions for moments of in- 
ertia and the parallel-axis theorem can be used 
to compute the total moment of inertia of the 
body. If the body is extremely irregular, it 
sometimes is more convenient to plot its 
cross section on graph paper, using either 
Cartesian or polar coordinates (depending 
upon the problem), and to compute the mo- 
ment of inertia of the rectangles or arcs cov- 
ered by the figure. For bodies such as tank tur- 
rets, the moment of inertia must be computed 
at several elevations, and the inertias of the 
various cross sections must be added to obtain 
the total inertia. 


20-2 DAMPING AND FRICTION 


20-2.1 VISCOSITY 
20-2.2 Definition 

Viscosity is that characteristic of a fluid 
which produces a resistive force when there 
is relative motion between a solid body and a 
liquid with which it is in contact. This resist- 
ive force, proportional to relative velocity be- 
tween the solid and the fluid, is known as 
viscous friction and produces damping. The 
viscous properties of fluids produce damping 
whenever relative motion between a fluid and 


a solid body with which the fluid is in contact 
occurs. Dampers are made that consist of two 
parallel discs or concentric cylinders which 
are separated by a small gap filled with viscous 
fluid and which are capable of moving rela- 
tive to one another. Viscous damping also 
occurs when a viscous fluid flows in pipes 
or tubing. 

20-2.3 Absolute (Dynamic) Viscosity 

If the space between two large parallel 
plates of area a, separated by a distance l, is 
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filled with a fluid of viscosity p, and if one 
plate is moved relative to the other with veloc- 
ity v, the separation being kept constant, then 
the force f required to sustain the motion of 
the moving plate is 

f -HE. (20-7) 

l 

From Eq. (20-7), the viscosity is \i = fl/av 
and has the dimensions ML-'T 1 or FLr-T. 
Viscosity defined in this way is called absolute, 
or dynamic, viscosity. The only unit of abso- 
lute viscosity that has a name is the poise, 
which is one dyne-second per square centi- 
meter, or one gram mass per centimeter-sec- 
ond. Table 20-3 lists the relations between 
various units of absolute viscosity. 


20-2.4 Kinematic Viscosity 

Kinematic viscosity is defined as the abso- 
lute viscosity of a fluid divided by its density. 
When a dimension system of force, distance, 
and time is used, the dimensions of kinematic 
viscosity are L-T l . The centimeter-gram-sec- 
ond (cgs) unit is the stoke, which has the 
dimensions centimeter squared per second. 
The English unit, which would be used with 
the pound force-foot-second system commonly 
employed in engineering work, is the foot 
squared per second. The relations between the 
three commonly used units of kinematic vis- 
cosity are : 

(a) stokes X 100 = centistokes 

(b) (ftVsec) X 929 = stokes 


TABLE 20-3 RELATIONS BETWEEN 


UNITS OF ABSOLUTE VISCOSITY 


Multiply 

number 

of 

poise* 

(dyne-seconds per 
square centimeter) 

gram force-seconds 
per square centimeter 

ounce force-seconds 
per square inch 

pound force-seconds 
per square inch 

pound force-seconds 
per square foot 

1 

\b\ 

To 

obtain \ 

1 

poise* 

1 

980.7 

4309 

6.89 

479 

(dyne-seconds per 




X io* 


square centimeter) 






gram force-seconds 

1.020 

1 

28.35 

454 

3.15 

per square centimeter 

x io - 3 





ounce force-seconds 

2.33 

0.03527 

1 

16 

0.111. 

per square inch 

X 1<H 





pound force-seconds 

1.451 

2.202 

0.0625 

1 

6.94 

per square inch 

x io - 5 

x io - 3 



x io ~ 3 

pound force-seconds 

2.09 

0.317 

9 

144 

1 

per square foot 

x io-» 






♦To obtain centipoises, multiply number of poises by 100. 
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SAYBOLT SECONDS UNIVERSAL 
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SAYBOLT SECOWS UNIVERSAL 


Fig. 20-2 Relation between Saybolt seconds universal and stones. 
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Fig. 20-3 Viscosity versus temperature for some oils and fluids. 
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The time required for a fluid to drain from a 
viscometer by the action of gravity is a func- 
tion of the kinematic viscosity of the fluid. In 
the United States, the kinematic viscosity of 
lubricating oils and hydraulic fluids is usually 
expressed in Saybolt seconds universal (ssu) . 
This is the time, in seconds, for a particular 
quantity of fluid to escape from a specified ves- 
sel through a specified capillary tube. The con- 
version between the time of discharge and the 
kinematic viscosity of the fluid, in units suit- 
able for calculations, has been determined em- 
pirically and is shown in Fig. 20-2. The con- 
version for various viscometers used in 
Europe is given in reference 1. 

20-2.5 Effect of Temperature 

The viscosity of all lubricating oils, hy- 
draulic fluids, and damping fluids increases 
when their temperature is lowered. However, 
most hydraulic fluids contain additives that 
reduce the change in viscosity below that ex- 


hibited by pure petroleum-base oils. The rela- 
tion between temperature and viscosity for 
some oils and fluids is shown in Fig. 20-3. 

20-2.6 FRICTION 

Friction that is proportional to velocity is 
called viscous friction and is usually associ- 
ated with fluids. Friction that is constant re- 
gardless of velocity, but which always opposes 
motion, is called coulomb friction and is associ- 
ated with poorly lubricated sliding surfaces. 

20-2.7 Coefficient of Friction 

The coefficient of friction between two 
sliding surfaces is defined as the tangential 
friction force divided by the normal force. 
When no motion occurs, the quotient is called 
the coefficient of static friction. The value of 
the coefficient of static friction is determined 
by the maximum friction force that will not 
produce slipping. When one surface slides 
relative to the other, the quotient is called the 
coefficient of kinetic friction. Both coefficients 


TABLE 20-4 COEFFICIENTS OF FRICTION FOR VARIOUS METALS 


Material 

Condition 

Coefficient 

of 

Kinetic 

Friction 

Coefficient 

of 

Static 

Friction 

Cast iron on cast iron 

dry 

0.152 

0.162 

Cast iron on cast iron 

greased 

0.08-0.10 

0.16 

Cast iron on bronze 

dry 

0.213 


Cast iron on bronze 

greased 

0.132 


Wrought iron on wrought iron 

dry 

0.44 


Wrought iron on wrought iron 

greased 

0.08-0.10 

0.11 

Wrought iron on bronze 

dry 

0.18 

0.19 

Wrought iron on bronze 

greased 


0.07-0.08 

Steel on steel 

dry (lOft/sec) 

0.09 

0.15 

Steel on steel 

dry (100 ft/sec) 

0.03 


Steel on bronze 

dry 

0.152 



20-8 


SUPPLEMENTARY TABLES, FORMULAS, AND CHARTS 


of friction are independent of pressure on the 
surfaces, and hence independent of the sur- 
face area, when the pressure is between .3/4 
psi and 100 psi. For pressures below 3/4 psi, 
the coefficient of friction increases somewhat. 
It also increases for extremely high pressures. 

20-2.8 Characteristics of Coefficient of 
Friction 

The coefficient of static friction is always 
higher than the coefficient of kinetic friction. 
The coefficient of kinetic friction is independ- 
ent of velocity for average relative velocities. 


However, the coefficient of kinetic friction de- 
creases at extremely high velocities and in- 
creases at extremely low velocities. Since the 
coefficient of friction, either static or kinetic, 
is dependent upon the condition of the sur- 
faces and the presence or absence of small 
amounts of lubricants, any quoted value 
should be considered as an approximation. 
The coefficients of friction for various metals 
are listed in Table 20-4. 


20-3 SPRINGS 


20-3.1 HELICAL SPRINGS 
20-3.2 Stress 

Neglecting end effects and curvature cor- 
rection and assuming round wires, the stress 
in loose-wound tension helical springs or com- 
pression helical springs is 


8 WD 

~ TUP 


where 


( 20 - 8 ) 


S = maximum fibre stress, in psi 


20-3.3 Deflection 

The deflection of a helical spring, neglecting 
end effects, is 


Y = 


SWD s n 


( 20 - 10 ) 


E H d A 

where W, d, and D are defined in Eq. (20-8) 
and 

n — number of active coils 

E s — torsional modulus of rigidity, in psi 

Y — spring deflection, in in. 


W = load, in lb 

D = mean coil diameter, in in. 

d = wire diameter in in. 

Equation (20-8) results in an error of more 
than ten percent if the spring index (D/d) is 
less than 13. Neglecting end effects, assum- 
ing round wire, and taking curvature correc- 
tion into account 


SWD 

nd* 


K 


(20-9) 


where S, W, D, and d are defined in Eq. (20-8) 
and 

R _ 4 (D/d) -1 0.615 

~ 4 (D/d) -4 + D/d 
K is known as the Wahl correction factor. t9) 


20-3.4 Torsional Elasticity 

The torsional elastic properties of some 
spring materials are listed in Table 20-5. The 
values of working stress in this table are quite 
conservative and, in most cases, can be ex- 
ceeded without over-stressing the spring. 

20-3.5 Design Table 

Table 20-6 can be used to choose a helical 
spring size quickly if the desired spring con- 
stant is known. The spring constant in pounds 
per inch of deflection is the spring scale (lower 
entry) of the table divided by the number of 
turns in the spring to be used. The upper entry 
of the table is the spring load that will produce 
a stress of 100,000 psi, and is independent of 
the number of turns in the spring. Loads cor- 
responding to higher or lower stresses are 


20-9 




POWER ELEMENTS AND SYSTEM DESIGN 


equal to the tabulated loads multiplied by the 
desired stress in psi and divided by 100,000. 
Linear interpolation to obtain the spring scale 
and load for any spring coil diameter or any 
wire size will result in an error of less than 
5 percent; obviously, double interpolation is 
required if the desired coil diameter and wire 
diameter both fall between values entered in 
the table. It should be emphasized that this 
table is valid only for round wire with a tor- 
sional modulus of 11 X 10 6 psi. An example 
illustrating the use of this table follows : Find 
a steel spring with 0.5-inch outside diameter 
which will deflect 0.5 inch under a load of 7 lb, 
and which can be deflected 1.0 inch without 
exceeding 100,000 psi stress. The maximum 


load will be 7 



= 14 lb. From the table, 


a wire diameter of 0.059 will produce a spring 
of 0.5-inch outside diameter which will carry 
15.3 lb., which is adequate for this application. 
From the table, the spring scale for a single 
coil of this spring will be 204 lb/inch. The de- 


sired spring constant is -g-g- = 14 lb/inch. The 


required number of coils is therefore 

14 

= 14.6 coils. Minimum length of a tension 
spring having the desired characteristics, ne- 
glecting length of spring ends, is (14.6) 
(.059) = 0.8614 inch. A compression spring 
having the desired characteristics would be 
one inch longer to accommodate the required 
deflection of one inch before it is compressed 
solid. Table 20-6 is a condensed version of the 
table given by Ross. (6) Other spring design 
tables appear in the literature, (6 ’ 7 - 8) as well as 
in standard mechanical engineers’ handbooks. 


TABLE 20-5 [ TORSIONAL ELASTIC PROPERTIES OF SOME SPRING MATERIALS 


Material 

Elastic 

Limit* 

(psi) 

Recommended 

Working 

Stress} 

(psi) 

Modulus 

Rigidity 

(psi) 

Music wire 

130,000 

70,000 

11 X io 6 

Hot rolled steel (SAE 1095) 
hardened to Rockwell C43 

92,000 

60,000 

11 x io 6 

Stainless steel (Type 302) 

95,000 

35,000 

11 x io« 

Phosphor or silicon bronze 

67,000 

30,000 

6.2 X 10 6 

Beryllium copper 

80,000 

50,000 

6.5 X 10 6 


*An average value of elastic limit is given here. Actual values vary widely. 

JThe recommended working stress given here is approximately 80% of the minimum elastic limit of the 
material. 
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20-3.6 CANTILEVER SPRINGS 
20-3.7 Definition 

A cantilever spring (Fig. 20-4) is made by 
clamping one end of a bar and applying a load 
at the other end. In effect, the spring is essen- 
tially a cantilever beam and ordinary beam 
theory can be used to obtain stress and de- 
flection. 

20-3.8 Stress and Deflection 

The stress of a cantilever beam is 


MC 

I 


( 20 - 11 ) 


where 

S = maximum tensile fibre stress, in psi 

M — moment on beam, in in.-lb 

C = distance from neutral axis to outer 
fibre, in in. 


1 = moment of inertia of cross section ol 
the beam about the neutral axis, in in. 4 


For a cantilever beam with a rectangular cross 
section along its entire length (Fig. 20-4) , the 
stress is 


S = 


6 Wl 
bh 2 


where 


( 20 - 12 ) 


S = maximum stress, in psi 
W = load, in lb 

l = distance between clamp and point of 
application of load, in in. 

b and h = cross-sectional dimensions, in in. 

The deflection of a cantilever beam under a 
load W is 


Y= (20-13) 

3 El 

where /, W, and l are defined in Eqs. (20-11) 
and (20-12) , and 

Y = beam deflection, in in. 

E = Young’s modulus for the beam ma- 
terial, in psi 



Fig. 20-4 Cantilever spring. 


For a rectangular beam (Fig. 20-4), the de- 
flection becomes 


4 Wl 3 _ 2 Sl- 
Ebh 3 ~ 3 Eh 


(20-14) 


20-3.9 Tensile Elastic Properties 

A cantilever beam bends instead of twist- 
ing. Therefore, the modulus of elasticity and 
the allowable stresses are not the same as for 
a helical spring. Table 20-7 lists the tensile 
elastic properties of some spring materials. 


20-3.10 TORSION BAR SPRINGS 


20-3.1 1 Definition 

Torsion bar springs have one end clamped 
while a torque is applied to the other end. 

20-3.12 Stress and Torque 

The equation for stress in a torsion bar 
spring, assuming a round bar of uniform 
diameter, is 


S = ~y~~ (20-15) 

where 

S = shearing stress, in psi 

E a = torsional modulus of rigidity, in psi 

r = bar radius, in in. 

9 = angle of twist, in radians 
l = length of spring, in in. 
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TABLE 20-6 PERMISSIBLE LOAD AND SPRING SCALE OF HELICAL COMPRESSION SPRINGS 


Wire 

Diameter 

Outside Diameter 
of Coil (in.) 

(in.) 

1/8 

5/32 

3/16 

1/4 

6/16 

3/8 

7/16 

1/2 

5/8 

3/4 

7/8 

1 

1-1/4 

1-1/2 

1-3/4 

2 

2-1/2 

3 3-1/2 

4 4-1/2 

0.010 

0.305 

9.47 

Load in lb. at 100,000 psi — Wahl’s Factor (K) 
Spring- scale per single turn, in lb/in. 

included 












0.012 

0.522 

20.7 

0.421 

10.0 

0.350 

5.43 

















0.014 

0.823 

40.3 

0.669 

19.4 

0.560 

10.5 

0.422 

4.18 
















0.016 

1.21 

72.9 

0.983 

34.4 

0.824 

18.4 

0.626 

7.37 
















0.018 

1.71 

124 

1.040 

57.4 

1.17 

30.7 

0.889 

12.1 
















0.020 

2.32 

200 

1.89 

91.3 

1.60 

48.6 

1.22 

18.9 

0.972 

9.06 















0.024 

3.90 

464 

3.22 

208 

2.72 

108 

2.09 

41.4 

1.68 

19.9 

I. 41 

II. 1 

1.21 

6.67 













0.029 

6.61 

1160 

5.55 

496 

4.71 

263 

3.64 

94.1 

2.94 

44.6 

2.60 

24.6 

2.13 

14.9 

1.87 

9.75 












0.033 


7.97 

916 

6.85 

460 

5.29 

166 

4.31 

77.5 

3.61 

42.4 

3.11 

25.6 

2.74 

16.7 

2.21 

8.26 











0.037 


10.9 

1580 

9.42 

785 

7.41 

280 

6.01 

128 

5.07 

69.6 

4.41 

42.2 

3.88 

27.3 

3.10 

13.3 

2.61 

7.43 










0.043 



14.4 

1618 

11.4 

559 

9.33 

249 

7.91 

134 

6.82 

80.0 

6.07 

51.6 

4.89 

25.0 

4.10 

14.0 

3.52 

8.60 









0.051 




18.5 

1233 

15.3 

543 

13.0 

288 

11.3 

168 

10.0 

107 

8.01 

51.1 

6.78 

28.6 

5.79 

17.3 

5.14 

11.4 








0.059 




27.6 

2509 

23.2 

1069 

19.9 

554 

17.3 

322 

15.3 

204 

12.4 

96.3 

10.4 

52.7 

9.01 

32.2 

7.89 

21.1 

6.33 

10.3 







0.071 





38.7 

2563 

33.4 

1296 

29.4 

741 

26.1 

463 

21.3 

215 

18.0 

117 

15.5 

70.6 

13.6 

45.3 

11.1 

22.4 

9.21 

12.6 






0.086 






55.5 

3083 

49.2 

1708 

44.1 

1063 

36.1 

478 

30.5 

255 

26.6 

153 

23.3 

97.5 

18.8 

47.4 

16.8 

26.6 
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20.13 


Wire 

Diameter 

(in.) 

Outside Diameter 
of Coil (in.) 

1/8 

5/32 

3/16 

1/4 

6/16 

3/8 

7/16 

1/2 

5/8 

3/4 

7/8 

1 

1-1/4 

1-1/2 

1-3/4 

2 

2-1/2 

3 

3-1/2 

4 

4-1/2 







69.3 

61.0 

65.1 

45.6 

38.4 

33.4 

29.6 

23.8 

19.9 

17.1 













4530 

2490 

1516 

683 

363 

215 

136 

66.4 

36.8 

22.6 














91.0 

81.9 

68.3 

58.1 

50.8 

44.8 

36.2 

30.1 

26.1 

22.8 













4973 

2967 

1298 

679 

400 

266 

121 

66.6 

40.9 

26.6 














130 

109 

93.8 

81.9 

72.5 

58.8 

49.4 

42.06 

37.6 

30.2 













6710 

2817 

1436 

832 

525 

246 

135 

82.0 

53.3 

26.2 















151 

133 

119 

96.3 

81.2 

70.5 

62.0 

49.7 

41.7 














3166 

1802 

1119 

514 

279 

168 

109 

53.1 

29.7 




0.177 










250 

222 

198 

163 

137 

119 

105 

84.7 

71.0 

61.2 












7485 

4150 

2526 

1145 

609 

361 

234 

113 

63.2 

38.4 














341 

307 

255 

217 

188 

166 

134 

113 

97.2 

86.2 

76.0 












8867 

5266 

2320 

1218 

716 

467 

218 

121 

74.1 

48.5 

33.5 













484 

406 

349 

306 

269 

218 

183 

158 

139 

125 













11805 

4988 

2562 

1488 

941 

443 

243 

148 

96.9 

66.7 














614 

534 

467 

41B 

338 

285 

247 

216 

194 














10199 

5164 

2919 

1820 

849 

460 

276 

180 

123 

0.331 














824 

733 

662 

534 

453 

391 

343 

308 














10785 

6048 

3713 

1693 

911 

543 

348 

238 

0.375 














1166 

1038 

932 

767 

662 

567 

497 

445 














19966 

10903 

6652 

2960 

1575 

933 

597 

406 

0.4375 















1587 

1433 

1201 

1019 

888 

783 

704 















23202 

13859 

6005 

3132 

1835 

1166 

786 

















2073 

1742 

1600 

1310 

1160 

1041 

















26645 

11268 

6736 

3330 

2097 

1406 


















2426 

2096 

1832 

1628 

1468 


















19853 

9957 

5686 

3546 

2359 


















3230 

2825 

2491 

2221 

1997 

0.625 

















33289 

16386 

9240 

5710 

3773 


Adapted by permission from Machine Deeign, Volume 19, No. 3, 
March, 1947, from article entitled “Helical Sprint; Design Tables”, 
by H. F. Ross. 
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The torque is 

T — EgJ6 = nE ‘ r * e (20-16) 

l 21 

where E„, 6, and l are defined in Eq. (20-15) 
and J is the polar moment of inertia of the 
cross section of the bar about its geometric 
center, in in. 4 . The torsional elastic properties 
of some spring materials are listed in Table 
20-5. For discussions of Bellville spring wash- 
ers, helical springs used as torsion springs, 
and clock or spiral springs, see Wahl. (4) 

20-3.13 VIBRATION IN SPRINGS 

All springs can be considered as systems of 
distributed mass, elastance, and damping. In 
most springs, the damping is extremely small. 
Therefore, they will resonate at a large num- 
ber of frequencies with different modes of 
vibration. Because the damping is low, the 
magnitude of the spring motion may become 
extremely high. In most control applications, 
however, the resonant frequency of springs is 
above the system forcing frequency, and 


resonance in the spring itself is of little 
interest. 

20-3.14 Natural Frequency 

The natural frequency of a helical spring 
with both ends fixed is (9) 


f = — l/- g 'g- (20-17) 

2k r-n r S2 P 

where 

d = spring wire diameter, in in. 

p — density of spring material, in lb/in. 3 

g — acceleration of gravity, in in./sec 2 

E x — torsional modulus of rigidity, in psi 

r = mean radius of spring coil, in in. 

n = number of active turns 

/ = lowest natural frequency of the 
spring, in cps 

For a steel spring 

E„ = 11.5 X 10° psi 

P = 0.285 lb/in. 3 


TABLE 20-7 | TENSILE ELASTIC PROPERTIES OF SOME SPRING MATERIALS 


Material 

Elastic 

Limit* 

(psi) 

Recommended 

Working 

StressJ 

(psi) 

Modulus of 
Elasticity 
(psi) 

Clock spring steel 

200,000 

100,000 

32 X 10 G 

Music wire 

200,000 

110,000 

30 X 10 fi 

Hbt rolled steel (SAE 1095) 
hardened to Rockwell C43 

120,000 

80,000 

28 X 10 6 

Stainless steel (Type 302) 

150,000 

40,000 

28 X 10 6 

Phosphor or silicon bronze 

80,000 

40,000 

15 X 10 6 

Beryllium copper 

130,000 

75,000 

17 X 10 6 


*An average value of elastic limit is given here. Actual values vary widely. 

JThe recommended working stress given here is approximately 80% of the minimum elastic limit of the 
material 
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Thus, the lowest natural frequency of the steel 
spring is 


3510d 

r 2 n 


cps 


(20-18) 


There will also be natural frequencies at 2, 3, 
4, etc. times the lowest natural frequency. The 
natural frequency of helical compression 
springs is also discussed by Maier (8) . 


20-4 MISCELLANEOUS CONSTANTS OF FLUIDS AND 
TUBING USED IN HYDRAULIC SYSTEMS 


20-4.1 BULK MODULUS 

The bulk modulus of a liquid is a measure 
of the amount the liquid is compressed when 
the pressure applied to the liquid is increased. 
Bulk modulus can be defined as 

AF \ (20-19) 

~V~) 

where 

B = bulk modulus 

A P = change in pressure 

AF = change in volume 

F = volume of liquid to which pressure is 
applied 

Bulk modulus has the dimensions of FL - and 
is usually expressed in lb/in. 2 , although nor- 
mal atmospheric pressure is sometimes used 
as the basic unit. Although bulk modulus 
changes somewhat with pressure, it is essen- 
tially constant for petroleum-base hydraulic 
fluid at pressures between 15 and 3000 psi. A 
good average value is 2.5 X 10 5 psi. 

20-4.2 COMPRESSIBILITY 

Compressibility is the reciprocal of bulk 


modulus. For most hydraulic fluids, it is ap- 
proximately 4 X 10" e in. 2 /lb. 

20-4.3 SPECIFIC GRAVITY 

The specific gravity of most petroleum prod- 
ucts is expressed in terms of degrees Baume 
or degrees API. These units are the readings 
of particular hydrometers. Conversion factors 
between API degrees and specific gravity are 
given in most handbooks for mechanical engi- 
neers. Most hydraulic fluids have a specific 
gravity of between 0.85 and 0.90 (density be- 
tween 0.0307 and 0.0325 lb/in. 3 ) at a tempera- 
ture of 60°F. 

20-4.4 ELASTIC PROPERTIES OF TUBING 

The elastic properties of the materials most 
commonly used for tubing in hydraulic sys- 
tems are listed in Table 20-8. In general, the 
factor of safety used should depend upon the 
nature of the driven load. For copper and 
aluminum, which have no definite yield point, 
a factor of safety below 2 is never used. It is 
usually kept above 4. Heavy pulsating loads 
require an even higher factor of safety. The 
tensile modulus of elasticity is included in 
Table 20-8 for use in computing the increased 
volume of tubing when the tubing is subjected 
to internal pressure. 
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TABLE 20-8 ELASTIC PROPERTIES OF TUBING MATERIAL 


Material 

Yield 

Stress 

(psi) 

Ultimate 

Strength 

(psi) 

Tensile 
Modulus of 
Elasticity 
(psi) 

Soft-drawn copper* 

7000 

33,000 

15 X 10 4 * 6 

Hard-drawn copper* 

49,000 

55,000 

15 X 10 6 

Soft aluminum* 

3000 

9000 

10 X io 6 

Alloyed, heat-treated aluminum* 

30,000 

45,000 

10 X io 6 

Steel (SAE 1020) 

40,000 

65,000 

29 X 10 6 

Stainless steel (AISI 302) 

40,000 

90,000 

29 X 10 6 


*These materials have no well-defined yield point. Values are for 0.2% offset. 
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